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eXplainable Artificial Intelligence (XAl)

Millions of non-linear operations

LLM hallucinations

User: How many r’'s in straw-
berry?

Model: There are two r's in

strawberry.

Misclassification

PREDICTION:

& GREEN

2/10



‘ Consider a function f : R — R and a random vector X := (Xy,...,Xy) € R9, ’

& In standard ML, f is a black-box model and we
Black Box f(-)

G

observe n realizations of X.

Q% f can be highly complex, and even when its
structure is accessible, it is rarely interpretable.
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& X typically follows an unknown distribution with
highly correlated components.
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The many additive explanations

Additive explanation. Decompose the prediction f(x) for a given input x := (xq, ..., Xg) in
term of feature contributions:

f(x) = Contrib.(x1) + Contrib.(x2) + - - - + Contrib.(x4)
= we analyse the impact of each feature on the output.
Some well known methods:

= Sampling-based: LIME (Ribeiro'16), SHAP (Lundberg & Lee'17)
= Gradient-based: DeepLIFT (Shrikumar'17), LRP (Bach'15), |G (Sundararajan'17)

= Functional ANOVA (Hoeffding'48, Stone'94, Hooker'07)  <— Qur focus

Functional ANOVA: f(x) = Z fa(xa) = cst + Zi fi(xi) + ZKJ. fii(xi, %)) + ...
ACld]
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Two cases for Functional ANOVA

Independent case Dependent case

Hoeffding'48 — Stone'94 Hooker 2007, Chastaing et al. 2012, Il Idrissi et al. 2025

Mébius transform:

fa(Xa) = Y (=) TE[F(X) | Xe]

BCA

fa(Xa) = ?

no explicit construction

= Closed form v

= Pairwise orthogonality v

= Existence & uniqueness only
= Hierarchical orthogonality required

0 VEIEmGE eelipesien = Costly sampling-based approximations
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Our Contribution

Analytical Closed-Form Solution

We derive a closed-form formulation to compute f4(X,) for categorical
data under any arbitrary distribution p.

& Dependency-Aware: Explicitly ¥ Computational Efficiency: Enables
accounts for complex feature real-time interpretability indices.
dependencies.

8" Links with existing literature

We connect many objects such as Classical Orthogonal ANOVA, Generalized ANOVA,
Boolean Fourier Analysis and Shapley Values.
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The Central Object

Definition: Inverse Likelihood Mechanism

For each (A, z) € Z, we define the basis function ¢(Az) as:

D) = 1/palxa) * [] (=2 — Lo=n1)

icA
Structural Notations Key Properties
= Categorical Input: = Classical ANOVA: Recovers
Xi€{0,...,N; — 1} orthogonality in independent setting
= Index set: 7 contains the pairs (A, z) = Fourier Link: Extends the
st. AC[d] and z; < N; — 1Vi € A. Walsh-Hadamard basis

= Denominator: py marginal pmf of X4
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Main Result: Functional Representation

Theorem: Universal ANOVA Expansion

Any function f € L?(p) always admits an expansion of the form:

FX) = > - oP(x)

(A,z)eT
General Case Independence Boolean Limit
On full support, the expansion is the Basis becomes pairwise orthogonal, Recovers Boolean Fourier analysis on
unique solution to the generalized recovering the classical Mdbius formula. the hypercube (O'Donnell’14).

functional ANOVA variational problem
(Hooker '07).
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Visualization of our framework on Binarized MNIST

Original Input Feature Contribution

Neg 0 Pos

Red — pixels boosting the probability to classify the image as a 3.
Blue — pixels suppressing it (evidence maintaining the '8’ classification).

Absolute Importance

60k samples explained
once
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Tabular Transformer Example : Feature Attribution on Poker Hands

Feature Importance — ANOVA vs Attention Rollout

ANOVA

20 1
M Att Roll 182 183 3. 18.2 18.3

Relative importance (in %)

S1 Cl S2 C2 S3 C3 S4 C4 S5 C5
Feature

Domain Logic Recovery: Attention Rollout:

ANOVA (Ours) correctly identifies Ranks (C) as the primary features, while Over-attributes importance to suits,
Suits (S) are marginal. failing to capture rules.
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