
Jie Qiao1*, Zihuai Zeng1*, Ruichu Cai1,2, Zhengming Chen3, Zhifeng Hao3

1School of Computer Science, Guangdong University of Technology, China
2Peng Cheng Laboratory, Shenzhen 518066, China

3 College of Science, Shantou University, Shantou 515063, China
* Equal contribution

On the Identifiability of Poisson Branching Structural Causal Model 

Under Latent Confounding



• Why causal discovery?

• Simpson’s paradox: Treatment A is better than treatment B in each stone size, however 
if we do not consider the stone size, Treatment B is better than Treatment A.
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Observational data

◼ Casual discovery from observational data

• Randomized experiments might be unethical or substantial expense.
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Discovery
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Causality require us to discover 

the stone size is the cause of 

Treatment and success rate.
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Retargeting within digital advertising system

?

Observational count data

Introduction
Count Data
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Branching structure

Each event contributes independently to the 

occurrence of its child event. 

A Purchase event may occur directly from the User Intent, or 

indirectly through an Ad Impression triggered by User Intent

User Intent: searching counts

User Intent (𝐿)

Ad Impression (𝑋) Purchase (𝑌)User Sharing (𝑍)

Ad Impression (𝑋)

Purchase (𝑌)

Purchase (𝑌)

User Sharing (𝑍)

Purchase (𝑌) Purchase (𝑌)

Purchase (𝑌)

User Intent (𝐿) User Intent (𝐿)

Ad Impression (𝑋)

User Intent (𝐿)

Ad Impression (𝑋)
User Sharing (𝑍)



Introduction
Thinning Operator ‘‘∘’’

Poisson Branching Structural Causal Model(PB-SCM)

𝑌 = 0.6 ∘ 𝑋

A toy example for the thinning operator, each 𝑋 has a 60% chance of triggering an occurrence of an event 𝑌. 
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𝐵(0.6): Bernoulli distribution 
with parameter 0.6

𝑃 𝑛 = ቊ
0.6, 𝑛 = 1
0.4, 𝑛 = 0

𝑋𝑖 = ෍

𝑘∈𝑃𝑎 𝑖

𝛼𝑘,𝑖 ∘ 𝑋𝑘 + 𝜖𝑖

Definition For each observable random variable 𝑋𝑖 ∈ 𝐗, let 𝜖𝑖 ∼ 𝑃𝑜𝑖𝑠(𝜇𝑖) be the noise component 
of 𝑋𝑖 , then 𝑋𝑖 is generated by:

where 𝛼𝑗,𝑖 ∈ (0,1) is the causal coefficient from 𝑋𝑗 to 𝑋𝑖 .



Challenge

2. Spurious causal conclusions

The latent variable would lead to : 

1. Biased effect estimates.

𝐿
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𝑋1 𝑋2

𝑋1 𝑋2

𝐶𝑜𝑣 𝑋, 𝑌 = 𝛼𝑋,𝑌𝑉𝑎𝑟 𝑋 + (𝛼𝐿,𝑋
2 𝛼𝑋,𝑌 + 𝛼𝐿,𝑋𝛼𝐿,𝑌)𝑉𝑎𝑟 𝐿
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Ignore 𝐿 create a spurious link 

Bias due to 𝐿



𝑋𝑖 = ෍

𝑗∈𝑃𝑎𝐎 𝑖

𝛼𝑗,𝑖 ∘ 𝑋𝑗 + ෍

𝑘∈𝑃𝑎𝐋 𝑖

𝛼𝑘,𝑖 ∘ 𝑋𝑘 + 𝜖𝑖

Definition For each observable random variable 𝑋𝑖 ∈ 𝐗, let 𝜖𝑖 ∼ 𝑃𝑜𝑖𝑠(𝜇𝑖) be the noise component 
of 𝑋𝑖 , then 𝑋𝑖 is generated by:

where 𝛼𝑗,𝑖 ∈ (0,1) is the causal coefficient from 𝑋𝑗 to 𝑋𝑖 .

Model

Latent Confounding Poisson Branching Structural Causal Model(LC-PB-SCM)

Parental Acyclic Directed Mixed Graph

Definition A Parental Acyclic Directed Mixed Graph is an acyclic directed mixed graph defined over 
the observed variables, where the edge set contains directed edge(→) and bi-directed edge 

, the graph satisfiesthe following properties:

Parental Relations: A directed edge 𝑖 → 𝑗 exists if and only if 𝑖 is a direct parent of 𝑗. 

Latent Confounding: A bi-directed edge 𝑖 𝑗 exists if and only if 𝑖 and 𝑗 share a latent parent. 

Acyclicity: The graph contains no directed cycles.



Main finding

We found 16 identifiable structures based on the analysis on purely observational 

distribution and show this is complete results under the local 3 variables structure.



Probability Generating Function(PGF)
Definition. Given discrete random vector 𝐗 = [𝑋1, . . . , 𝑋𝑑]𝑇 taking values in the non-negative 
integers ℤ≥0. Let 𝐬 = 𝑠1, … , 𝑠𝑑  be a vector of auxiliary indeterminates. The joint probability 
generating function of 𝐗 is defined as:

𝐺𝐗 𝐬 = 𝔼 ෑ
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𝑑
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In PGF, thinning is manifested as variable substitution.



Probability Generating Function(PGF)
Definition. Given discrete random vector 𝐗 = [𝑋1, . . . , 𝑋𝑑]𝑇 taking values in the non-negative 
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The joint PGF of LC-PB-SCM

variable substitution by 

thinning operator

Poisson noise in PGF 

form



Trie representation
Causal Graph 𝒢
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Identifiability

Not all the monomial are required, only some 

specific monomials need to be identify

if 𝑠1𝑠2
2𝑠3 ∈ ℳ(𝐺), we can identify

With structure 

𝑋1𝑋3

if 𝑠1𝑠2
2𝑠3 ∉ ℳ(𝐺), we can idenfity 𝑋1𝑋3

𝐿

𝑋1 𝑋2



Identifiability
Monomial equivalence

𝐿

𝑋1 𝑋2𝑋3

𝐿
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𝐿′

Identical monomial set

𝑠1, 𝑠2, 𝑠3, 𝑠1𝑠2, 𝑠1𝑠3,
𝑠1𝑠2𝑠3, 𝑠1𝑠2

2

𝑋3 𝑋1

Identify

Indistinguishable equivalences



Identifiability

The PGF has a local property, allowing for the efficient identification of local structures.

Focus on local structures, No need for high-order information

By setting lim
𝑠4→0

𝐺𝑿(𝑠1, 𝑠2, 𝑠3, 𝑠4), we retain only

the monomials involving the target variables

lim
𝑠4→0

𝐺𝑿(𝑠1, 𝑠2, 𝑠3, 𝑠4)



Practical algorithm

①

②

③

① Skeleton Identification

② Latent Confounded Edge

③ Triples Orientation



Experiment

Random graph experiment 

Case study

we perform structure learning on the skeleton of the true 

causal graph, and our method successfully recovers the 

correct edge orientations of 𝑌1 → 𝑌2, 𝑌2 → 𝑅, 𝑌1 → 𝑆, 𝑅 → 𝑆

F: Foul, Y1: Yellow card, Y2: Second yellow card, 

R: Red card, S: Substitution.

Real World Experiment.

Our method accurately recovered the causal direction

Clicks → Conversions.
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Thanks!
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