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1.

INTRODUCTION

Knowledge-Prediction Gap

LLM failures are not always due to missing knowledge.

e Evidence 1: Inconsistent behavior across formats
LLMs often fail on MCQs even when they can answer the
same questions correctly in free-form generation.

Free-Form Setting

During which season does 1
sunset occur latest in the day? |

"

In the Northern Hemisphere,

@ sunset occurs latest in the day
during the summer months ... |

Multiple-Choice Setting

During which season does sunset
occur latest in the day?
(A) spring (B) winter (C) summer

@ [ The correct answer is (A) ]
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LLMs may know the answer, but fail to use it.
= Knowledge-Prediction Gap



Three Steps to Bridge the knowledge-prediction gap

(1) Linear Probe Analysis
Measuring the gap between the output of the knowledge probe and LLM

(2) Subspace Analysis
Interpreting the gap geometrically as a misalignment between knowledge
and prediction subspaces

(3) KAPPA
Bridging the gap with a closed-form, inference-time intervention




2. Measuring Knowledge-Prediction Gap in MCQs

Linear Probing Analysis

(b) Residual Stream

0N

! /
i
T [Cwmep
1
Layer (1)

Multiple-Choice Setting

occur latest in the day?

During which season does sunset
(A) spring (B) winter (C) summer

@ ( The correct answer is

)

Knowledge Probe

hi
w1 b1 A
w2 4 B2 —
W3 b3 TTTE———
(A) (B) (C)
Knowledge Probe Logits
Prediction Probe
hy
W1 b1
w2 + b2
w3 b3 ——
(A) (B) (C)
Prediction Probe Logits

Setup.

We train two linear probes on LLM residual streams
during MCQ answering.

e Knowledge probe: a linear probe that predicts
the ground-truth answer
e Prediction probe: a linear probe that predicts the

option chosen by the LLM



2. Measuring Knowledge-Prediction Gap in MCQs

Linear Probing Analysis

Layel’-Wise results. —o— Knowledge probe acc procirate T

0.99 —a— Prediction probe acc /

---- Base acc = 0.57 /T

1.  Knowledge probes consistently outperform
the LLMs’ generation accuracy.

2. Prediction probe accuracies are higher, often
exceeding 90%.

3. Observed accuracy gains emerge after the
middle layers.
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Hidden states contains the correct answer signal and the prediction signal.



2. Measuring Knowledge-Prediction Gap in MCQs
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Linear Probing Analysis R
Dataset-wise results.
Qwen 2.57B Llama 3.1 8B
Category Dataset k| ACC | AACC AGR KLD | ACC | AACC AGR KLD
GSM8k 41478 | +25 603 086326 | +41 537 035
Reasoning BBH-Algorithmic 41510| +44 696 070|451 | +55 62.1 023
BBH-NLP 4061.1 | +51 698 092|596 | +39 739 041
MMLU Humanities 4599 | +26 785 078 | 586 | +34 719 047
MMLU Social Sciences 4 | 78.8 | +02 959 0.72 | 740 | -06 905 0.47
Knowledge MMLU STEM 41652 | +02 897 070|547 | +02 91.1 032
ARC-Challenge 31909 | +00 985 055|850 | +02 98.0 043
PubMedQA 31723 | -03 898 057|757 | +00 964 0.43
Truthful QA 4588 | +213 61.8 101|567 | +196 621 0.63
Truthfulness & Bias BBQ-Age 3(8.2| +93 840 068 | 599 | +293 592 0.59
BBQ-Religion 31796 | +0.7 985 054|676 | +10.6 79.1 0.42

The gap is large on truthfulness, bias, and reasoning benchmarks, while small on

knowledge-intensive benchmarks.



Takeaway

e The correct answer signal and the model’s predicted answer signal are linearly
decodable from the hidden states, but they often diverge.

e Knowledge probes consistently outperform the model’s generated predictions,
revealing a knowledge-prediction gap.

e This gap is pervasive across diverse MCQ benchmarks, and is especially pronounced
in truthfulness, bias, and reasoning tasks.



3. Geometric Interpretation of the Gap

Knowledge and Prediction Subspaces
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e \We treat each probe’s weight vectors as basis directions that span a subspace, yielding a
knowledge subspace and a prediction subspace.
e Ahidden state’s probe logits are its coordinate within the corresponding probe’s subspace.



