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Problem:
µ⋆ ∈ argmin

µ∈Π

E(µ) = KL(µ, ρtarg) with ρtarg ∝ e−V (VI)

Π = N d :=
{
µ = N (m,Σ) | m ∈ Rd, Σ ∈ Sym+

d

}
State of the art: Wasserstein Gradient Flows restricted to N d

[Alvarez-Melis et al., 2022; Lambert et al., 2022; Diao et al.,2023]
Hellinger–Kantorovich GFs [Liero et al., 2025b];
Laplace method [Tierney & Kadane, 1986]

Issue: The problem might be non-convex if ρtarg non-longcave
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Gaussian Consensus Based Optimization (GaussCBO)
High-level idea of CBO [Pinnau et al. ’17]

• Candidate solutions as interacting particles
• Deterministic drift towards consensus point
• Stochastic exploration of search space

Gaussian version
✓ Gaussian particles µi = N (mi,Σi)

✓ consensus point → barycenter
via Bures-Wasserstein (BW) Riemannian geometry

? Stochasticity → BW manifold is NOT geodesically complete

Linearized Bures–Wasserstein (LBW) space → linearize around µ0 = N (m0,Σ0)

Tangent space at (m0,Σ0) ∈ Rd × Sym++
d :

(m,T ) ∈ Rd×Symd
∼= Rd+d(d+1)/2 (Sym++

d → Symd ✓)
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The particle dynamics in LBW

LBW particles: (mi,Σi) −→ (mi, T i) with Σi = expBW
Σ0 (T i)

Riemannian exponential: expBW
Σ0 (T ) = (I + T )Σ0(I + T )

LBW weighted barycenter (≈ best particle)

mα[ρN ] =

N∑
i=1

ωimi T
α
[ρN ] =

N∑
i=1

wiT i with wi ∝ e−αE(µi), µi = N (mi,Σi)


dmi

t = λ(mα[ρNt ]−mi
t)dt+ σ(mα[ρNt ]−mi

t)⊙ dBi,m
t i ∈ [N ]

dT i
t = λ(T

α
[ρNt ]− T i

t )dt+ σ(T
α
[ρNt ]− T i

t )⊙ dBi,T
t i ∈ [N ]

α ≫ 1 λ > 0 drift parameter, σ > 0 exploration parameter

→ Well-posedness & convergence analysis via mean-field approximation
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Validation tests
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Baselines: Gaussian Wass GF, Gaussian SVGD, Gaussian Fisher–Rao
λ = 1, σ = 5, N = 20, α = 104. Reference measure for LBW is N (0, I)

→ higher dimensional tests, and extension to Gaussian Mixture Models in the paper
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