Overview

» Diffusion models generate samples by learning either
 adenoiser f(W; X,t): parameter ¥, input X, diffusion time step ¢;
» the score function: s(X,t) = Vylogp(X).

* Gap between theory and practice: existing work studies

 Landscape: no proof of convergence to optimal denoiser.

* Training dynamics: guarantees only for simplified architectures.

 Contributions: for transformer-based diffusion models trained on
multi-token Gaussian mixture data with population loss, we show

that gradient descent converges to the Bayes-optimal denoiser.

Data Model and Problem Formulation

Motivations: » Tokens of the sky: NV (uq, p?I).
Image tokens correspond [\ N 21y
to a small number of 3 : ' P
patterns.  Tokens of the cloud: N (us, pI).

Data Model: Multi-token Gaussian mixture (MTGM)

* X = (x1, ..., xp) € R¥*P ~ D(7, K, {u; L1, p). Mixture of M components.
« Select K < M components: Z ~ Unif(z € {0,1}":0 < ||z||, = K).

- Normalize proportions: w(Z) with mr;(Z) = [Z];7%;/Z " 7.

» Sample P tokens: x, | Z ~ MoG(n(Z), {pi}iz1, P2I).

Forward Process: (DDPM) Xt = ./a,.X° 1—a,Et, Et ~N(0,D),t €[T].

Gaussian noise

Noise schedule
Denoising Network: f(¥; X,t) = v,(X — X softmax(X"WX/d)),¥ = {W, {v.}F_,}.

+ DDPM population loss Lp(¥) = £y Exo e [|If(¥; X¢,£) — E¥I| /(2dPT)|.

» Score matching Lg(W) = X1_; Eyo e [Hg(‘l), Xt t) —s(Xt, t)Hi/(ZdPT)].

Gradient updates: ¥V = ¢@ _ v, L(¥™),
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Main Theoretical Results

Notations
 Time-averaged SNR: SNR = E;|a;/(1 — a;)].

* Minimal pattern ratio: v(K) = rg[llrwl] [P(a token is drawn from pattern u) < %
u

» Bayes denoising risk: Rpgyes = Exo gt ; [H C[ETXE] — EtHi/(ZdP)].

Theorem 1: Convergence of DDPM Training.

For any € € (0, min i, if the step size n < 0(1),
u

» the token dimension d > e tlog(v(K)™1)
[=Q((e +vK) ) v(K)™t - SNR™3),
e the number of tokens perdata P > Qv (K) 1(p? + 1)e tlogd),

T = Q(logd ),

 the number of iterations

* the number of diffusion steps

then with high probability, the learned model ¥ satisfies L(¥!)) < Rpqyes + 0(€).

Corollary 1: Special Cases of the Required Number of Iterations 1.
e MinI: K =1,I =Q((e*+M3n~1M - SNR™3);

e MaxI: K=M,I=Q((e *+ (min#,)3)n~! (min#,)™ ! - SNR™3).
UE(M] uUe(M]

Theorem 2: Score Matching.

Let @ be defined as in Theorem 1. For some ¢ € (0, min i,,21), we can
u

construct the following score network with parameters )
gD, xt,t) = —f(¢D; xt,t)/ /1 - a,,

such that L (W) < Lp(W®) - (SNR+1) < e-(SNR + 1).
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Denoising Mechanism of Transformers
Key Insights

Transformer

DDPM training '

2[EC1XE ] ~ E[E*|X®, Mx]

The Transformer trained from DDPM

objective achieves near-optimal

denoising by learning the oracle MMSE

True MMSE estimator Oracle MMSE estimator

&

estimator to approximate the frue _
Bayes optimal

MMSE estimator. 2
Notations Rpayes

_ Raracle < O(E)

» My: the patterns of all tokens of X.

. . : 1 2
» Oracle denoising risk: Rorqcie = 55 Exo gt [H [EYXE, My ] — EtHF].

Proposition 1: Transformer Learns Oracle MMSE Estimator

Trained Model =(Xt —{ Xt softmax(Xt' WXt /d))
I 0 (¢€) I O(€)
oracteMMSE a0 et e ot -]

The trained model satisfies after I iterations, vt € [T], " and

Xt softmax(Xt W xt/d) approximate./1 —a,/(1 — @, + p*a,) and /@, My, respectively.

xt' whxt . —
y ) approximate ./a,Mx?

How can X' softmax(

Proposition 2: Mean Denoising Mechanism

Attention weights are concentrated ¥ (Vaw, @p* +1-a01) N(J@cp2, @p® +1- @)
———

and uniformly distributed among o «t B x5, .
1 nan P1 P1+1 nan

tokens with the same pattern as the 1 Attention score at x

qguery, leading to a minimum- <[1pe | . (e o 0
variance unbiased estimator l
~ (%1 + - xp )/ Py
(MVUE) of the mean pattern of
_ _ N (\/a_ful,&fp 1o ‘if;) Variance reduced!
each token for approximation. Py
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