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Motivation & Contributions

• A Principled Geometric Understanding. Bridging transferable structures to intrinsic graph geometry through the lens of 

behavior invariance.

• Neural Vector Bundle. An intrinsic geometry learning framework, which characterizes local region of the underlying manifold 

with parametric local coordinates.

• GAUGE Framework. A novel pretraining architecture with a Dirichlet loss that measures transfer effort.

• Superior Expressiveness. Empirically demonstrated on challenging tasks, including graph isomorphism and zero-shot link 

prediction.

Highlights

Motivations

A fundamental question: Are common substructures truly transferable?

A principled framework for understanding such behavioral invariance is still lacking: which structural behaviors 

learned during pretraining transfer to target graphs?



Invariant Substructure & Flat Geometry

An intuition: If a structural behavior learned during pretraining is transferable, it requires little to 

no adaptation when applied to unseen graphs.

Nodes in a substructure 𝒯 are unaffected by the nodes outside this substructure or, in 

other words, 𝒯 is invariant to its structural neighborhood.

Invariant Substructure

A substructure 𝒯 is said to be invariant if 𝑥𝑖 − 𝑔𝑖𝑗(𝑥𝑗) ≤ 𝜀 holds for any 𝜀 → 0

and 𝑣𝑗 ∈ 𝒩𝑖 ∩ 𝒯, 𝑣𝑖 ∈ 𝒯, where 𝑔𝑖𝑗 is the parallel transport from fiber on 𝑥𝑗 to the 

one on 𝑥𝑖.

Formalization under Vector Bundle Representation

Theorem 3.1 (Invariance & Intrinsic Flatness (Berwick--Evans et al., 2023), Appendix C.1). 

A discrete connection of E is flat if and only if holonomy around every 2-simplex is the identity. If 

there is no 2-simplex, the flat condition is automatically satisfied.

It claims that the intrinsic geometry of vector bundle E over an invariant 𝒯 is flat.



Overview of GAUGE Framework

Behavioral 

Invariance

Find substructures whose 

local representations 

predict one another.

Vector bundle

Attach a local coordinate 

frame Q(𝑖)to every node.

Dirichlet loss

Measure neighbor 

predictability in the local 

frame.

Adaptive transfer

Keep the pretrained 

bundle fixed and adapt 

only the task head.



Intrinsic Graph Geometry Learning

Local Coordinates

For layer 𝑙, we decompose 𝑍𝑙−1 ∈ ℝ𝑁×𝑑 into 𝑟 disjoint subspaces via 

learnable projections, yielding 𝑧𝑖
ℎ ,𝑙−1

ℎ=1

𝑟
.

we adopt the multi-head attention, each head ℎ is derived as follows,

1

Parallel Transport
A real vector bundle over 𝒢 equips each edge (𝑖, 𝑗) ∈ ℰ a linear 

isomorphism 𝑔𝑗𝑖 = 𝜙𝑗 ∘ 𝜙𝑖
−1: 𝐸𝑣𝑖 → 𝐸𝑣𝑗 , endowing a discrete 

connection of the total space E and parallel transport. Thus, we 

obtain the parallel transport between fibers along edges

2 Updating global Representations4

We leverage the local trivialization for recovering its fiber 𝐸𝑣𝑖 and filter 

noise with the orthogonal complement of its fiber 𝐸𝑣𝑖
⊥ . Additionally, we 

apply residual connections to allow for the network to go deeper

where 𝑊𝑙 ∈ ℝ𝑑×𝑑 is a learnable matrix, and 𝜓𝑙 is a learnable 

nonlinear function.

Updating Local Coordinates

We introduce a gated flattening mechanism that selectively 

aggregates neighboring fibers according to local coordinates

3

Neighboring fibers with high compatibility yields large 𝑔𝑖𝑗.

The updating rule iteratively refines local coordinates by smoothing 

geometrically consistent neighborhoods.



Dirichlet Energy & Invariant Substructure

The Dirichlet Energy of a graph 𝒢 with a vector bundle is defined as

Dirichlet energy gives an upper bound of invariance in 

terms of local trivialization. 

It claims that GAUGE monotonously lowers the Dirichlet 

energy over the vector bundle. 

That is, minimizing Dirichlet energy is sufficient 

to learn behavioral invariant substructures.

It progressively flattens neighboring fibers that are 

geometrically compatible, and learns invariant substructures 

through their connection to geometric flatness 



Dirichlet Loss & Transferability

The Dirichlet loss is formulated in a predictive fashion as follows：

Accordingly, we are able to recover the invariant 

substructures, specifying the behavior mechanism 

learned from which substructures during pretraining 

are appliable to unseen graphs. 

Recovering Invariant Substructures Geometry of 𝝉-Invariance On Structural Transferability

The total fine-tuning loss takes the following form,

GAUGE performs the downstream task with 

the pretrained neural vector bundle, preserving 

behaviorally invariant substructures.

Remarkably, it is sufficient to imply geometric 

flatness——quasi-identity parallel transport—

—within this substructure, as formalized below.



Algorithms



Experiments



Experiments



Case Study

Figure 3. Case study on typical typologies. Identified invariant substructures are highlighted.
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