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Motivation: Beyond Standard Linear Contextual Bandits

A standard Linear Contextual Bandits assumes that the observed context
contains all reward-relevant state information:

E[re(a) | xt, past] = ¢(a, x:) 6,.

This assumption is too optimistic when the environment has latent states
ht.
— Latent states may drive both the context distribution and the reward
model;

— The learner observes x; and the reward of the chosen action, but never
observes h;.

— The latent state may switch frequently over time.

Research question. Can we design a contextual-bandit algorithm with
sublinear regret when latent states evolve according to an HMM, rewards are
continuous, and rewards depend jointly on the latent state, the context, and
the action?
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Learning Protocol: HMM-Generated Contexts

Latent-state dynamics: Hidden Markov Model (HMM).
h1 ~ TT, Xt | ht ~ Vh,s ht+1 ‘ ht ~ Mht,"

Forrounds t =1,2,..., T:

@ Hidden state h; € [H] evolves according to the HMM, but is not observed;

@ Context x; € X is observed, with x; ~ vp,;

© The learner chooses an action a; € A;

© The learner observes only the reward r:(a;).
Context-only belief.

bt(h) = ]P)(ht =h | Xl:t)-
This posterior uses the context sequence only, not the reward feedback.
Belief-oracle benchmark. An oracle knows the HMM and reward parameters,
and plays
a; € argmax Z b:(h) ¢(a, x:)" 0%
acA helH]

The pseudo-regret compares the learner against this oracle in cumulative
belief-expected reward.
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Simplified Model: Belief-Dependent Rewards

Nelson et al., 2022 consider a belief-dependent reward model. In their setting, contexts
are used to infer the latent state h¢, but do not enter the reward model directly:

Zb )04 + ni(a).

We extend this simplified model by allowing rewards to depend on both the belief and
the observed context:

ri(@) =Y be(h)p(a,x)" 0} +ni(a).

he(H]

Why this is easier. With known beliefs, this is a standard linear contextual bandit
with feature vector by ® ¢(a, x:). With estimated beliefs, the standard LinUCB
analysis (Abbasi-Yadkori et al., 2011) carries over up to an additional belief-estimation
error term.

Contrib. #1: sharper treatment of the simplified model.
— We estimate the beliefs Bt from contexts using a spectral method, with
confidence bounds;
— We design a LinUCB-style algorithm using the estimated beliefs and prove the
high-probability regret bound R = (T3/4)
— The extra T1/4 factor comes from estimating HMM beliefs; with known beliefs,
we recover the usual O(v/T) rate.
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Complex Model: State-Dependent Rewards and Main

Challenges

The paper’'s main model keeps the realized latent state in the reward model:
re(a) = ¢(a, xt)TBZr + ne(a).

This model is more natural: the latent states directly select the reward parameters.
However, it no longer admits a direct reduction to a standard linear contextual
bandits. For any fixed action a, the context-only belief gives

E[re(a) [ x1:t] = > be(h)w(a, xt) 6},

he[H]

The key difficulty: adaptivity

The equality above need not hold for the adaptive action a;: a: is chosen using past
rewards, which carry information about past latent states. Hence a; is not measurable
with respect to o(x1:¢), and in general

]P(ht =h | X1:t, at) # bt(h)

This is the central difficulty in the complex state-dependent model. )

Contrib. #2: We formalize this adaptivity gap and design a staged LinUCB algorithm
with sublinear regret for the latent-state-dependent reward model.
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Why Standard LinUCB on Beliefs Is Not Enough

A natural idea is to estiLnate the beliefs Bt and run standard LinUCB with the
belief-weighted feature b; ® (a, x;). This works for the belief-dependent
model, but not directly for the state-dependent model.

Where the standard proof breaks.
— The action a; is selected using past rewards;
— Past rewards carry information about past latent states;

— Hence the Gram matrix and reward estimates may become statistically
entangled with latent-state fluctuations.

Algorithmic principle.

Estimate beliefs from contexts only +  update reward parameters only
periodically.

The first choice avoids feeding reward-action information into the HMM filter.
The second creates stages in which actions are measurable with respect to a
controlled filtration:

U, = a(xu, (asf)sgst—l) ’
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Proposed Algorithm: Staged LinUCB on Estimated Beliefs

A belief-estimation subroutine B (spectral method Anandkumar et al., 2012)
returns context-only beliefs b; from xi.;, with

HBt - bt H 1 < Ubelief(ta 6)7 Z Ubelief(t7 5) = 6<T1/2)

te[T]

At stage endpoints, estimate the stacked reward parameter 6*:
t
def =~ =
Gt :e Z(b'r & CP(tar; XT)) (bT & (P(377 XT))T + >\|dH 3

TE: = Gtilz(BT @ So(aﬂ'y X‘r‘)) rr(a‘r) .

T=1

During stage s, keep /H\(s,l)l frozen and choose

ar € argmax Z Bt(h)go(a,xt)T/é(s,l)M + Et,an
acA helH]

Why staging? Actions in a stage use only reward estimates computed before

the stage begins. This prevents rewards collected inside the current stage from
immediately affecting action selection. Hence a; is measurable with respect to
the controlled filtration .
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Regret Bound and Main Error Terms

High-probability regret bound. For the state-dependent model, under the
HMM forgetting condition, the proposed algorithm achieves

\ Rr=O(T"®) \

with high probability.

Where does the rate come from? Optimism reduces the regret analysis to
confidence radii, but the estimation error now contains three components:

belief error 4+  reward noise + latent state fluctuation.

A key step is controlling the hardest component of the latent-state fluctuation,
namely the gap between

T T
Z%’(at’xt)TBZt and Z:‘:”(="'t7>(t)T Z P(he = h | U:) 0}
t=1 t=1 he[H]

This gap is bounded by combining Markov's inequality with exponential
forgetting of the HMM.
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