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1. Motivation
Question: How do we quantify statistical difficulty or
target–kernel alignment after the kernel has been learned?

Classical rates 𝑛−𝑠𝛽/(1+𝑠𝛽) for spectral algorithms with
kernel k(𝑥, 𝑥′) = ∑𝑗 𝜆𝑗𝜙𝑗(𝑥)𝜙𝑗(𝑥′) usually assume the
polynomial eigen-decay and source conditions:

𝜆𝑗 ≍ 𝑗−𝛽, ∑
𝑗

⟨𝑓 ∗, 𝜙𝑗⟩2

𝜆𝑠
𝑗

≤ 𝑅𝑠.

Classical assumptions may fail when the kernel
evolves over time: the learned spectrum may not decay
polynomially and the index 𝑠 may be unclear.

Goal: A complexity measure that stays valid and informative
if the kernel is learned from data.

2. Effective Span Dimension
A sequence model with zero mean & uncorrelated noise:
𝑍𝑗⏟

obs.

= 𝜃∗
𝑗⏟

signal

+ 𝜉𝑗⏟
noise

, Var(𝜉𝑗) = 𝜎2, 𝑗 = 1, … , 𝑑 (𝑑 can be ∞).

Given a spectrum 𝝀 = (𝜆1, 𝜆2, …) and a filter 𝜓𝜈(⋅),
spectral estimator: ̂𝜃𝑗 = (1 − 𝜓𝜈(𝜆𝑗))𝑍𝑗, 𝑗 ∈ [𝑑]; e.g., a
spectral-cutoff estimator keeps coordinates with larger 𝜆𝑗.
Definition
Let {𝜋𝑗}𝑑

1 order the eigenvalues decreasingly. Define the
Effective Span Dimension (ESD) as

𝑑†(𝜎2; 𝜽∗, 𝝀) = min
⎧{
⎨{⎩

𝑘 ∶ 1
𝑘

𝑑
∑

𝑖=𝑘+1
(𝜃∗

𝜋𝑖
)2 ≤ 𝜎2

⎫}
⎬}⎭

.

𝑑† is the cutoff where the squared bias of the
spectral-cutoff estimator 𝐵(𝑘) = ∑𝑖>𝑘(𝜃∗

𝜋𝑖
)2 is no larger

than the accumulated variance 𝑉(𝑘) = 𝑘𝜎2, indicated by
the dotted line in the bias–variance plot below.

Unlike signal-agnostic measures such as effective
dimension, ESD captures target-kernel alignment.

3. Minimax Risk
Given a quota 𝐾 ∈ [𝑑], define the ESD-bounded class

ℱ (𝜎2)
𝐾,𝝀 = {𝜽 ∶ 𝑑†(𝜎2; 𝜽, 𝝀) ≤ 𝐾}.

Minimax characterization
Consider risk ℛ( ̂𝜽; 𝜽∗) = 𝔼𝜽∗‖ ̂𝜽 − 𝜽∗‖2

2. The minimax risk
over this class grows linearly with 𝐾:

inf
̂𝜽

sup
𝜽∗∈ℱ (𝜎2)

𝐾,𝝀

ℛ( ̂𝜽; 𝜽∗) ≍ 𝐾𝜎2.

𝑑†𝜎2 captures the statistical difficulty of the problem.
4. Examples

• Classical source ellipsoid. If 𝜆𝑖 = 𝑖−𝛽, the source
condition is the ellipsoid

Θ𝑠(𝑅) =
⎧{
⎨{⎩

𝜽 ∶
𝑑

∑
𝑖=1

𝜆−𝑠
𝑖 𝜃2

𝑖 ≤ 𝑅
⎫}
⎬}⎭

=
⎧{
⎨{⎩

𝜽 ∶
𝑑

∑
𝑖=1

𝑖𝑠𝛽𝜃2
𝑖 ≤ 𝑅

⎫}
⎬}⎭

.

It embeds into an ESD class with
𝐾src = min {𝑑, ⌈(𝑅/𝜎2)1/(1+𝑠𝛽)⌉} , Θ𝑠(𝑅) ⊆ ℱ (𝜎2)

𝐾src,𝝀.
Taking 𝜎2 = 𝜎2

0/𝑛 gives the rate
𝜎2𝐾src ≍ 𝜎2

0 min{𝑛−𝑠𝛽/(1+𝑠𝛽), 𝑑/𝑛}.
• Near-parametric rates beyond classical

assumptions. Let 𝝀 be decreasing. For 𝑏 ≥ 1, set
𝑔(𝑥) = 𝜎2

0𝑥𝑒−𝑥𝑏, 𝜃∗
1 = 0, and (𝜃∗

𝑗+1)2 = 𝑔(𝑗) − 𝑔(𝑗 + 1).
Then with 𝐾𝑛 = ⌈(log𝑛)1/𝑏⌉,

inf
̂𝜽

sup
𝜽∈ℱ

(𝜎2
0/𝑛)

𝐾𝑛,𝝀

ℛ( ̂𝜽; 𝜽) ≍ 𝜎2
0𝐾𝑛/𝑛 ≍ 𝜎2

0(log𝑛)1/𝑏/𝑛.

The classical rate does not yield the (log𝑛)1/𝑏/𝑛 term.
• Same eigenvalues, different difficulty. Let

𝑆 = supp(𝜽∗) and suppose |𝑆| = 𝑠 ≪ 𝑑. Compare two
spectra with the same eigenvalue multiset.
(1) [Well-aligned] If the largest 𝑠 eigenvalues of 𝝀(1)

are on 𝑆, then 𝑑†(𝜎2; 𝜽∗, 𝝀(1)) ≤ 𝑠.
(2) [Misaligned] If the largest 𝑑 − 𝑠 eigenvalues of 𝝀(2)

are on 𝑆𝑐, then 𝑑†(𝜎2; 𝜽∗, 𝝀(2)) ≥ min{𝑑 − 𝑠, ‖𝜽∗‖2/𝜎2}.
Spectrum-only measures cannot distinguish (1) & (2).

