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Take home message

New loss functional on probability measures

⇝ compares probability distributions in a robust way for

• hypothesis testing

• generative modeling
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Rank statistics for non-parametric hypothesis testing on P(R)
Let µ, ν ∈ P(R). The CDF of µ is Rµ and its quantile is Qµ.

Draw i.i.d. samples y ∼ µ, x1, . . . , xK ∼ ν.

Consider the number of samples xj that lie below y,

A
(K)

µ|ν := #{j ∈ [K] : xj ≤ y}.

P(A(K)

µ|ν = · | y) ∼ Bin(K,Rν(y))

By the law of total probability, the “rank-histogram” is (the last equality only holds if µ ≪ ν and ν has no atoms)

Q
(K)

µ|ν (n) := P(A(K)

µ|ν = n) =

∫
R
bn,K(Rν(y))dµ(y) =

∫ 1

0

bn,K(s)

(
dµ

dν
◦Qν

)
(s) ds, ∀n ∈ [K].

The Bernstein polynomials are bn,K : [0, 1] → [0,∞), u 7→

(
K

n

)
un(1−u)K−n, n ∈ [K] := {0, . . . ,K}.
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Rank statistics for non-parametric hypothesis testing

Theorem (Rank statistics for non-parametric hypothesis testing (Elvira et al. 2021))

µ = ν ⇐⇒ Q
(K)

µ|ν (n) ≡
1

K + 1
∀K ∈ N .

Core idea: quantify discrepancy between µ and ν by measuring

deviation of the “rank histogram” Q
(K)

µ|ν from the uniform distribution U [K] on [K].

⇝ We will measure this discrepancy using f-divergences and extend this to P(Rd) by slicing.
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The Bernstein f-divergence

Definition (Bernstein f-divergence (S., de Frutos, ’26))

The Bernstein f-divergence of order K ∈ N to ν ∈ P(R) is

D
(K)
f,ν : P(R) → [0,∞], µ 7→ Df

(
Q

(K)

µ|ν | U([K])
)
=

1

K + 1

K∑
n=0

f
(
(K + 1)Q

(K)

µ|ν (n)
)
.

Using the Bernstein theorem, we prove

Theorem (Bernstein approximation (S., de Frutos, ’26))

Let µ, ν ∈ P(R) with µ ≪ ν. If r := dµ
dν

◦Qν ∈ C([0, 1]) and f is Lf -Lipschitz on ran(r), then

0 ≤ Df,ν(µ)−D
(K)
f,ν (µ)


→ 0, r ∈ C([0, 1]),

∈ O(K−α
2 ), r ∈ C0,α([0, 1]),

∈ O(K−1), r ∈ C2([0, 1]), or r Lipschitz, f ∈ C2([0,∞)).

as K → ∞.
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Properties of the Bernstein f-divergence

Theorem (Properties of the Bernstein f-divergence)

Let µ, ν ∈ P(R) with µ ≪ ν, ν be atomless, and K ∈ N.

• D
(K)
f,ν is convex and weakly lower semicontinuous on P(R).

• If f is Lf -Lipschitz on [0,K + 1], then

E
[∣∣∣D(K)

f,ν̂M
(µ̂N )−D

(K)
f,ν (µ)

∣∣∣] ≤ Lf (K + 1)
√
2π

(
1√
N

+
1√
M

)
.

and for any δ > 0, with probability at least 1− δ, we have

∣∣D(K)
f,ν̂M

(µ̂N )− E
[
D

(K)
f,ν̂M

(µ̂N )
]∣∣ ≤ CLf (K + 1)

√
log(1/δ)

(
1

N
+

1

M

)
.

• Asymptotic normality result, KN = Nβ with 1/2 < β < 1.
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We prove

D
(K)
f,ν (µ) ≤ D

(K+1)
f,ν (µ).
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Numerical examples - toy data sets

0 1 5 10 20 40 100 200 400

Rank-Proximal Transport on 2D toy targets. Using SGD to minimize the rank-statistic KL with L = 10 random
projections
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Proof of concept - CIFAR with sliced Bernstein Hellinger-divergence

Viktor Stein Approximating f-Divergences with Rank Statistics 29.10.2025 8 / 11



Conclusion

Bernstein f -divergences are

• efficient and interpretable estimators of (sliced) f -divergences.

• easy to evaluate using (HMC) slicing and rank comparisons
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Thank you for your attention!
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