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Distributed Optimization
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Strongly Convex Stochastic Distributed Optimization

Setting:  𝜇-strong convexity + ℓ-Lipschitz smoothness

      Condition number 𝜅 = ℓ/𝜇.

  The mixing matrix 𝑊: doubly stochastic, symmetric, and graph connected.

      Denote 𝑝 = 1 − 𝜎2, where 𝜎2 is the second largest singular value of 𝑊.



Accelerated Dual Methods

(Accelerated) dual methods have been widely studied [Terelius et al., 2011; Ghadimi et al., 2011; 

Scaman et al., 2017; Uribe et al., 2020]. 

Define 𝑈 = 𝐼 − 𝑊
1

2. The original problem can be reformulated as

Lagrangian for this constrained problem:



Accelerated Dual Methods

Apply 𝐾 steps of stochastic gradient descent on 𝑋 and accelerated gradient ascent in 𝜆

Change of variable 𝜁 = 𝑈𝜆,

No communication

𝐾 Local updates



When 𝐾 is large enough, ∇𝜆ℒ 𝑋𝑡,𝐾, ሚ𝜆𝑡  approximates ∇ Ψ ሚ𝜆𝑡 .

Accelerated Dual Methods

   The condition number of Ψ is 2𝜅/𝑝. Applying Accelerated Gradient Ascent (AGA) to Ψ has the 

communication complexity of ෨𝑂
𝜅

𝑝
 .

Proposition

The dual function Ψ 𝜆 = min
𝑋

ℒ 𝑋, 𝜆  is 𝜇Ψ-strongly concave and ℓΨ-smooth in 𝑆𝑝𝑎𝑛(𝑈), 

where 𝜇Ψ = 𝑀𝑝/ℓ  and ℓΨ = 2𝑀/𝜇.

   This optimal communication complexity is attainable if ∇ Ψ ሚ𝜆𝑡  is available [Scaman et al., 2017]

Does it converge under arbitrary 𝐾?   

Can it attain optimal communication complexity with 𝐾 = 𝑂(𝜖−1)?



Convergence of Accelerated Dual Methods

Theorem (Accelerated Dual Method)

With proper stepsize and momentum parameter, if the local steps

1. 𝐾 ≤ ෩Θ max
𝑐0𝜎2

𝜖
, 𝜅 , then the number of communication rounds to achieve an 𝜖-accurate 

solution is ෨𝑂
𝑐1

𝜖𝐾
.

2. 𝐾 ≥ ෩Θ max
𝑐0𝜎2

𝜖
, 𝜅 , then the number of communication rounds to achieve an 𝜖-accurate 

solution is ෨𝑂
𝜅

𝑝

𝛼
 with 𝛼 ∈

1

2
, 1 , given 𝛽 = 1 − 𝑂 𝜇𝜏1

1−𝛼 .

When local updates 𝐾 ≤ ෩Θ max
𝑐0𝜎2

𝜖
, 𝜅 , the total sample complexity is ෨𝑂

𝑐1

𝜖
.

When local updates 𝐾 ≥ ෩Θ max
𝑐0𝜎2

𝜖
, 𝜅 , the communication complexity can be ෨𝑂

𝜅

𝑝
.



Summary for Strongly Convex Setting

Communication 
Complexity

Local Updates Arbitrary  𝑲

Local-DSGD
(Koloskova et al., 2020)

෩O 𝜅𝑝−1 + 𝜅𝑝−1𝜖−
1

2 Yes Yes

LED
(Alghunaim, 2024)

෩O 𝜅2𝑝−1 Yes Yes

Stochastic GT
(Koloskova et al., 2021)

෩O 𝜅𝑝−1𝑐−1 No Yes

Distributed FGM
(Uribe et al., 2020)

෩O 𝜅
1

2𝑝−
1

2 Yes No

Local ADA
(our work)

෩O 𝜅
1
2𝑝−

1
2 Yes Yes

Lower Bound
(Scaman et al., 2017)

෩Ω 𝜅
1
2𝑝−

1
2 N/A N/A

Communication Complexities

when the number local steps/minibatch is large enough 
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