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Motivation and Problem Statement

"4 Accurate and Physically consistent
Y Expensive meshes, difficult for complex gemetries

Traditional solvers (FEM/FDM) h

PINNSs

"4 Mesh-free and flexible
X Slow, non-convex optimization, soft BC enforcement

~

PIELMs

("4 Fast linear solve, more stable
X soft BC enforcement

Soft Boundary enforcement:
L = Lppe + ppcLpe

e Requires manual tuning of penalty weights
e Poor balance between PDE residual and BC satisfaction
e Can become unstable in stiff/advection-dominated PDEs

Can boundary conditions be
enforced exactly rather than
approximately?



Literature Landscape and Research Gap
TFC/X-TFC

o TFC constructs constrained expressions in which the admissible solution space 1s analytically parameterized
e X-TFC combines TFC constrained expressions with Extreme Learning Machine (ELM) architecture

e Excellent accuracy and stability across several benchmark PDE problems

e Boundary admissibility 1s preserved independently of optimization dynamics or loss balancing

» Constrained expressions need to be derived separately for each problem class, gemoetry and configuration

AL-PINNSs

e Introduce Lagrange multipliers into the PINN training objective in order to improve constraint satisfaction
* Boundary constraints coupled to the optimization process through dual variables and iteratively updated
e Improves convergence behaviour, reduces sensitivity to penalty-weight selection as compared to soft-penalty

e Resulting optimization process 1s non-linear and non-convex and requires iterative updation

o AL-PINNS still require stabilization penalties, tuning parameters to ensure robust convergence

The Gap that LM-PIELM fills

e Eliminates penalty tuning, exact BC enforcement, linear solvability, and geometry-agnostic flexibility
e Extends naturally to the class of Inverse Problems, maintaining exact BC enforcement irrespective of interior loss



LM-PIELM: From soft constraints to hard constraints

Conventional PIELM LM-PIELM

minc %H\IJC — f|5 - ‘“230 19,C — g5 ming 5 ||¥C — f||3 subjectto ®,C =g

e Exact constraint enforcement
e No penalty parameter tuning
e Constraints remain decoupled from the PDE residual

In LM-PIELM formulation, boundary conditions become part of the solution space,
not merely optimization penalties. We replace optimization penalties with algebraic constraints



LM-PIELM Formulation

Equality-Constrained | Introduce Lagrange Linear Saddle-Point
Problem Multipliers system
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subject to ¢,C =g A'(®,C —g) K
Minimize PDE residual while , , e Fully linear constrained solve
oo A enforces algebraic constraints ,
satisfying BCs exactly  Mixed BCs and ICs handled

uniformly




Augmented-system LM-PIELM

Improving numerical robustness

Reduced Formulation Augmented-System Formulation
) L ) _ Iy, -0 0] [r” il

v'y &' [C v'f i
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P, 0 A g Introduce residual ’
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K variable K

e Requires forming ¢ ' g » e Avoids explicit construction of AR/
e Can amplify conditioning issues e Better numerical conditioning

e Instability 1n stiff/advection- e Improved robustness 1n difficult PDEs

dominated problems r=vC —f e Maintains mathematical equivalence

1
L(C,A) = 5H\Ifc —fl2+X"(®,C —g)

1
» L(r,C,v,A) = ErTr +4'(x—=TCH+f)+ 1 (®,C —g)



Inverse Problems: Formulation and Theory

Parameter identification

1 1
min — |[¥(0)C — fl|3 + 5 15C = dll;

subject to ?,C =g

e To find an unknown scalar parameter enters the PDE

operator
e S 1s the sensor evaluation matrix, d are the
measurements (with gaussian noise) at the locations

[xp(e)qu(e)+sTs @J} m

B {\If(e)TerSTd}
d, 0] [A]

g
¢ Reduced form to Augmented form

Source Recovery

.1 B
min - SC — d|} + =|[C|3

subject to ®,C =g

e Forcing term 1s unknown and must be inferred from
measurements of the solution

e Nomenclature for S & d 1s same, while beta 1s the
Tikhonov regulariser used to improve conditioning
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Results and Discussion

