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1. Motivation ‘3. MinimaxRisk 6. Feature Learning 7. ESD reduction in over-parameterized sequence models
Question: How do we quantify statistical difficulty or Given a quota K € [4], define the ESD-bounded class If the kernel is changed during training, one may compare Estimate: éj(t) = Xj(t)l/z,@]-(t) where }\]-(t) — (a].(t)b].(t)’:))2
- 2 . )
target—kernel alignment after the kernel has been learned? 3:I(<(,7A> — (0 :dt(cZ0,1) < K). the ESD before and after feature learning. ang (a, b]‘/ ,Bj> are learned using gradient flow. This learns the
Classical rates n=P/(1+sB) for spectral algorithms with Ty mp———— Example: one signal, two spectral orderings | eigenvalues while fixing the eigencoordinates. We analyze
kernel k(x, x) = 2 ;A;¢;(x)¢;(x") usually assume the Consider risk R (6; 6*) = Eg.|0 — *|2. The minimax risk Bef;)(;‘_(:]aflaptatlonr.l atbgrclj[[);]-allgne?rklerr;(ejl,re‘,torl?r?zsggnal dt(t) = d(0?;0%,A(t)).
0 \2 . Before adaptive learning ) )
A = i (P <R i%f sup R (0;0*) = Ko>. e i ek sioma Span-profile evolution under OP-GF
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Classical assumptions may fail when the kernel o | e Px10 oo
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evolves over time: the learned spectrum may not decay Ld o* captures the statistical difficulty of the problem. J < :
polynomially and the index s may be unclear. 4. Examples 5 0.6 E .
Goal: A complexity measure that stays valid and informative » Classical source ellipsoid. If A; = i~ the source [ i :iz
if the kernel is learned from data. condition is the ellipsoid o | 7xloo_
’ d ( d 0.2 :
2. Effective Span Dimension O.(R) =10: Z/\Z.—Seiz <RV =16: Z iSﬁgl,Z < R :
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A sequence model with zero mean & uncorrelated noise: i=1 L= >0 o 20 3 4 S50 60 70 80
Z] _ 9% éz] Var((:f]) _ 0'2 ] _ 1 d (d can be OO\I) It embeds intO an ESD ClaSS Wlth Spectral coordinates ordered by eigenvalues 102
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obs.  signal noise K., = min {d, [( R /(72)1/<1+sﬁ>1} , O, R) C 311({ >A After adatpt?t;on. Ia Ic;gtter(;gllg?ed ke;}el,;;trong signal S
. . | ncentr N ing direction =
Given a spectrum A = (A4, A,,...) and a filter v, (+), Taking 0% = gg/n gives the rate S concentrated O i? gd eC ? S
: - _ . g : _ ter adaptive learning 101
spectral estimator: 6; = (1—4,(A))Z;, j € [d]; e.g., a 2K, = 02 min{n—F/1+P) d/n). 129 :
spectral-cutoff estimator keeps coordinates with larger A;. _ _ L O i | S - .
- P Near-parametrlc rates beyond cIaSS|ca| 10 : dt =7 Setup;/\j:]—V; nonzeros at £(j) = |j9], 0;;, = Cj~#*/?; others zero. Hereo].e{1,1.5.,2,3},
assumptions. Let A be decreasing. For b > 1, st ;
et {ﬂj}ﬁl order the eigenvalues decreasingly. Define the (x) = o2xe=". 9* = 0. and (6%, )2 - () B (’. 1) + 0.8 | OF?'fk etnd ESD along tl;?lt_nm? .
Effective Span Dimension (ESD) as & 0 o | j+1 SY) &N | > ' S o-0| 20
o Then with K, = [(logn)l/b], 3 0.6 | 3l
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d' is the cutoff where the squared bias of the The classical rate does not yield the (logn)!/ b1 term. : | A
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than the accumUIated Var|ance V(k) — kU’Z, |nd|Cated by S o Supp(g*) and Suppose |S| — s K d COmpare two Spectral coordinates ordered by eigenvalues Here g = 2.5, with the same n, oy, d, ], p, v as above; compare D € {0, 1, 3}. Mean over 20 Monte Carlo runs; bars: one
. . . . ) _ _ standard error. The plotted risk is the squared error of the spectral-cutoff estimator tuned at the current ESD.
the dotted line in the bias—variance plot below. spectra with the same eigenvalue multiset. Risk interpretation
_ -  Var - 1) [Well-aligned] If the largest s eigenvalues of A (1) -
Squared bias B(k) Variance V(k) Risk B(k) + V(k) ( ) [ g ‘l'] 5 (gl) g |f adaptanon ChangeS /\(O) to A(El) and For a learned kernel kt at time t. we track
are on S, thend'(c<;0°,A'") <s. - | — |,
0.040 - o S _ ) dJr((TZ' 0* /\(“)) < d+(0'2' 0* )\(0>) the pathwise ESD ol | i
| 5 (2) [Misaligned] If the largest d — s eigenvalues of A% | P ST ’ | dtt) = dt(e2;f*, k,). B
0:035° are on S¢, then d'(c%; 6*,A%)) > min{d — s, |6*1*/7*}. the same signal moves from a minimax-hard class with a Example: training a 4-layer linear neural . 3
0.030 - P Spectrum-only measures cannot distinguish (1) & (2). larger ESD quota to an easler class with a smaller quota. ”et.\fvcxizt) < the learned representation - N
0,025 L 5. ESD in Regression Models with Noise Variance o2 General mechanism.  Feature learning reshapes the matix in f,(x) = w(b) TA(D)x D
2 0.020 - 5 22 : ST " _ kernel so the same target has a smaller ESD at the relevant ® ky(x, x') = x A(t) A(b)x R
" 0.015- : L : F"i?gzde%g" gneérTmotdel \]f = Xp* + e. Given SVD noise level, which means it moves into an easier class. Both d*(t) and risk decrease during training. /0" = 1100 57 for =200
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_ E Define dt (02 /n: 8*,X) := dT (02 /n: 6%, A). Hg- 5 (k) = — (0%.)%, Dg- A(T) = min{k : Hg. 5 (k) < T}. -
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Number of retained PCs k 5 12 o~ “Hy- 5 (k) is the spectral-cutoff bias—variance ratio, and ' o _ .
0 = (F* ) -2 _ 70 + If Il Do (T) = d'(7: 8%, 1) is the span profile ® For an ESD quota K, minimax risk =< K¢2.
Unlike signal-agnostic measures such as effective P =Y Pty B n ' oA N Pah Profiie. . S ful ion shoul h
: - : s A We expect Dy- » (-) moves down during feature learning. ® Successtul adaptation should reduce the _
dimension, ESD captures target-kernel alignment. Define d¥(52;f*, k) := d'(52;0*,1). / J ESD of the same signal. arXiv:2509.20294
| J Minimax characterization can also be established.




