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Overview

• Diffusion models generate samples by learning either 

• a denoiser 𝑓 Ψ; 𝑋, 𝑡 : parameter Ψ, input 𝑋, diffusion time step 𝑡;

• the score function: s 𝑋, 𝑡 = ∇𝑋 log 𝑝(𝑋).

• Gap between theory and practice: existing work studies

• Landscape: no proof of convergence to optimal denoiser.

• Training dynamics: guarantees only for simplified architectures.

• Contributions: for transformer-based diffusion models trained on 

multi-token Gaussian mixture data with population loss, we show 

that gradient descent converges to the Bayes-optimal denoiser.

Data Model and Problem Formulation

Data Model: Multi-token Gaussian mixture (MTGM)

• 𝑋 = 𝑥1, … , 𝑥𝑃 ∈ ℝ𝑑×𝑃 ∼ 𝒟 ෤𝜋, 𝐾, 𝜇𝑖 𝑖=1
𝑀 , 𝜌 . Mixture of 𝑀 components.

• Select 𝐾 ≤ 𝑀 components:   𝑍 ∼ 𝑈𝑛𝑖𝑓 𝑧 ∈ 0,1 𝑀: 0 < 𝑧| 0 = 𝐾 .

• Normalize proportions: 𝜋 𝑍 with 𝜋𝑖 𝑍 = 𝑍 𝑖 ෤𝜋𝑖/𝑍⊤ ෤𝜋.

• Sample 𝑃 tokens: 𝑥𝑝 ∣ 𝑍 ∼ 𝑀𝑜𝐺(𝜋(𝑍), 𝜇𝑖 𝑖=1
𝑀 , 𝜌2𝐼).

Forward Process: (DDPM) 𝑋𝑡 = ത𝛼𝑡𝑋0 + 1 − ത𝛼𝑡𝐸𝑡, 𝐸𝑡 ∼ 𝒩 0, 𝐼 , 𝑡 ∈ [𝑇].

Denoising Network: 𝑓 Ψ; 𝑋, 𝑡 = 𝑣𝑡(𝑋 − 𝑋 softmax(𝑋⊤𝑊𝑋/𝑑)), Ψ = 𝑊, 𝑣𝑡 𝑡=1
𝑇 .

• DDPM population loss 𝐿𝐷 Ψ = σ𝑡=1
𝑇 𝔼𝑋0,𝐸𝑡 𝑓 Ψ; 𝑋𝑡 , 𝑡 − 𝐸𝑡
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/(2𝑑𝑃𝑇) .

• Score matching 𝐿𝑆 Ψ = σ𝑡=1
𝑇 𝔼𝑋0,𝐸𝑡 𝑔 Ψ, 𝑋𝑡 , 𝑡 − 𝑠(𝑋𝑡 , 𝑡)

𝐹
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Gradient updates: Ψ 𝜏+1 = Ψ 𝜏 − 𝜂∇Ψ𝐿 Ψ 𝜏 .

Main Theoretical Results Denoising Mechanism of Transformers

Attention weights are concentrated 

and uniformly distributed among 

tokens with the same pattern as the

query, leading to a minimum-

variance unbiased estimator 

(MVUE) of the mean pattern of 

each token for approximation.

• Tokens of the sky: 𝒩(𝜇1, 𝜌2𝐼).

• Tokens of the eagle: 𝒩(𝜇2, 𝜌2𝐼).

• Tokens of the cloud: 𝒩(𝜇3, 𝜌2𝐼).

Notations

• Time-averaged SNR: 𝑆𝑁𝑅 = 𝔼𝑡[ ത𝛼𝑡/(1 − ത𝛼𝑡)].

• Minimal pattern ratio: 𝜈 𝐾 = min
𝑢∈[𝑀]

ℙ a token is drawn from pattern 𝑢 ≤
1

𝑀
.

• Bayes denoising risk: 𝑅𝐵𝑎𝑦𝑒𝑠 = 𝔼𝑋0,𝐸𝑡,𝑡 𝔼 𝐸𝑡 𝑋𝑡 − 𝐸𝑡
𝐹

2
/(2𝑑𝑃) .

Theorem 1: Convergence of DDPM Training.

