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Motivation & Contributions

Motivations

A fundamental question: Are common substructures truly transferable?

A principled framework for understanding such behavioral invariance is still lacking: which structural behaviors

learned during pretraining transfer to target graphs?

Highlights
A Principled Geometric Understanding. Bridging transferable structures to intrinsic graph geometry through the lens of
behavior invariance.
Neural Vector Bundle. An intrinsic geometry learning framework, which characterizes local region of the underlying manifold
with parametric local coordinates.
GAUGE Framework. A novel pretraining architecture with a Dirichlet loss that measures transfer effort.

Superior Expressiveness. Empirically demonstrated on challenging tasks, including graph isomorphism and zero-shot link

prediction.



Invariant Substructure & Flat Geometry

An intuition: If a structural behavior learned during pretraining is transferable, it requires little to
no adaptation when applied to unseen graphs.

Invariant Substructure

ENodes in a substructure 7" are unaffected by the nodes outside this substructure or, |n
‘other words, T is invariant to its structural neighborhood.

___________________________________________________________________________________________________________________________________

Asubstructure T is said to be invariant if ||x; — g;;(x;)|| < & holds for any & > 0
‘and v; € N; N T,v; € T, where g;; is the parallel transport from fiber on x; to the
‘one on x;.

Theorem 3.1 (Invariance & Intrinsic Flatness (Berwick--Evans et al., 2023), Appendix C.1).
A discrete connection of E is flat if and only if holonomy around every 2-simplex is the identity. If
there is no 2-simplex, the flat condition is automatically satisfied.



Overview of GAUGE Framework

A. Neural Vector Bundle Construction
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Intrinsic Graph Geometry Learning

Local Coordinates

For layer [, we decompose Z!~1 € R¥*4 into r disjoint subspaces via
learnable projections, yielding { (R).1=1 }h .
we adopt the multi-head attention, each head h is derived as follows,
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Parallel Transport

" Areal vector bundle over G equips each edge (i,j) € € a linear
isomorphism gj; = ¢; o ¢;*: E,, — E, , endowing a discrete

. connection of the total space E and parallel transport. Thus, we
obtain the parallel transport between fibers along edges

| Definition 3.2 (Pseudo Parallel Transport along Edge).

! Given an edge (v;,v;) € £ and the fibers of its two end-

i points E,, and E,,, the pseudo parallel transport P(*7) :

E E,, — E,, is defined as

(i,9) — (Q(% )TQ(J) (5)

Accordingly, P("7) captures the geometric torsion when a
vector in fiber £, moves to £, along an edge.

Updating Local Coordinates

We introduce a gated flattening mechanism that selectively
aggregates neighboring fibers according to local coordinates

exp(—Tr(I, — P3))/7)
> ken, exp(—Tr(L, — PR)) /1)
Neighboring fibers with high compatibility yields large g;;.

QO* = (1-9)Q0* 1 47 Y 4,0

jeEN:
Q®* = QR (Q¥*), J (8)

The updating rule iteratively refines local coordinates by smoothing
geometrically consistent neighborhoods.

€(0,1), (6

9ij =

k=L (T

______________________________________________________________________________

Updating global Representations

We leverage the local trivialization for recovering its fiber £, and filter
noise with the orthogonal complement of its fiber Evll.. Additionally, we
apply residual connections to allow for the network to go deeper

. . T
dioqui (@) 4 o
P 13l-1 -1
qMZw YA, a0
JEN;

where W! € R%*? js a learnable matrix, and y! is a learnable
nonlinear function.



Dirichlet Energy & Invariant Substructure

The Dirichlet Energy of a graph G with a vector bundle is defined as

EpirlE] = 151 i jyee |[@: — PO ay]

Theorem 4.1 (Local Invariance Measure, Appendix C.2.).