5. ESD in Regression Models with Noise Variance 𝜎2
0

• Fixed-design linear model Y = X𝜷∗ + 𝝐. Given SVD
𝑛−1/2X = U𝑛×𝑟S𝑟×𝑟V⊤

𝑟×𝑝, transform
Z = 𝑛−1/2U⊤Y, 𝜽∗ = SV⊤𝜷∗, 𝜆𝑗 = 𝑠2

𝑗 , 𝜎2 = 𝜎2
0/𝑛.

Define 𝑑†(𝜎2
0/𝑛; 𝜷∗,X) ∶= 𝑑†(𝜎2

0/𝑛; 𝜽∗, 𝝀).
• RKHS 𝑦 = 𝑓 ∗(𝑥) + 𝜀. For k(𝑥, 𝑥′), set

𝜃∗
𝑗 = ⟨𝑓 ∗, 𝜙𝑗⟩𝐿2(𝜇), 𝜎̄2 =

𝜎2
0 + ‖𝑓 ∗‖2

∞
𝑛 .

Define 𝑑†(𝜎̄2; 𝑓 ∗,k) ∶= 𝑑†(𝜎̄2; 𝜽∗, 𝝀).
Minimax characterization can also be established.

6. Feature Learning
If the kernel is changed during training, one may compare
the ESD before and after feature learning.

Example: one signal, two spectral orderings

Before adaptation: a badly-aligned kernel, strong signal
coordinates appear late in the spectral order, 𝑑† = 23

After adaptation: a better-aligned kernel, strong signal
is concentrated on leading directions, 𝑑† = 7

Risk interpretation
If adaptation changes 𝝀(0) to 𝝀(𝑎) and

𝑑†(𝜎2; 𝜽∗, 𝝀(𝑎)) < 𝑑†(𝜎2; 𝜽∗, 𝝀(0)),
the same signal moves from a minimax-hard class with a
larger ESD quota to an easier class with a smaller quota.
General mechanism. Feature learning reshapes the
kernel so the same target has a smaller ESD at the relevant
noise level, which means it moves into an easier class.
Trade-off function and span profile. Define

H𝜽∗,𝝀(𝑘) = 1
𝑘

𝑑
∑

𝑖=𝑘+1
(𝜃∗

𝜋𝑖
)2, D𝜽∗,𝝀(𝜏) = min{𝑘 ∶ H𝜽∗,𝝀(𝑘) ≤ 𝜏}.

𝜎−2H𝜽∗,𝝀(𝑘) is the spectral-cutoff bias–variance ratio, and
D𝜽∗,𝝀(𝜏) = 𝑑†(𝜏; 𝜽∗, 𝝀) is the span profile.
We expect D𝜽∗,𝝀(⋅) moves down during feature learning.

7. ESD reduction in over-parameterized sequence models
Estimate: ̂𝜃𝑗(𝑡) = 𝜆̃𝑗(𝑡)1/2𝛽𝑗(𝑡), where 𝜆̃𝑗(𝑡) = (𝑎𝑗(𝑡)𝑏𝑗(𝑡)𝐷)2

and (𝑎𝑗, 𝑏𝑗, 𝛽𝑗) are learned using gradient flow. This learns the
eigenvalues while fixing the eigencoordinates. We analyze

𝑑†(𝑡) = 𝑑†(𝜎2; 𝜽∗, 𝝀̃(𝑡)).

Span-profile evolution under OP-GF
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Setup: 𝜆𝑗 = 𝑗−𝛾; nonzeros at ℓ(𝑗) = ⌊𝑗𝑞⌋, 𝜃∗
ℓ(𝑗) = 𝐶𝑗−(𝑝+1)/2; others zero. Here 𝑞 ∈ {1, 1.5, 2, 3},

𝑛 = 104, 𝜎0 = 1, 𝑑 = 5000, 𝐽 = 15, 𝑝 = 2.5, 𝛾 = 1 and depth 𝐷 = 0. Larger 𝑞: worse alignment.

Risk and ESD along training
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Here 𝑞 = 2.5, with the same 𝑛, 𝜎0, 𝑑, 𝐽, 𝑝, 𝛾 as above; compare 𝐷 ∈ {0, 1, 3}. Mean over 20 Monte Carlo runs; bars: one
standard error. The plotted risk is the squared error of the spectral-cutoff estimator tuned at the current ESD.

8. Beyond fixed eigenbasis: pathwise ESD
For a learned kernel k𝑡 at time 𝑡, we track
the pathwise ESD

𝑑†(𝑡) = 𝑑†(𝜎̄2; 𝑓 ∗,k𝑡).
Example: training a 4-layer linear neural
network

• A(𝑡) is the learned representation
matrix in 𝑓𝑡(𝑥) = 𝑤(𝑡)⊤A(𝑡)𝑥

• k𝑡(𝑥, 𝑥′) = 𝑥⊤A(𝑡)⊤A(𝑡)𝑥′

Both 𝑑†(𝑡) and risk decrease during training.
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𝑝 = 900, 𝑛 = 1000, 𝛽∗
𝑗 = 𝑗−1.1 for 𝑗 ≤ 200.

Risk is ‖A(𝑡)⊤𝑤(𝑡) − 𝛽∗‖2
2.

9. Take-Home Message

1 ESD depends jointly on the target, kernel,
and noise level.

2 For an ESD quota 𝐾, minimax risk ≍ 𝐾𝜎2.
3 Successful adaptation should reduce the

ESD of the same signal.
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