Forward Problems



Steady 1D Advection-Diffusion equation

Uy — VUgze = f(z), uw(0)=0, wu(l)=1.
Configurations (N, Nc¢)

m—— Exact === .M — PIELM (Aug.) " Method |tex — i)l [|®5C — glloo
X-TFC 1.73 x 10712 Exact
B 0oy PIELM 218x10°%  2.18x10°
| LM-PIELM 1.87 x 1071 222 x 107 > 100. 1500
LM-PIELM (Aug.) 1.27 x 10-1 2.21 x 1016 ’
e X-TFC 2.83 x 10712 Exact
= 00o; PIELM 489x10°° 489 x 10
= ‘ LM-PIELM 4.04 %1071 6.66 x 10716 >
U LM-PIELM (Aug.) 9.34x10'% 2.22 x 1016 1200, 2500
X-TFC 2.89 x 10~ Exact
i 000 PIELM 5x1071 489 x 10
: . ; . . : 1L PIET M -1 2 5
o s i s LM-PIELM ~~  717x10% 178x 107 > 3500, 7000
" LM-PIELM (Aug.) 1.61x10°* 9.31x 10
LM-PIELM (Aug.) solution for v=0.0001 Comparison table with L_infinity errors at N = no. of basis, Nc¢ =
interior and boundary for different values of v collocation points

e Forv=0.01, both LM-PIELM formulations give solution errors of order 10"'* with BC residual at machine precision

e Atv=20.0001, X-TFC and standard PIELM both exhibit noticeable degradation in solution accuracy, with standard
PIELM additionally showing substantial boundary-condition errors due to the soft-penalty formulation

e The reduced LM-PIELM formulation improves over PIELM with a boundary residual of order 10, while augmented
achieves a substantially lower solution error than all other methods, maintaining boundary residual at order of 107"

o Although, the wall clock-time goes up to 29 s for the augmented formulation, the improved robustness and accuracy for
lower values of v indicate a favourable trade-off when numerical conditioning becomes a dominant concern



2D Poisson Equation with Mixed Boundary Conditions

ou .. - :
Uge + Uy = f(z,9), Q= (0,1), wue(z,y) =1y’ sin(rz), 8—y(:1;, 1) = 2sin(mwz), Dirichlet conditions on rest of the 3 sides
. at at = Configurations (N, Nc, Nb) = (289, 2304, 196)
0.75 T 0.75 7.5 0.75 |
=0.50 50  0.50- 5.0 0.50 e Case Method [ttex — oo |95C — glloo
0.25 2.5 0.25 ) 0.2 0.5 X-TFC 7.58 x 10712 Exact
PIELM 1.78 x 101 1.68 x 107
0.001 e e 0.0 0.00 P == 0.0 0.007 = Tt Ee 0.0 lixec K ) )
000 0.25 u};(} 0.75 1.00 000 0.25 (};;)o 0.75 1.00 oo 0.25 0;{) 0.75 1.00 Mixed BC LM-PIELM 2 79 % 10 1.3r 561 % 10 1.1
(a) Exact (b) LM — PIELM (Aug.) (c) Absolute Error LM-PIELM (Aug.) 1.67x10 1% 6.51 x 10°1°
LM-PIELM (Aug.) solution plots Comparison table across different frameworks

e In conventional soft-penalty formulations, mixed boundary conditions often require careful balancing between separate
residual terms corresponding to Dirichlet and Neumann operators

e PIELM produces relatively small solution errors, but the boundary residual remains several orders of magnitude larger
than those obtained with the constrained formulations

e X-TFC serves as an important reference for hard-constrained behaviour 1n this case

e Both LM-PIELM formulations significantly improve the discrete boundary enforcement and maintains very high
solution accuracy, while LM-PIELM (Aug.) reaching near machine precision for both solution and BC errors

e The absence of localized degradation near the Neumann boundary demonstrates that Dirichlet and Neumann operators
can be enforced simultaneously without requiring separate tuning parameters or specialized treatment.