Denote local trivializations at each node v; as Q(v;) =
Q). Given node representation Z = {z;};cy satisfying
max; ||z;|| < M, the following upper bound holds,

Epir|E] < (AM? + 1)(Epi:[Q] + Epic[Z)]), (11)

where Ep;,|Q| and Epiy|Z] denote the Dirichlet energies
associated with the local trivializations and the node em-
beddings, respectively.

Theorem 4.2 (Monotonous Flattening, Appendix C.3.).

Given a graph G = (V, &) and the set of local trivializa-
tions QF over G in the k-th layer of gated flattening with
~v € (0, 1), the layer-wise Dirichlet energy is nonincreasing,
Epie[QF] < Epi|QF 1, and the final local trivializations
satisfies the following inequality,

Epi[QF] < (1 — C - v) K é&pi[QY], (12)

where C = 1 — A2, and X is the maximal singular value of
matrix G = [g;;].

2
*

Dirichlet energy gives an upper bound of invariance in
terms of local trivialization.

It claims that GAUGE monotonously lowers the Dirichlet
energy over the vector bundle.

It progressively flattens neighboring fibers that are
geometrically compatible, and learns invariant substructures
through their connection to geometric flatness



Dirichlet Loss & Transferability

The Dirichlet loss is formulated in a predictive fashion as follows:

2
N
£ =3 [(Q") &Y - 1 v QW) 2t

=1 _]EN@

2
where ,%,50) = StopGrad (zgu))-

Recovering Invariant Substructures

Definition 4.3 (7-Invariance). Given a graph G = (V, &)
with node representation Z € RIVI*? generated by an en-
coder ® and a connected substructure 7, for each node
v; € T, its representation predictive error is derived

as o(vg) = [[(QY)" (=) — iy e (@) ()]
For a threshold 7 > 0, we say the substructure 7 is
T-invariance under @, or 7 is 7-invariant if x(7) =
% ZUET e(v) <.

Accordingly, we are able to recover the invariant
substructures, specifying the behavior mechanism
learned from which substructures during pretraining
are appliable to unseen graphs.

Geometry of z-Invariance

Remarkably, it is sufficient to imply geometric
flathess——quasi-identity parallel transport—
—within this substructure, as formalized below.

Theorem 4.4 (Flatness Induced by 7-Invariance, Ap-
pendix C4). Let G = (V,E) be a graph, and node em-
beddings are Z. = {z;}iey. Suppose T C Vis a 7-
invariant connected subgraph. Assume that there exists
& > 0 such that ||z; — z;||> < 0 forall (i,7) € E(T), and
that ||z;||2 > ¢ > 0. Then, for every edge (i,7) € E(T),
the pseudo parallel transport map satisfies

Py~ L], = @TQV -1 <ot +0).
where C' > 0 is a constant depending only on c and .

On Structural Transferability

The total fine-tuning loss takes the following form,
L = Liask + A E(g)

Theorem 4.5 (Parameter Stability, Appendix C.5.). Let 0
be the parameters of the fine-tuned model, and let T C V

be a T-characteristic structure identified during pretraining.
Suppose the fine-tuning process minimizes Ly with A > 0.

Then, for any node v; € T, the gradient update satisfies:
lgradg Lal, < llgrady L]y + A - C - e(vy),
where C > 0 is a constant depending on the Lipschitz

continuity of ®, and e(v;) is the i-th term in Eq. (13).

GAUGE performs the downstream task with
the pretrained neural vector bundle, preserving
behaviorally invariant substructures.



Algorithms

Algorithm 1 Training Procedure of GAUGE.

