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Rare Events In Large Language Models

Samples Observed During Testing
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Rare Events In Large Language Models

Samples Observed After Deployment
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We present a framework to efficiently sample and estimate the likelihood of these
rare, unwanted completions.

We use an MCMC approach using methods from Statistical Physics and
Computational Chemistry to sample these rare events.

Our method enabled a 108 times improvement over direct sampling.
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Importance Sampling

Sampling the model directly is unlikely to give rare samples...

Probability Density p(¢)

Observable ¢ (X1.7)
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Importance Sampling

Instead, construct other distributions with better coverage.

Probability Density p(¢)

Observable ¢ (x;1.7)
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Importance Sampling

We can then sample these...
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Importance Sampling

...and reweight these samples back to original distribution.
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Exponentially Reweighted Distributions

We want to sample the ‘closest’
distributions to our model, with rare
values of our observable ¢(x). We
choose the exponential reweighting:

1
p)l(xl:T) = me_lqb(Xl:T)p(xl:T)-
By changing the bias A, we shift the

mean of ¢(x,.7) towards rarer values.
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We want to sample the ‘closest’
distributions to our model, with rare
values of our observable ¢(x). We
choose the exponential reweighting:

1

p)l(xl:T) — me_lqb(Xl:T)p(xl:T)-

By changing the bias A, we shift the

mean of ¢(x,.7) towards rarer values.
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Exponentially Reweighted Distributions

We want to sample the ‘closest Bias: 4 = —-0.1
distributions to our model, with rare . e )
- : :
values of our observable ¢(x). We 2 o)
choose the exponential reweighting: =
1 ;
— _ —A¢(X1;T)
X1.7) = e X1.7)- o)
pﬂ( 1.T) Z(/l) p( 1.T) b
By changing the bias A, we shift the %
mean of ¢ (x,.r) towards rarer values. 'g
0

Observable ¢ (x;.7)

08 July 2026 Rare Event Analysis of Large Language Models — Jake McAllister Dorman 12



Exponentially Reweighted Distributions

We want to sample the ‘closest Bias: 4 = —0.25
distributions to our model, with rare . e )
values of our observable ¢(x). We % ' o)
choose the exponential reweighting: =
I 5
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Exponentially Reweighted Distributions

We want to sample the ‘closest Bias: 4 = —0.5
distributions to our model, with rare . e )
- : :
values of our observable ¢(x). We 2 o)
choose the exponential reweighting: =
1 ;
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Exponentially Reweighted Distributions

We want to sample the ‘closest Bias: 4 = —0.75

distributions to our model, with rare . e )
values of our observable ¢(x). We % ' o)

choose the exponential reweighting: =

1 ;
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Exponentially Reweighted Distributions

We want to sample the ‘closest Bias: 4 = -1.0
distributions to our model, with rare . e )
- : :
values of our observable ¢(x). We 2 o)
choose the exponential reweighting: =
1 ;
— _ —A¢(X1;T)
X1.7) = e X1.7)- o)
pﬂ( 1.T) Z(/l) p( 1.T) b
By changing the bias A, we shift the %
mean of ¢ (x,.r) towards rarer values. 'g
0

Observable ¢ (x;.7)
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7

Steps:  xj.r ="“The sky is blue and cloudy. What day is it?”
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7

Steps:  xj.r ="“The sky is blue and cloudy. What day is it?”

Proposal: x;... = “The sky is blue, radiant and dazzling.”
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x4.7 ARI(x{.7)

Steps:  xj.p = “The sky is blue and cloudy. What day is it?”  -3.86

Proposal: x;... = “The sky is blue, radiant and dazzling.” 2.26
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7 ARI(x;.r) Acceptance

Steps:  xj.p = “The sky is blue and cloudy. What day is it?”  -3.86 —

Proposal: x;... = “The sky is blue, radiant and dazzling.” 226 —
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7 ARI(x;.7) Acceptance € ~ UJ[0,1]

Steps:  xj.p = “The sky is blue and cloudy. What day is it?”  -3.86 —

1.0 0.37
Proposal: x;... = “The sky is blue, radiant and dazzling.” 226 —
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7

Step s+1: ;17 = “The sky is blue, radiant and dazzling.”
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7
Step s+1: ;17 = “The sky is blue, radiant and dazzling.”