3. Geometric Interpretation of the Gap

Visualizing Hidden State Activations
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e We jointly plot each hidden state’s two coordinates: knowledge (x) vs. prediction (y).
e Large-gap benchmarks show off-diagonal scatter; two coordinates are decoupled (r = 0.61-0.68).
e Small-gap benchmarks align on the diagonal; two coordinates are tightly correlated (r = 0.97-0.99)

The knowledge-prediction gap is reflected in the residual stream geometry.




3. Geometric Interpretation of the Gap

Qua

ntifying Subspace Misalignment

Principal Angles: Llama 3.1 8B / TruthfulQA

Orthogonal CKA: Llama 3.1 8B / TruthfulQA
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Mean principal angle up to 80° in middle layers, nearly 90° in later layers (random =88.7°).

CKA stays intermediate (0.4—-0.8) but far from full alignment.

Knowledge and prediction signals coexist on the same residual stream, yet run along

geometrically distinct directions.




Connecting the Gap to Subspace Misalignment

Llama 3.1 8B | knowprobe gap: gap_agr vs mean_principal_angle_deg
Spearman rho = 0.976 (p=0.001)
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Across 8 benchmarks, subspace misalignment strongly correlates with the
knowledge-prediction gap (Spearman p = 0.976; p = 0.001).



Takeaway

e The model encodes the correct-answer signal and its selected option in the residual
stream, but routes them along geometrically distinct directions.

e This separation grows with depth, becoming most pronounced in the later layers.

e This near-orthogonal routing between subspaces is the structural driver of the gap,
and exactly what KAPPA targets.



4. Bridging the Knowledge-Prediction Gap

Our Method: KAPPA

(a) Free-Form vs. MCQ
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An inference-time intervention that applies a geometric correction to the hidden state,
aligning the model’s prediction with the knowledge encoded in its representations.
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KAPPA adjusts the hidden state within the prediction subspace
so that prediction subspace coordinates align with knowledge subspace coordinates

[The Answer is (C) ]




4. Bridging the Knowledge-Prediction Gap

Our Method: KAPPA

We derive KAPPA update via solving a constrained optimization problem:

Minimal perturbation Alignment constraint

pre

min ||A’ — k|2 s.t. Wb =W h
h/

Solution — Applying affine transformation to the original hidden states:

h’, =h + Wpred(W;edWPred)_l (WI;;OWTL R W;ed%)



4. Bridging the Knowledge-Prediction Gap

Experimental Results

Across Datasets.

GSMB8k (4) BBH-Algo (4) BBH-NLP (4) Truthful QA (4) BBQ-Age (3) BBQ-Religion (3)

Model Method ACC AGR KLD | ACC AGR KLD |ACC AGR KLD | ACC AGR KLD | ACC AGR KLD | ACC AGR KLD
Base 478 603 086|510 696 070 | 61.1 698 092|588 618 1.01 |832 840 068|796 985 0.54

CAA 477 603 085|512 698 071|612 699 092 |61.1 635 098 | 843 850 0.67 | 79.5 985 0.54

DoLA 48.1 60.0 0.86|504 675 075 |61.0 693 092|585 613 102|829 839 068 | 795 982 0.54

Qwen2.57B KAPPA (1)| 49.6 68.8 0./8 | 51.5 725 069 | 63.0 740 089 | 60.6 640 099 | 84.1 852 067 | 80.1 994 0.5
KAPPA (3)| 49.1 654 0.77 | 522 753 0.65 | 62.8 732 0.89 | 619 651 097|839 849 067|802 990 0.55
KAPPA (6) | 49.2 663 _0.76 | 53.6 _78.9 0.66 | 63.6 749 0.87 | 64.1 673 0.95 | 855 87.0 0.64 | 80.5 98.8 0.55

KP 50.3 100.0 0.00 | 554 1000 0.0 | 662 100.0 0.00 | 80.1 1000 0.0 | 92.5 100.0 0.0 | 80.3 100.0 0.00
Base 326 537 035|451 621 023|596 739 041|567 621 0.63|599 592 059|676 791 042
CAA 329 538 038|451 621 026|602 733 041 | 623 672 0.60 | 658 648 0.53 | 688 800 042
DoLA 332 497 058 | 424 474 029 | 566 69.6 051|556 61.6 0.76|59.6 60.1 0.64 | 649 766 042

Llama 3.1 8B KAPPA (1) [ 349 73.8 037 | 403 83.1 031 | 624 863 047 | 67.8 788 060 | 73.8 7150 045 | 757 93.6 046
KAPPA 3)| 346 662 027|495 829 026|630 837 039|656 729 048|723 744 038|765 929 041
KAPPA (6) | 36.6__75.9 0.7 | 50.1 825 030 | 602 753 046 | 73.5 77.6 046 | 768 811 0.31 | 688 81.6 0.57
KP 36.6 100.0 0.00 | 50.7 100.0 0.00 | 63.5 100.0 0.00 | 76.3 100.0 0.00 | 89.1 100.0 0.00 | 78.1 100.0 0.00

KAPPA consistently reduces the knowledge-prediction gap, leading to substantial accuracy gains.