Require: Graph G = (V, £), initial embeddings {zgo)}, model parameters ©.
1: for each training step do
2:  for each network layer / = 1 to L do
3 Compute local coordinates {Q(?-'} via Eqgs. 2-4.
4 Refine neural vector bundle via a 2-layer gated flattening via Eqs. 6-8.
5 Compute node representations {z.} via Eq. 10.
6: end for
7:  Stop gradient of {zgﬂ)} by 220) = StopGrad(zE())).
8:  Compute loss £(G) in Eq. (13).
9:  Update ® via backpropagation.
10: end for

Algorithm 2 Decoding Invariant Structures

Require: Graph G = (V, £), node embeddings Z € RIV!*4 encoded by pretrained model ®, small thresholds £ > 7 > 0.
1: for eachv; € V do

2 Compute e(v;) = H (Q(i))T (z;) — ﬁ Zjefv@ (Q(j))T (z5)
3: end for

4: Let V<. = {v;le(v;) < e}

5: Find all connected components {77, ..., Tk } from V..

6

7

8

) .

. Initialize C <« 0.
: for each component 7, do
:  Compute average error: x(7x) < ﬁ > v, €(V)
9: if x(7x) < 7 then
10: C+ CU{T:}
11:  endif
12: end for
13: Return C.




Experiments

Table 1. Main Results on Cross-Domain Transfer. We report Mean Accuracy (%) + std over 10 independent runs. Models are
pre-trained on source datasets and fine-tuned on target graphs with k € {1, 5} labeled samples (Few-Shot)

Facebook

PubMed Roman-empire Photo

Model 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot 1-shot 5-shot

GCN (Kipf & Welling, 2017) 4091 + 671 5134 + 646 4443 + 722 5525 + 441 1129 + 207 18.19 + 138 43.03 + 810 58.34 + 220
GraphSAGE (Hamilton et al., 2017) | 41.36 + 978 51.76 + 683 47.23 + 905 5993 + 427 11.34 £ 432 18.24 + 250 4253 + 667 54.55 + 326
GAT (Velickovic¢ et al., 2018) 39.86 +1065 50.37 + 630 46.26 + 719 59.82 + 556 11.71 + 247 1820 + 151 41.74 + 916 56.96 + 288
DGI (Velickovi€ et al., 2019) 4164 + 772 58.20 + 271 4257 + 181 55.66 + 274 932 + 199 1374 + 117 4236 + 478 63.20 + 2.68
GraphMAE (Hou et al., 2022) 43.63 + 581 5654 + 485 4335 + 498 5893 +460 1657 +£323 17.00 + 135 4432 + 974 62.97 + 438
GRACE (Zhu et al., 2020) 41.04 + 651 59.66 + 649 49.79 + 782 56.26 + 577 771 + 366 13.84 + 553 47.26 + 600 66.06 + 433
GFT (Wang et al., 2024) 52.39 + 907 63.11 + 472 45.79 + 302 4633 + 236 18.63 + 480 26.60 + 275 51.83 +575 76.53 + 296
RAGraph (Jiang et al., 2024) 51.39 + 693 65.71 + 345 46.01 + 093 48.88 + 154 1051 + 233 2099 + 217 50.62 +1125 70.28 + 6.20
SAMGPT (Yu et al., 2025) 4351 + 843 68.81 + 898 4788 +1023 56.38 + 760 1039 + 615 2576 + 620 49.03 +1087 71.52 + 726
GCOPE (Zhao et al., 2024) 4478 + 282 67.66 + 113 4580 + 178 5594 + 141 1291 + 050 1639 + 061 60.36 + 328 68.68 + 1.18
GraphAny (Zhao et al., 2025a) 54.18 +£ 221 70.19 + 220 4546 +378 4548 + 378 18.71 + 114 26.72 + 114 60.46 + 084 78.45 + 084
MDGFM (Wang et al., 2025a) 4544 + 712 63.62 + 819 48.08 +1025 5048 + 874 14.16 + 581 23.66 + 617 S51.50 1130 65.16 +11.52
RiemannGFM (Sun et al., 2025b) 56.82 + 900 64.03 + 460 44.08 + 669 57.88 + 417 13.08 + 164 2463 + 117 6435 +3810 7841 + 1.78
GET (Zhao et al., 2025b) 4237 + 506 6455 + 397 4426 + 292 54.06 + 357 936 + 040 1538 + 096 5354 + 349 7244 + 106
G?PM (Wang et al., 2025d) 4384 + 875 65.63 £ 470 45.13 £592 5468 + 413 1092 + 2814 1681 £ 125 5446 + 55 72.19 + 434
UniPrompt (Huang et al., 2025) 40.34 + 736  63.64 + 497 42.60 + a70 44.55 + 322 720 + 194 1752 + 218 55.12 + 382 70.32 + 412
GAUGE (Ours) | 61.26 + 543 71.63 + 380 51.61 +953 60.04 + 130 18.78 + 488 2643 + 147 64.72 + 453 81.33 + 293