Proposal: x;...» = “The sky is blue, radiant and cloudy.”

08 July 2026 Rare Event Analysis of Large Language Models — Jake McAllister Dorman 25



Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x4.7 ARI(x{.7)
Step s+1: ;17 = “The sky is blue, radiant and dazzling.” 2.26
Proposal: x;...» = “The sky is blue, radiant and cloudy.” 0.91
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7 ARI(x;.r) Acceptance
Step s+1: ;17 = “The sky is blue, radiant and dazzling.” 226 —

0.87
Proposal: x;...» = “The sky is blue, radiant and cloudy.” 091 —
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7 ARI(x;.7) Acceptance € ~ UJ[0,1]
Step s+1: ;17 = “The sky is blue, radiant and dazzling.” 2.26 —

0.87 0.94
Proposal: x;...» = “The sky is blue, radiant and cloudy.” 091 —
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Transition Path Sampling

We cannot sample p,(x,.r) directly as we don’t know Z (7).

Instead, we use a variant of Markov Chain Monte Carlo called Transition Path
Sampling.

If we have a prompt “The sky is” and we bias towards complicated text (¢ = ARI):

Step Prompt x, Completion x;.7

Step s+2: xfffu = “The sky is blue, radiant and dazzling.”

08 July 2026 Rare Event Analysis of Large Language Models — Jake McAllister Dorman 29



Annealing & Removing Unconverged Samples

We use annealing, which means varying A as the chain progresses.

We then repeat this process with C |ID chains. Hence, we generate:

TPS Steps
A A, A3 Ak

A

- — ~N" — ~N" — ~N )
Chain 1: [ -
Chain 2: [ -

Chain ¢: [ - ——

08 July 2026 ‘ Rare Event Analysis of Large Language Models — Jake McAllister Dorman 30
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We use annealing, which means varying A as the chain progresses.

We then repeat this process with C |ID chains. Hence, we generate:

TPS Steps
A A, A3 Ak
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Annealing & Removing Unconverged Samples

We use annealing, which means varying A as the chain progresses.

We then repeat this process with C |ID chains. Hence, we generate:

TPS Steps
A A, A3 Ak

A

- — ~N " — ~N" — ~N )
Chain 1: [ -
Chain2: [ -

chainc: [N e
\— U\ 2N J - J
~N ~N ~N ~N
Gelman Rubin:
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Annealing & Removing Unconverged Samples

We use annealing, which means varying A as the chain progresses.

We then repeat this process with C |ID chains. Hence, we generate:

TPS Steps
A A, A3 Ak

A

- — ~N " — ~N" — ~N )
Chain 1: [ -
Chain2: [ -

chain ¢: [ -
\— 2N 2N ) — J

~ ~N ~N ~

Gelman Rubin: 1.001 1.005 1.009 1.14
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Annealing & Removing Unconverged Samples

We use annealing, which means varying A as the chain progresses.

We then repeat this process with C |ID chains. Hence, we generate:

TPS Steps
A A, A3 Ak

A

- — ~N" — ~N" — ~N )
Chain 1: [T - e
Chain2: [ - e

chainc: [ - e
\— 2N 2N ) — J

~ ~N ~N ~

Gelman Rubin: 1.001 1.005 1.009 1.14
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After removing unconverged data, we are left with a matrix of data:

¢1 - b5

¢1 v ds

We then use the Multistate Bennett Acceptance Ratio (MBAR) to estimate Z(1):
21, ..,2x = MBAR(®).

