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• Backpropagation (BP) is the core algorithm for training neural networks, yet it is energy 
inefficient and unlikely to be implemented by the brain because of its non-local nature

• Predictive coding (PC) is an influential “biologically plausible” learning algorithm based on 
the basic idea that neurons minimise their prediction errors 

Introduction

• Despite some recent encouraging progress, training wide and especially deep PC networks 
(PCNs) on large-scale datasets competitively with BP remains an open challenge

• Inspired by the recent sucess of analysing the infinite width and depth limits of BP-trained 
networks, we theoretically derive and empirically validate the first stable parameterisations 
for wide and deep PCNs, including convolutional nets and transformers



TL;DR

The stable and “rich” (non-lazy) parameterisations in model 
width and depth for predictive coding (PC) turn out to be the 
exactly same as for backprop (BP). 

Under any of these parameterisations, the weight gradients 
computed by PC converge to BP’s in much wider than deep 
networks like the brain.



Predictive coding networks (PCNs)

• PCNs minimise an energy function that is a sum of layer-wise prediction errors
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Definition: Strict saddle.

Any critical point ◊ú of f(◊) where gf (◊ú) = 0 is defined as a strict
saddle when the Hessian at that point has at least one negative
eigenvalue, ⁄min(Hf (◊ú)) < 0.

Any other critical point with a positive semi-definite Hessian and a neg-
ative higher-order derivative is said to be a non-strict saddle.
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Any critical point ◊ú of f(◊) where gf (◊ú) = 0 is defined as a strict
saddle when the Hessian at that point has at least one negative
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ative higher-order derivative is said to be a non-strict saddle.
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Predictive coding networks

• Note that both the activity and weight gradients of PC are local, in the sense that they 
require only information from neighbouring layers
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• In supervised learning, we clamp the first and last layers to some input and target data

• PCNs are then trained by minimising the energy in two alternating phases:
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Main results

1 Width & Depth Limits of PCNs

Theorem 2. (Width- and depth-stable feature-
learning parameterisations for linear PCNs.) Con-
sider any width-stable and feature-learning param-
eterisation of linear ResNets (Eq. 15) with an ad-
ditional depth scaling exponent ↵ (Eqs. 7-8, 18 &
10). Assume PCNs that learn on the equilibrated
energy (with rescaling as in Eq. 104). Then, the
parameterisation that satisfies the depth Desiderata
for BP is the same as for PC (i.e. ↵ = 1/2).

The result is proved in §A.5. Similar to the width case, the
forward pass desideratum (4) is exactly the same for BP
and PC, and the rescaling effectively behaves as a higher-
order correction. We note that Innocenti et al. (2025) used a
version of this parameterisation to train 100+ layer ResNets
with PC on simple tasks. However, it was only justified by
the forward pass stability with depth. Our result therefore
provides a more solid justification for this parameterisation.

4.1. PC convergence to BP for linear ResNets when
N � L

Similar to the MLP case (§3), we show that under any width-
and depth-stable feature-learning parameterisation of linear
ResNets (with ↵ = 1/2), PC converges to BP as long as the
width is much larger than the depth, N � L, as in practice.

Corollary 4.2 (PC convergence to BP on deep and
wide linear ResNets.). Under any width- and depth-
stable feature-learning parameterisation of linear
ResNets (Eq. 15) with ↵ = 1/2, the equilibrated
energy (Eq. 5) converges to the MSE loss (Eq. 1)
when N � L, resulting in PC computing the same
gradients as BP.

This is easy to see once one realises that, in the infinite
width and depth limits, the equilibrated energy rescaling
(Eq. 104) scales as

s(✓) = 1 + ⇥ (L/N) , N, L ! 1. (19)

This scaling is verified in Figures 3 and A.6. Thus, similar
to the MLP case, as long as N � L, (i) the rescaling
approaches one, (ii) the equilibrated energy converges to the
MSE loss, and (iii) the PC gradients become equivalent to
the BP gradients (see Figures 1, A.8 & A.14).
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Figure 3. Empirical verification of Eq. 19. For linear ResNets,
we plot the empirical equilibrated energy rescaling s(✓) minus one
as a function of width N and depth L, against the L/N theoretical
prediction (Eq. 19). Note that the same scaling applies to MLPs
with infinite depth (Figure A.7), although their forward pass is
depth-unstable as discussed in §3.2.