Experiments

Table 2. Zero-Shot Link Prediction. We report AUC and AP scores (%) + std over 10 runs. Models are pre-trained on source datasets
and directly inferred on target graphs without fine-tuning.

Model | PubMed | Facebook ‘ Roman-empire Photo
| AUC AP | AUC AP | AUC AP AUC AP
GFT 55.8340.55 56.5740.57 72.9440.25 74.9340.20 54.9140.43 55.1140.48 54.13+0.27 54.88+40.23
RAGraph 58.294+032  55.41+0.41 87.41+0.11 83.834+0.19 | 49.88+0.62  52.92+0.62 | 74.06+027  72.2540.28
SAMGPT 4891+080  55.3040.87 84.614+0.12  85.55+40.11 59.53+0.55 62.51+033 | 92.26+0.16  90.8440.28
GCOPE 60.34+0.43 61.91+0.25 80.37+0.20 82.2240.15 58.1941.00 57.1240.94 80.14+0.41 81.00+0.42
MDGFM 56.60+0.33 56.704-0.37 71.1440.18 63.5640.14 63.78+0.72 62.56+1.01 73.09+40.28 65.35+0.23
RiemannGFM 53.3741.33 50.9141.53 76.6541.04 72.6240.84 62.5940.63 64.73+0.76 66.93+0.91 62.38+1.48
GET 48.82+190  48.80+1.75 | 50.804+0.33  51.97+033 | 63.704+056  64.2640.51 53.06+037  53.42+0.36
G*PM 53.0840.15 54.624-0.18 71.4540.11 72.1840.12 60.664-0.54 56.8340.65 71.61+0.27 69.61+0.45
UniPrompt 56.3240.16 53.7140.08 77.5440.28 72.3640.44 54.1640.54 54.3440.43 68.64+0.33 63.17+0.27
GAUGE | 64.03£137  61.40+1.05 | 93.88+005 90731024 | 66.22:+126  67.21=058 | 93.04x204  91.04x1.76
Table 3. Graph Isomorphism Classification Results. We use e
ACC (%) for csL, AUC (%) for MUTAG, and MAE for ZINC12K. e ;: &w*», >
pAE R A
Model CSL?t MUTAG?  ZINCI2K| e R e
X R LTS
GCN 26.00 + 979  86.26 + 920  0.321 +0.009 e ‘
GraphSAGE | 21.67 &+ 550 86.48 1077  0.588 +0.006 a4 A
GIN 29.67 + 823 8275 + 954  0.163 +0.004
GAT 2233 + 754  84.29 £ 954  0.384 £0.007
(a) Sampled subgraph (b) Invariant structures
SAMGPT | 64.17 1524 60.23 +13.07  0.382 £0.025 . L _ o
Figure 2. Visualization on Computers. Different invariant
GAUGE | 92.56 + 437  88.59 + 575 0.157 20005  gubstructures are marked with distinct colors.



Case Study

T e S

(a) Binary tree. (b) Binary tree.
(a) Path. (b) Path.
o
(a) Grid. (b) Grid. (a) Star. (b) Star.

Figure 3. Case study on typical typologies. Identified invariant substructures are highlighted.
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