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B General Problem Formulation:
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* Doubly-stochastic matrix is the standard paradigm
 Row-stochastic matrix will harm the optimization
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H The Welghted Problem'
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B Two Strategles.

« Strategy |: weighted local losses
Absorb A; into local losses —> doubly stochasticity
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« Strategy ll: weighted mixing matrix
Absorb A; into mixing matrix —> row-stochasticity
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B Questions and Contributions:

* |Is Euclidean analysis tight?

No. With heterogeneous node weights, the natural
geometry is the weighted Hilbert space L?(\;R%),

which gives strictly tighter convergence bounds.
s the gap only due to spectral gaps?

No. In L?(\;R%), the A—induced row-stochastic
matrix is self—adjoint, while the doubly stochastic
matrix is not. This creates extra consensus penalty
terms for Strategy |.

* When should we prefer weighted mixing?
Strategy Il can be better even with a smaller

spectral gap. Our conditions translate into a simple
topology rule: d; o< A;.

B Row-Stochasitc Mixing:
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0, otherwise.

Setting A\ = 1 ' recovers doubly stochastic mixing.

Row-Stochastic Matrices Can Provably Outperform
Doubly Stochastic Matrices in Decentralized Learning
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Algorithm and Framework
| @ Standard Single-Loop Gradient Tracking:

| Algorithm 1 Weighted Decentralized Gradient Tracking

1: Input: step size «, batch sizes {b; }, total iterations 7',
and system matrices Wy, G .

2: Initialize: initial states ©(%); y(ﬂ) = g§0) for Strategy 11,

or yio) )\19@( ) for Strategy 1.

fort =0to’l —1do
for each nodez’ c Vdo
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Receive {(9 S 0 (£) }ien, from neighbors.
Model update
0; " = 3 (Wil i(6;” — ay;”).
j=1
7 Tracker update
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8:  end for
9: end for

B The L?(A; R9)-Hilbert Space:
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» Key Spectral Difference
Consensus projections: J :=

X,Y € (RY)"
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Takeaway: In the weighted space, W is self—-adjoint
and has no distortion penalty; W< is generally non-
self-adjoint and pays ~) .

B Why L%(A; RY9) ?
 Descent Lemma
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weighted consensus error
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Consensus error is measured in || - || x,so the natural space is L?(\; R%).
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B Consensus Error: Where the Penalty Appears
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Doubly stochastic mixing pays extra factors; weighted mixing avoids them.

B Convergence Rate:
Strategy I :
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Even if W has a smaller spectral gap: 1 —pp <1 — py,

Strategy II can still achieve a sharper bound because it avoids lﬁ',)\ and \?

© . Penalties.

B Head-to-Head Comparison and Topology Design:
« Sufficient spectral condition:

L—pa 2 Ak (1= pJ).

« Topology design rule:

Nodes with larger weights should have higher connectivity.
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B Least-Squares Quadratic Experiment: :
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B ResNet-18 on CIFAR-10: |
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B Nodes Number: [
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