D =

This is then used to calculate the importance sampling weights.
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ﬂn‘ Results

s

In our work, we demonstrate this methodology on a TinyStories model, a
Language Model trained on children’s stories.

We study two metrics:
* The Automated Readability Index (ARI).

= The log probability of the completion, under the target model.
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ﬂn‘ Results
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ﬂl' Conclusion
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= We have developed a framework to sample and estimate the likelihood of rare,
unwanted completions in LLMSs.

= This framework does not require access to model weights, allowing
evaluation of closed-source models.

= \We have estimated probabilities as low as 1071* using only ~10° samples, a
108 improvement over Direct Sampling.

* |n the paper, we provide rigorous error analysis of the histograms.

= \WWe then perform EDA on the generated rare completions, to demonstrate how
these methods could inform the development of filters for unwanted
completions.
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ﬂl‘ Future Work

s

Future work includes:
= Applying this to an Al Safety metric for a larger model of interest.

* |[nvestigating alternative proposals for TPS:
= Infilling models,
* Finetuning to target exponential reweighting,
* Model steering.

= Further error and asymptotic analysis of MCMC in the case of limited samples.
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   x 0  


   x  1 : T  


  ARI  (   x  1 : T )


   p 𝜆  (   x  1 : T )


  Z  ( 𝜆 ) .


  𝜙 =  


  s


   x  1 :  T ′  s + 1 =  


   x  1 :  T  ′ ′ ∗ =  


   x 0  


   x  1 : T  


  ARI  (   x  1 : T )


   p 𝜆  (   x  1 : T )


  Z  ( 𝜆 ) .


  𝜙 =  


  s


   x  1 :  T ′  s + 1 =  


   x  1 :  T  ′ ′ ∗ =  


   x 0  


   x  1 : T  


  ARI  (   x  1 : T )


  𝜖 ∼ U [ 0 ,   1 ]


   p 𝜆  (   x  1 : T )


  Z  ( 𝜆 ) .


  𝜙 =  


  s


   x  1 :  T  ′ ′  s + 2 =  


   x 0  


   x  1 : T  


  ⋯


  ⋯


  ⋮


  ⋮


  ⋮


  ⋮


  ⋱


  ⋮


  C :


  ⋯


  𝜆


  C


   𝜆 1


   𝜆 2


   𝜆 3


   𝜆 K


  ⋯


  ⋯


  ⋮


  ⋮


  ⋮


  ⋮


  ⋱


  ⋮


  C :


  ⋯


  𝜆


  C


   𝜆 1


   𝜆 2


   𝜆 3


   𝜆 K


  ⋯


  ⋯


  ⋮


  ⋮


  ⋮


  ⋮


  ⋱


  ⋮


  C :


  ⋯


  𝜆


  C


   𝜆 1


   𝜆 2


   𝜆 3


   𝜆 K


  ⋯


  ⋯


  ⋮


  ⋮


  ⋮


  ⋮


  ⋱


  ⋮


  C :


  ⋯


  𝜆


  C


   𝜆 1


   𝜆 2


   𝜆 3


   𝜆 K


  1 . 001


  1 . 005


  1 . 009


  1 . 14


  ⋯


  ⋯


  ⋮


  ⋮


  ⋮


  ⋮


  ⋱


  ⋮


  C :


  ⋯


  𝜆


  C


   𝜆 1


   𝜆 2


   𝜆 3


   𝜆 K


  1 . 001


  1 . 005


  1 . 009


  1 . 14


  𝚽 =  (      𝜙 1 1  ⋯   𝜙 S 1   ⋮  ⋱  ⋮    𝜙 1 K  ⋯   𝜙 S K )


  Z  ( 𝜆 ) :


     Z ^ 1 , … ,    Z ^ K = MBAR( 𝚽 ) .


    10  − 14


  ~   10 6


    𝟏 𝟎 𝟖