2D Poisson Equation with Star-shaped Domain

Ugy T Uyy = f(w,y),
parameterized in polar form by r(0) = R(1 + acoskf), centred at (0.5,0.5), where R = 0.40,a = 0.15,and k = 5

1.00

x 1071

Q c (0,1)7

1.00

10~

Uex (T, y) = y° sin(mz), The boundary of the domain is

1.00

4 Ve

Dirichlet boundary conditions on all 4 sides

Configurations (N, Nc, Nb) = (289, 3618, 400)

2.0

=0.50 0.50 =0.50
Case Method |ttex — l|oc || PC — g0
0.251 2 0.2 2 0.2 2.5 -
PIELM 1.49 x 1072 149 x 10 *2
*0%0 0.5 1.0 "0 0.5 1.0 P00 0.5 L Star Domain LM-PIELM 6.47 % 101 202 % 10 1L
T X X 1. PIR / 14 ‘ 15
(a) Exact (b) LM — PIELM (Aug.) (c) Absolute Error LM-PIELM (Aug.) 4.50 x 10 1.33 x 10

LM-PIELM (Aug.) solution plots Comparison table across different frameworks

e The algebraic formulation remains unchanged. Only the collocation and boundary points sampling locations modified

e No X-TFC comparison reported since the constrained expressions are not readily available for this geometry

e PIELM performs for this smooth elliptical problem, achieving relatively small solution and boundary errors, but LM-
PIELM (Aug.) further improves the errors, reaching up to near machine precision levels as shown 1n the table above

e As we can see 1n the above figure, the numerical solution remains visually indistinguishable from the exact solution, and
no noticeable artefacts appear near the curved boundary segments

e The same formulation, thus, can be easily extended to irregular geometries without any structural modifications



1D Unsteady Advection-Diffusion

us(x,t) + cuz(x,t) — Kuge(x, t) = f(x,t), (z,t) €]0,1] x [0,1],
with advection speed ¢ = 1.0 and diffusion coefficient k = 0.05. The exact solution 1s chosen as

Uex (X, ) = Sin(27T(:B — Ct)) e “*,  «a = 0.5, Dirichlet boundary conditions on all sides

m— Exact _—

I Method |ttex — tilloe || PC — gl

: /\/ H‘/\ \/\ 0o LM-PIELM 6.00 x 10" 5.08 x 10

" LM-PIELM (Aug.) 278 x 107" 5.88 x 1018

L o . LM-PIELM 1.26 x 101 1.88 x 10 1°

T Rt L N A Aafan. o o waaann i A (0.3 . J 14 16
SUlESERR o AN TN RN LM-PIELM (Aug.) 5.20 x 10 4.44 x 10

Sl T 06 M-PIELM 1.05 x 10°" 1.61 x 10°1°

' LM-PIELM (Aug.) 1.02x 107 2,77 x 1016

e This example demonstrates that the LM-PIELM formulation does not distinguish between spatial and temporal
constraints, but instead treats all conditions through the same unified constrained system

e Configuration: N =484 (22 x 22), Nc = 4692 (from 70 x 70 grid), Nb = 208, wall clock time (

o Across all timestamps demonstrated in the table, LM-PIELM (Aug.) consistently achieves solution error in order of 10

to 10" , while reducing boundary errors to machine precision



Results and Discussion

Inverse Problems



Inverse Ditfusivity Identification in 1D Advection-Diftfusion

Problem setup Results
Uy — VUgyp = f(m), Virue — 0.1 LM-PIELM LM-PIELM (Aug.)
_'ILI T |£.-'|:r=-: E-'I'_rl.ml {I',ﬁ{:: R o |E-'rr-.: i-"l:rlml il.lh(j - -
U(v) = Wagy — vWainr S 7 W o 7 W e
, 5 0% T.60x1071" 222x 1071% 760 x 10710 222 x 101
* The parameter v 1s then recovered through a one- 100 0% 451 x10% 444 x10°% 451 x 107 666 x 1018

