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Distributed Optimization
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Local Updates for Distributed Optimization

Without Local Updates

Node 1 0 —0
Node 2 Q —0
Node 3 Q —'Q

Compute one local gradient/
One local update



Local Updates for Distributed Optimization
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Communicate with neighbors
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Local Updates for Distributed Optimization
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Local Updates for Distributed Optimization

Without Local Updates With Local Updates
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Perform K local updates



Local Updates for Distributed Optimization

Without Local Updates With Local Updates
Node1 —O——O—& —¢—0—O—C
Node2 F—8 O —OF8 —0—O—0OFC
Node3 O—O0—O0—0—0O ——8—8—O

Communicate with neighbors



Strongly Convex Stochastic Distributed Optimization

» Setting: u-strong convexity + £-Lipschitz smoothness

Condition number k = #/pu.

» The mixing matrix W: doubly stochastic, symmetric, and graph connected.

Denote p = 1 — 0,, where o, is the second largest singular value of I¥/.



Accelerated Dual Methods

» (Accelerated) dual methods have been widely studied [Terelius et al., 2011; Ghadimi et al., 2011;
Scaman et al., 2017; Uribe et al., 2020].

1
» Define U = (I —W)z. The original problem can be reformulated as

min  H(X) where X = (z!,...,2M)T e RM*n
XeﬁM}{n
1 M

» Lagrangian for this constrained problem:

min max L(X,\)=H((X)+ (\,UX).
XeRMXn NcRMXn



Accelerated Dual Methods

» Apply K steps of stochastic gradient descent on X and accelerated gradient ascent in A

Primal: fork=0,..., K —1
Xt k41 = Xt g — T2 (6’H(Xt,k) + Uj\ﬁ)

Dual: )\t—l—l — 5\t + T1 U-Xt,ff

Air1 = Mer1 + B(Aeg1 — Ar) No communication
K Local updates

» Change of variable { = U2,

Primal: for k=0,..., K —1 Primal (agent i): for k=0,...,K —1

Xt,k—l—l — thk — T2 (%H(.Xﬁ:k) -+ é:t) Litk+1 — Litk — T2 (6fi($i,t,k) -+ Cji,ﬁ)

.
Dual: (i1 =6+ 71 WXt,K Dual (agent i): Gijt+1 = fz*,t + T1 Zwij Tt K

§t+1 — Ct‘|—1 5(Ct+1 — Ct) . j=1
g‘i,t—l-l — C_,-*i,t—l—l —+ ,B(C-i}ﬁ_H — Ci,t)




Accelerated Dual Methods

The dual function W(1) = mXin L(X, 1) is uy-strongly concave and #y-smooth in Span(U),

where uy = Mp/¢ and ¥y = 2M /L.

» The condition number of W is 2k /p. Applying Accelerated Gradient Ascent (AGA) to W has the

_ [
communication complexity of O (\J > )

» This optimal cor | |
Does it converge under arbitrary K7

> When K is large Can it attain optimal communication complexity with K = 0(e¢1)?



Convergence of Accelerated Dual Methods

Theorem (Accelerated Dual Method)

With proper stepsize and momentum parameter, if the local steps

2

1. K<0 (max {C": K}) then the number of communication rounds to achieve an e-accurate
. . ~ &
solution is O (EK).
- 2
2. K>0 (max {C": K}) then the number of communication rounds to achieve an e-accurate
. . = a . 1 . _
solution is 0 ((g) ) with a € [E’ 1], given B =1 — 0((ut)179).

C()O'z

it ), the total sample complexity is 0 ().
) ple complexity s 0 (%)

€

» When local updates K < 0 (max{
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» When local updates K > © (max{ ;c}) the communication complexity can be 5(

N
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Summary for Strongly Convex Setting

Communication Complexities
when the number local steps/minibatch is large enough

Communication

Complexity Local Updates Arbitrary K
(Koll-:(f)s:zzﬁgozm 6(KP_1 + \/Ep_le_%) Yes Yes
(Alghur:-aEiz, 2024) 0(k?p™) Yes Yes
(Kols:s(:(g\l;.: :: :.,(2121) O(kp~tc™) No Yes
D(IS: ;iebel:taelflzlc:)fol;ﬂ 6(16%19 B %) Yes No
L(C:)i? l,vl::i)A 0 (K%p_ %) Yes Yes
Scaman ot o 2t 0 (zp2) N/A N/A
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