For any 𝜖 ∈ (0, min
u∈ 𝑀

෤𝜋𝑢
Θ(1)), if the step size 𝜂 ≤ 𝑂(1), 

• the token dimension                𝑑 ≥ 𝜖−1 log(𝜈 𝐾 −1)

• the number of iterations          𝐼 = Ω( 𝜖−1 + 𝜈 𝐾 −3 𝜂−1𝜈 𝐾 −1 ⋅ 𝑆𝑁𝑅−3),

• the number of tokens per data    𝑃 ≥ Ω(𝜈 𝐾 −1 𝜌2 + 1 𝜖−1 log 𝑑),

• the number of diffusion steps  𝑇 ≥ Ω(log 𝑑 ),

then with high probability, the learned model Ψ(𝐼) satisfies 𝐿 Ψ(𝐼) ≤ 𝑅𝐵𝑎𝑦𝑒𝑠 + 𝑂 𝜖 .

Corollary 1: Special Cases of the Required Number of Iterations 𝑰.

• Min 𝑰:  𝐾 = 1, 𝑰 = Ω((𝜖−1+𝑀3)𝜂−1𝑀 ⋅ 𝑆𝑁𝑅−3);

• Max 𝑰: 𝐾 = 𝑀, 𝑰 = Ω((𝜖−1+ (min
𝑢∈[𝑀]

෤𝜋𝑢)−3)𝜂−1 (min
𝑢∈[𝑀]

෤𝜋𝑢)−1 ⋅ 𝑆𝑁𝑅−3).

Theorem 2: Score Matching.

Let Ψ(𝐼) be defined as in Theorem 1. For some 𝜖 ∈ (0, min
u∈ 𝑀

෤𝜋𝑢
Θ(1)), we can

construct the following score network with parameters Ψ(𝐼)

𝑔 Ψ(𝐼), 𝑋𝑡, 𝑡 = −𝑓 Ψ 𝐼 ; 𝑋𝑡, 𝑡 / 1 − ത𝛼𝑡,

such that 𝐿𝑆 Ψ(𝐼) ≤ 𝐿𝐷 Ψ(𝐼) ⋅ 𝑆𝑁𝑅 + 1 ≤ 𝜖 ⋅ 𝑆𝑁𝑅 + 1 .

Notations

• 𝑀𝑋: the patterns of all tokens of 𝑋.

• Oracle denoising risk: 𝑅𝑜𝑟𝑎𝑐𝑙𝑒 =
1

2𝑑𝑃
𝔼𝑋0,𝐸𝑡,𝑡 𝔼 𝐸𝑡 𝑋𝑡, 𝑀𝑋 − 𝐸𝑡

𝐹

2
.

Proposition 1: Transformer Learns Oracle MMSE Estimator

Trained Model = 𝑣𝑡
𝐼

(𝑋𝑡 − 𝑋𝑡 softmax(𝑋𝑡⊤
𝑊 𝐼 𝑋𝑡/𝑑))

Oracle MMSE = 1 − ത𝛼𝑡/(1 − ത𝛼𝑡 + 𝜌2 ത𝛼𝑡) ⋅ (𝑋𝑡 − ത𝛼𝑡𝑀𝑋)

The trained model satisfies after 𝐼 iterations, ∀ 𝑡 ∈ 𝑇 , 𝒗𝒕
(𝑰) and

𝑋𝑡 softmax(𝑋𝑡⊤
𝑊 𝐼 𝑋𝑡/𝑑) approximate 𝟏 − ഥ𝜶𝒕/(𝟏 − ഥ𝜶𝒕 + 𝝆𝟐 ഥ𝜶𝒕) and ഥ𝜶𝒕𝑴𝑿, respectively.

How can 𝑿𝒕 𝒔𝒐𝒇𝒕𝒎𝒂𝒙(
𝑿𝒕⊤

𝑾(𝑰)𝑿𝒕

𝒅
) approximate ഥ𝜶𝒕𝑴𝑿?

Proposition 2: Mean Denoising Mechanism

Motivations:

Image tokens correspond

to a small number of

patterns.

Noise schedule Gaussian noise

Key Insights

The Transformer trained from DDPM

objective achieves near-optimal

denoising by learning the oracle MMSE

estimator to approximate the true

MMSE estimator.
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