20 1% 6.10x 10°% 555 % 10°% 610 x 10°% 444 x 1018

_3 200 1% 662 107 441 x 107 662 x 10°F 444 x 1018

= [10°.09 50 5% 231 x 102 441 x 10°% 231 = 1072 292 x 10
9

' 100 5% 9.26x107° 222x107'% 926x 10* 1.08 x 106
e Configuration: (N, Nc) = (25, 1000) /o 1 }

dimensional Brent search method over the interval v

e In the noiseless setting, both LM-PIELM formulations recover v with relative errors of order 10~
o At larger noise levels, the L infinity errors for v remains stable, below 10~
e Across all sensor counts and noise levels, the boundary residual remains at approximately 10" to 10" '° for both LM-

PIELM and LM-PIELM (Aug.).
e Thus, boundary enforcement mechanism remains decoupled from the parameter-identification process itself



Inverse Source Recovery on Star-Shaped Domain (2D Poisson)

Problem setup Results
e The setup remains same as that of the similar problem LM-PIELM LM-PIELM (Aug.)
. . . . £ —f]|- for —£||2 1

that was discussed earlier in the forward section Mg e e,C—gll,  Heglr 19,0 - gl
e Here, we aim to recover the source term “f 50 0% 289x10% 1.33x10"* 523x10* 9.99 x 101°

o o , 500 0% 934 x10° 999x 10 993 x10°% 9.99 x 1016
e Dirichlet boundary conditions are imposed on the full 200 1% 1.01x10° 1.92x 101 1.0l x 10° 1.92 x 10~

- _ 1000 1% 6.36 x 101 4.06x 1071 6.35x 101 7.04 x 1012

n hrough, u = u on Of) _

ooundary through, ex 0 200 5% 843x10°1 1.60x 101 844 x 107! 1.57x 101

e Configuration: (N, Nc, Nb) = (169, 2420, 400) 500 5% 587x1071 216x 101 587x 1071 2.01x 10 1

e The same constrained algebraic framework used for the forward problem 1s retained without structural modification
e Tikhonov regularization 1s used since source recovery 1s substantially more sensitive to noise

e In the noiseless setting, both constrained formulations recover the source term accurately

e Under noisy measurements, the source reconstruction error increases significantly for both methods

e Nevertheless, even in these more challenging settings, the boundary residual remains small across all configurations



Additional Inverse Problems

Conductivity identification: 1D Heat Source Recovery in 2D Helmholtz
Conduction K=T k=1

