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TAKE HOME MESSAGE

New loss functional on probability measures

~» compares probability distributions in a robust way for
e hypothesis testing

e generative modeling
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RANK STATISTICS FOR NON-PARAMETRIC HYPOTHESIS TESTING ON P(R)

Let p1, v € P(R). The CDF of i is R, and its quantile is Q.

Rank histogram Q'7)

Draw i.i.d. samples y ~ p, z1,..., 25 ~ V. L
Consider the number of samples =; that lie below v, : , 05
L 0
K -025 0 025 05 0.75 1 1.25 0 1 2
;(1,|1/) ' #{J € [K} L < y} x nef2

P(AY) = - | y) ~ Bin(K, k. (y))

wlv

By the law of total probability, the “rank-histogram” is (the last equality only holds if 4 < v and v has no atoms)

QU (n) == B(AU) = ) = /R b s (20 (1)) () = /0 s (5) (j{‘@) (s5)ds,  vne (K]

The Bernstein polynomials are by x: [0,1] — [0,00), u+— (5) u"(1—u) ", n€[K]=1{0,...,K}.
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RANK STATISTICS FOR NON-PARAMETRIC HYPOTHESIS TESTING

THEOREM (RANK STATISTICS FOR NON-PARAMETRIC HYPOTHESIS TESTING (ELVIRA ET AL. 2021))

Core idea: quantify discrepancy between ;o and v by measuring

deviation of the “rank histogram” fo‘? from the uniform distribution U [K] on [K].

~» We will measure this discrepancy using f-divergences and extend this to P(R?) by slicing.
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THE BERNSTEIN f-DIVERGENCE

DEFINITION (BERNSTEIN f-DIVERGENCE (S., DE FRUTOS, ’26))

The Bernstein f-divergence of order K € N to v € P(R) is

DY P®) 0,00, = Dy (QUF [U(KD) = 225 2 f (K + QP m).

Using the Bernstein theorem, we prove

THEOREM (BERNSTEIN APPROXIMATION (S., DE FRUTOS, ’26))

Let j1,v € P(R) with p < v. Ifr:= % 00Q, € C([0,1]) and f is Ly-Lipschitz on ran(r), then

dv
— 0, r € C([0,1]),

0< Dyu(p) = DS (1) S e O(K~%), rec®(o,1]), as K — co.

€ O(K™), reC?(0,1]), orr Lipschitz, f € C*([0,0)).
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PROPERTIES OF THE BERNSTEIN f—DIVERGENCE

THEOREM (PROPERTIES OF THE BERNSTEIN f-DIVERGENCE)

Let p,v € P(R) with < v, v be atomless, and K € N.
° D;{? ts conver and weakly lower semicontinuous on P(R).

o If f is Ly-Lipschitz on [0, K + 1], then

E HD§{§>M (i) — DY (“)H < Li(K +1)V2r (

1
— +
VN

and for any 6 > 0, with probability at least 1 — §, we have

)

|DYS), (n) —E[DSE) (aw)]| < CLs(K + 1>\/ log(1/6) (

o Asymptotic normality result, Ky = N? with 1/2< B < 1.
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We prove

DY (1) < DI ().
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NUMERICAL EXAMPLES - TOY DATA SETS

[} 1 5 10 20 40 100 200 400

Rank-Proximal Transport on 2D toy targets. Using SGD to minimize the rank-statistic KL with L = 10 random
projections
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CONCLUSION

Bernstein f-divergences are

e efficient and interpretable estimators of (sliced) f-divergences.

e easy to evaluate using (HMC) slicing and rank comparisons
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Thank you for your attention!
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