Takeaway 3: The set of width- and depth-stable
feature-learning parameterisations for PC is the
same as BP’s. Moreover, under any of these pa-
rameterisations, PC converges to BP as long as the
width is much larger than the depth.

4.2. Other extensions

Because the set of stable and feature-learning parameterisa-
tions for linear PCNs is the same as BP’s, it is straightfor-
ward to extend our results to closely related architectures
such as CNNs and other optimisers such as Adam (Kingma
& Ba, 2014). For CNNs, we can simply adjust the scalings
(Table 1) by taking the number of channels as the width.4
For Adam, since it is approximately scale-invariant to the
gradient, we need to further scale the learning rate ⌘ by
(LN)�1/2 to keep the feature updates stable with the width
and depth (Yang & Littwin, 2023; Bordelon et al., 2024).

5. Why PC in practice does not converge to
these theoretical limits

One important assumption of our theoretical analysis is ex-
act convergence of the PC inference or activity dynamics
(Eq. 3), and all our experiments so far performed GD di-
rectly on the equilibrated energy (Eq. 5). However, this is
in practice not possible for nonlinear networks, where there
is in general no analytical solution of the activities, and
inference is performed by some iterative algorithm such as
GD. This raises the question: under any stable and feature-
learning parameterisation, do even linear PCNs converge in

4One might also need to adjust the depth scaling exponent ↵
depending on the number of convolutions in a residual block (Dey
et al., 2025).
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Set of general parameterisations*

Subset of width- and depth-stable 
parameterisations for BP and PC

*Not all possible parameterisations

• (Informal) The set of scalable parameterisations for PC is the same as for BP, in the sense of 
being numerically stable and learning non-trivial features at large width and depth



Main results

Subset of width- and depth-stable 
parameterisations for BP and PC

• (Corollary) Under any of these parameterisations, the weight gradients computed by PC 
converge to backprop’s for networks that are much wider than deep (like the brain)
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Main results

• This result is very general: it empirically holds for nonlinear networks including MLPs, 
ResNets, CNNs, (nano-GPT-style) transformers, trained with different optimisers (e.g. 
Adam) and loss functions (e.g. CE), on small and large-scale datasets (e.g. ImageNet)
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Hyperparameters

Architecture
• n¸ (width or # neurons): 256
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• initialisation: top-down forward pass

Learning
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• # random seeds: 3
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Main implications

• If one would like to satisfy reasonable notions of stability and feature-learning (i.e. the “μP 
desiderata”), then necessarily the set of width- and depth-scalable parameterisations for PC 
is the same as for BP

• Importantly, this means that PCNs trained in practice (with the “standard 
parameterisation”) cannot be stably scaled in width and depth, including regimes where 
PC has shown benefits over BP 

• At the same time, our results are the first (to the best of our knowledge) to show that BP can 
be effectively implemented with a local algorithm at scale, for much wider than deep 
networks like the brain 



Limitations & future directions

• Linear theory: It could be interesting to see if one could generalise our theory to nonlinear 
models using tools from statistical physics (i.e. dynamical mean field theory)

• Alternative parameterisations: Our work does not necessarily preclude other notions or 
desiderata of a stable and feature-learning parameterisation, where PC might not converge 
to (and perhaps be better than) BP in some limit

Stable PC parameterisations ≠ BP

Stable PC parameterisations = BP

All possible parameterisations

• PC inference cost: If we could accelerate this (most likely with 
analog hardware), training could be sped up by a factor ~depth, 
since weight updates are parallelisable across layers with PC

• Bio-plausible attention: Standard self-attention is highly non-local, 
and it could be interesting to study more bio-plausible mechanisms 
where the softmax is itself the gradient of some energy function



Code https://github.com/thebuckleylab/jpc/tree/main/experiments/limits_paper
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