LM-PIELM LM-PIELM {Aug.) LM-PIELM LM-PIELM {Aug.)
LM-PIELM LM-PIELM (Aug.) - £ Fue—F]l: foe —F
: — : Mg Bl ec-gl. Uk 9,0 - gl Mg Ik ec-gl. R 180 - gl
M q [Tex — Tlloa  |9#C — g]loo Tex — Tllea  |9C — gl : ' - T
— 50 0% 186x107" 543 x 1077 186x 107" L09x 107 0 0% 1.89x 1070 520x 1077 189x 107 7.09x 1077
5 Ok EdteP Qi Eieriet disecie® [ dne Sikseineld 100 0% 196% 107 127x 107 196x 107 170 x 10° 100 0% 140x 107 LI5x 107 140x 107 1.32x 107
20 0% L3wx107? 1Tax107"™ 7.13x 10 T 140 = 10" 175 x 10°W 289 % 107 2 “% 1.70 = “]_h 1.61 x 1{]_][1 1.56 = |“_E' 26T = ]”—lh 2000 “% 276 = 10— 1006 = 1{]_][1 276 = 107 308 = ]”_“’
50 0% 140x10°° L7510 726x1077 140x10° 175x 10 162x 10" 000 0% S437x107% 426 x 107" 377x107% LED x 1)~ SO0 0% 417=x 107 225 x 107" 204 = 107%  3.10 = 1)
100 0% 141x 107 L76 x 1071 3.64 x 10717 L4l x 1077 176 x 10717 4.64 x 10~1" 1000 0% 252x 1075 721 x 107% 147 x 10°%  3.68 x 107 000 0% 137x107% 9451071 802 x 10 857 x 1071
WO 0% LA2x 10" LTTx 107 220 10717 142x 109 178x 1010 208 x 1016
E 1 E -1 L] —17 E -1 —16 C 1 - — e — et s — —17
5 1% 836x107' Lx 10 433x 1077 441x 10 554x 10! 158x 1016 S 1% 8945 x 10 7.20 > 1) 9.45 x 10 L09 x 107 B0 1% TOTx 107! BA8x 10717 T07Tx 1070 9.91 x 1077
100 1% 216100 271 =107 088 x 1077 145x10% 18l =107  L.63x 10'% oD 1% 6096 x 107 499 x 1{]_]?. B.96 3 1071 134 = ]”_“T W0 1% 336 1070 744 = 1077 3036 = 1071 263 x 1) 18
0 1% BATx10' L06x 101 La2x 107 258x 100 32x101 520x107° 200 1% 651x 1070 124 x 107" 651 x 107" L8O x 107'° 200 1% 279x107" LISx 107 279x 107" 198 x 1071°
ol 1'5.: :f.mx 10 : 3.86 % 10 : ‘IJ..'ii!x 110 :h .‘!.I«:ix 10 : :zix :E: ;:Fix :1: t'h 500 1% 51T 107" 606 % 10°% 517x 1070 3.99 x 1~ 00 1% 216 107" 385 x 107 216 % 107! 7.31 x 106
e o Il &t il s 1ok a0t o ean i 1000 1% 451 x 107 107 x 1075 451 x 1077 6.86 x 107 1000 1% 311x 107" 830x 107 311x 107" 6.14x 107
505% G60OxI0* TeEx10Y GOTx 10T 223x 10?2 28&xI10F 2T x 10 B BY 2Thx= 1Y TR x 107V 275w 100 B.O2 x 1TV B RY% LERxI0" 314 x 1077 1ER = 10 113k 1076
0 5% L3T=x107% L7x10?® 364x107"7 552x10°% 6.86x 1071 L5 x 10" 0 5% 202 x 10" 465 x 1077 202 = 10" 2854 x 10 0 5% 978 x 107" 905 x 1077 078 x 107 6.79x 1017
a rof T, 4 e T 2 5 R I3 . _ i i
i e L L B T b L L L 200 5% 249x 109  L56x 107 249 x 10° 255 x 107 200 5% 124x10° 155x 107% 124 10° 2,19 x 107
L 5% ; * 2,16 = > G122 = A x - 500 = AD = ' ) i s £ T _— . —16 y ; e . . _1E
0 % Silxit? Goird Gt IEEeir 1sesigd ShTeip=il 500 5% 234 x 100 5T3Ix 107 234 x10°  5.06x 107" 500 5% 180 x10° 295 x 107 180 x 10"  3.89 x 1076
W0 5% A48 x 100 558x 107 56Tx 1017 B0lx 10! LO0Ox 10! 224 x 10 1000 5% LB0x 10" LIGx 107"  L80x10° 317 x 107 000 5% 104 x 10" 912x 1078 104 = 10" 4534 = 1071

o Configuration: (N, Nc) = (25, 1000) e Configuration: (N, Nc, Nb) = (225, 7396, 348)
z(l — x)

Uy + Uy + k*u = f, posed on the unit square domain (0,1)?
2K

—kT e = 1, Kgue = 1.0, T'(x) =

The exact solution is u(x,y) = sin(mwz) sin(wy)

« Boundary errors consistently confined to the orders of 10™"° - 10" irrespective of sensor count and noise levels



Conclusion

e Proposed LM-PIELM framework with hard boundary enforcement
using Lagrange multipliers instead of soft penalty terms

e Converts constrained PDE learning problem into a structured linear
saddle-point system, avoiding iterative nonlinear optimization

e Unified algebraic framework for Dirichlet, Neumann, and mixed
boundary conditions without geometry-specific modifications

 Developed an augmented-system formulation avoiding explicit
Gram matrix formation, improving numerical stability 1n 1ll-
conditioned cases

e Achieved near machine-precision boundary satisfaction across
forward and inverse problems

 Demonstrated robustness on advection-dominated, irregular-domain,
and unsteady space-time problems

e Naturally extends to inverse parameter and source reconstruction
problems while preserving boundary admissibility independently of
reconstruction quality

Future Works

Extension to:

moving-boundary cases
interface

multiphysics
coupled-PDEs
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