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| INTRODUCTION

Bilinear saddle-point optimization

We solve a two-player zero-sum bilinear game:

min max x ' Ay
xXeX yeyY

e A — them x ngame (payoff) matrix
e x €X,y €Y — mixed strategies on polytopes

EXAMPLES

Two-player zero-sum extensive-form
Two-player zero-sum normal-form games games — under sequence-form strategy
representation

( )

SOLUTION CONCEPT
Nash equilibrium (x*, y*) — neither player can profitably deviate:
Vix,Y) EX XY, (x)TAy < (x")TAy* <xTAy*

e X" — minimax strategy e y* — maximin strategy



| INTRODUCTION

Online learning in games

We consider computing equilibrium via online
learning with gradient feedback (4y, —A"x).

For example, Gradient Descent-Ascent (GDA):

xt =T (xt —nAy")
yt+l = Hy(yt + AT xt+D)

PROBLEM

The strategy sequence may fail to converge.
[Mertikopoulos et al., 2018] |

GOAL
Develop alearning algorithm whose strategies directly converge

to a minimax (resp. maximin) strategy x* (resp. y*).




| INTRODUCTION

Payoff perturbation

Classical approach: each player adds a strongly-convex penalty to its own payoff.
[Facchinei & Pang, 2003]

2 =Ty (xf —n(Ay* + pux"))
yt+1 — Hy(yt 4 77(ATxt+1 _ ‘uyt))

w: the strength of the penalty

Equivalently, solving a perturbed game:

i i
: T = 2 ™ 2
min max {x Ay + ||x[|* =5 |ly[|?}

[ KEY PROPERTY
Strongly convex-strongly concave = linear convergence to (x#, y*).

(x#, y*): the unique equilibrium of the perturbed game.




| INTRODUCTION

The limitation of symmetric perturbation

The perturbed solution only approximates the
true equilibrium, and the error grows with p:

dist(x*, X*) = 0(n)
[Liu et al, 2023; Abe et al., 2024]
X*: the set of minimax strategies

e A
CONSEQUENCE

u must go to zero to remove the error

(e.g, u=0(1/1)).
_ — nofaster than 0(1/t) rates.

QUESTION
Can we recover an original-game equilibrium strategy without u - 0?




| KEY IDEA

Our idea: asymmetric perturbation

Perturb only player x's payoff;
player y's payoff remains unperturbed:

(" )
ASYMMETRIC PERTURBATION (OURS)

u
- T ~ 2
gcrgjrclr;leag{x Ay + > || x]] /}

. J




| MAIN RESULT

Equilibrium invariance property

Under asymmetric perturbation:
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CyberAgent AlLab

Why it works?: near-linear growth




| ALGORITHM

Asymmetrically Perturbed GDA (AsymP-GDA)

A gradient-based learning algorithm for solving asymmetrically perturbed games:

( N\
ASYMP-GDA (OURS)

xh =Ty (xf = n(Ay* + pxH))

1 = Iy (y* + (AT« %))




| CONVERGENCE GUARANTEE Fay

Linear convergence rate

THEOREM (INFORMAL)
u below a game-dependent threshold

= dist(xt,X*) = exp(—Q(t)) for the perturbed player x!

Provably faster than the 0(1/t) rate of symmetric perturbation in the same bilinear setting.

SymP-GDA AsymP-GDA




| REMOVING THE TUNING

Parameter-free variant

Equilibrium invariance needs u below an unknown threshold.
= We remove this requirement while keeping the linear rate.

o
=
Fud

- | Solve asymmetrically
H Hinie perturbed game with current ;.

(5 )

v for player x

Obtain original
equilibrium ?
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| EXPERIMENTS ON EXTENSIVE-FORM GAMES

Experiments in extensive-form games

—— AsymP-DGDA —— SymP-DGDA —— DGDA
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Number of strategy updates

Asymmetric perturbation beats symmetric perturbation in extensive-form games!
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TAKEAWAYS

Equilibrium invariance

Linear rate

Parameter-free

Visit our poster!
Hall A #4617 - Jul 7-2:00-3:45 PM

Perturbing one player makes the perturbed equilibrium coincide
exactly with the original — no need to drive u to zero.

AsymP-GDA gives linear convergence, beating the 0(1/t) of
symmetric perturbation.

A halving procedure retains a linear rate, without knowledge of
game-dependent constants.

Code: github.com/CyberAgentAlLab/asymmetrically-perturbed-gda
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