4. Bridging the Knowledge-Prediction Gap

Experimental Results

Across Models.

| Mistralv0.37B | Llama-318B | Qwen257B | Qwen34B | Qwen314B
Method |ACC AGR KLD |ACC AGR KLD |ACC AGR KLD |ACC AGR KLD |ACC AGR KLD
Base 407 466 094 [ 567 621 063|588 618 101 |565 600 082|716 760 0.76
CAA 528 559 083|623 672 060 |61.1 635 098 |60.1 632 083|736 779 0.76
DoLA 405 467 094 | 556 61.6 076 | 585 613 102|565 594 083|713 759 0.77

KAPPA (1) | 51.0 597 0.82 | 678 788 0.60 | 60.6 640 099 |584 623 079|733 781 0.76
KAPPA (3)| 563 641 068 | 656 729 048 | 619 651 097|589 626 075|743 792 0.74
KAPPA (6) | 583 623 0.65 | 735 776 046 | 641 673 095 | 614 66.1 0.70 | 77.7 83.7 0.72

KP | 69.5 100.0 0.00 | 76.3 100.0 0.00 | 80.1 100.0 0.00 | 78.7 100.0 0.00 | 85.8 100.0 0.00

KAPPA consistently reduces the knowledge-prediction gap, leading to substantial accuracy gains.



Takeaway

e KAPPA consistently reduces the knowledge-prediction gap over base models and
prior inference-time methods, translating into substantial accuracy gains.

e Many model errors stem not from missing knowledge, but from failing to use
knowledge already encoded in the model.

e The gap is a fundamental phenomenon across diverse benchmarks, model scales
and training strategies, spanning both distilled and non-distilled models.



. Bridging the Knowledge-Prediction Gap

More Validations

Hyperparameter Analysis Results (Relative to Base AGR)
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Model Dataset KAPPA (1) p-value  KAPPA (6) p-value
Qwen2.5 7B Instruct  BBH-algo 0.105 < 0.00001
Qwen2.5 7B Instruct ~ Truthful QA < 0.00002 < 0.00000001
Llama 3.1 8B Instruct BBH-algo < 0.000001 < 0.0001

Llama 3.1 8B Instruct  Truthful QA < 0.00000001 < 0.00001

Larger hyperparameter values causally
increase alignment, steering outputs toward the
knowledge-aligned answer.

KAPPA remains robust to distractor sampling,
consistently improving over the base model.
KAPPA outperforms the base model in low-data
regimes, even with only 10% training data.



4. Bridging the Knowledge-Prediction Gap

KAPPA Transfer Results

Probe Training Dataset

Cross-Dataset Transfer in Agreement over Base Model

GSM8k 825 | 6.01 | -1.99 | 0.20 | 115 20
BBH-Algo 4 1.73 e8| 263 | 057 | 101 T
3
BBH-NLP 4 4.81 | -0. S8 2.04 | -0.56 | -0.45 °
e e . v . & Method  TruthfulQA BBQ-Age GSMS8k
TruthfulQA { -0.36 i 841 XYM 572 | 0.93 @
: Base 41.7 89.7 91.6
BBQ-Age | 4.17 | 2.96 | 6.28 | 0.23 045 10 KAPPA (1) 44.2 89.9 90.7
BBQ-Religion 4 3.63 [EERN 633 | 3.40 | 085 [BE I .

Test Dataset

KAPPA partially transfers across datasets when they require similar underlying skills.
KAPPA transfers across different answer symbols and numbers of options.
KAPPA trained only on MCQ data can generalize to free-form generation.



Summary

(1) Measuring the Gap

e \We reveal a pervasive knowledge-prediction gap: LLMs often fail to surface linearly
encoded answers from their hidden states into final generations.

(2) Geometric Interpretation

e \We show this gap has a geometric signature: Knowledge and prediction signals share the
residual stream but are routed in near-orthogonal directions.

(3) Bridging the Gap with KAPPA

e We introduce KAPPA, an inference-time intervention to align these signals via a closed-form
affine transformation.
e Key features: No retraining LLMs, input-adaptive, and generalizable.



Thank you!



