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Figure 1. An illustration of an NFA corresponding to a JSON schema object of the form {"x": <integer>}, together with its tensorized
representation. It consists of a transition matrix Tout and an emission matrix Bf , which encode state transitions and symbol emissions,
respectively. For simplicity, the incoming transition matrix Tin is omitted in the figure.

specified as finite automata, and (ii) probabilistic glob-
ally constrained decoding (P-GCD), obtained by circuit-
multiplying the tensorized automaton with a hidden Markov
model. While both can be used directly for constrained
generation, we evaluate them as proposals (and potentials)
within the SMC framework.

We first introduce globally constrained decoding (GCD),
a constrained generation distribution that masks tokens that
cannot lead to a valid completion within the token budget n:

qgcd(xt | x<t) ↓ plm(xt | x<t) · 1{x1:t ↔ Xt,n}. (2)

Recall that Xt,n is the set of prefixes that can be extended
to a length-n sequence satisfying C. GCD differs from
LCD (Equation 1) only in the masking criterion: it masks
with respect to Xt,n (prefixes that admit a valid completion
within the remaining token budget) rather than Xt,→ (prefixes
that admit a valid completion at any length). As a result,
GCD guarantees that every generated length-n sequence
satisfies C. We now show how to represent the valid set Xn

of length-n sequences satisfying C compactly and evaluate
the indicator 1{x1:t ↔Xt,n} efficiently for all vocabulary
tokens at each decoding step using tensor operations.

3.1. Tensorizing Finite Automata

We consider constraints expressible as finite automata,
specifically nondeterministic finite automata (NFAs) and
deterministic finite automata (DFAs) (Hopcroft et al., 2000).
Such constraints arise in a wide range of constrained gen-
eration tasks, including JSON-schema-constrained genera-
tion (Geng et al., 2025) and agentic applications involving
function calling (Yao et al., 2024).
Definition 3.1 (Finite Automata (Hopcroft et al., 2000)).
A finite automaton (FA) is a tuple M = (S,V, ω, s0,F),
where S is a finite set of states, V is a finite set of symbols

(tokens of the LLM vocabulary), ω is a transition function,
s0 ↔ S is the initial state, and F ↗ S is the set of accepting
states. M is a nondeterministic finite automaton (NFA)
when ω : S ↑ V ↘ 2S maps each state-symbol pair to a set
of possible next states, and a deterministic finite automaton
(DFA) when ω : S ↑V ↘ S maps each state-symbol pair to
a unique next state. A token sequence x1:n is accepted by
M if there exists a state sequence s0, s1, . . . , sn such that
si ↔ ω(si↑1, xi) for all 1 ≃ i ≃ n, and sn ↔ F .

Figure 1 illustrates an NFA accepting JSON strings of
the form {"x":<integer>}. We tensorize a finite automa-
ton by viewing it as a labeled directed graph and en-
coding it as a collection of matrices. Let the states be
S = {s0, . . . , sS↑1}, where s0 is the initial state and
S = |S| is the number of states, and let the alphabet be
V = {v0, . . . , vV↑1}, where V = |V| is the vocabulary
size. We group transitions so that for each state pair (si, sj)
there is at most one edge labeled by a subset of V . Let
E = {e0, . . . , eE↑1} denote the resulting edge set, where
E = |E| and each edge ek is associated with a source state
si, a destination state sj , and a subset of symbols that trigger
the transition.

Definition 3.2 (Tensorization of Finite Automata). We en-
code a finite automaton using three binary matrices:

Tout ↔ {0, 1}S↓E , Tin ↔ {0, 1}E↓S , Bf ↔ {0, 1}E↓V ,

where Tout and Tin are the source and destination incidence
matrices, and Bf encodes edge labels, with the subscript
f representing FA. Specifically, for each edge ek from si
to sj , set Tout[i, k] = 1 and Tin[k, j] = 1; and for each
symbol vω that labels ek, set Bf [k, ε] = 1. The initial state
s0 and the accepting set F are represented by indicator
vectors ϑf , f ↔ {0, 1}S , where ϑf = (1, 0, . . . , 0)↔ and
fi = 1{si ↔ F}.
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The Problem

Locally Constrained Decoding (LCD)

LCD masks tokens that immediately violate a constraint 
at each step, but it's myopic and locally greedy.

{ "name": "get_weather", 
  "args": { "loc": "NYC", 
  "extra": { { { { ...

Example: tool call with JSON-schema as a constraint

⚠ Valid at each step, but final output is not valid JSON!

LCD has two failure modes 

1. No Token Budget Guarantee: may not produce a 
valid output given a token budget (max_tokens=k). 

2. Biased Sampling: local renormalization distorts the 
LM distribution.

1. GCD: computes next-token mask taking token 
budget into account. 

2. P-GCD: multiplies GCD with a distribution to 
incorporate probabilistic look-ahead. 

3. We combine both GCD and P-GCD with Sequential 
Monte Carlo (SMC) Sampling, aiming for fast 
convergence to unbiased sampling.

Our Solution

Globally Constrained Decoding (GCD)

Key idea: encode the constraint as finite automata, 
tensorize it, then run forward + backward passes to 
compute valid-next-token mask .mt

Tensorized Finite Automata

Fig. 1. An NFA corresponding to a JSON schema of the form {"x": 
<integer>} and its tensorized representations.

Mitigating Bias in Locally Constrained Decoding via Tractable Proposals

s0 s1 s2 s3 s4

s5s6s7s9

s8

{ ” x ”

::

→
0}

Z+}

Z

EOS

e0 e12
s0

s9

S ↑ E

{ } ” : → 0 1 9 x· · · · · ·EOS

· · ·

· · ·

· · ·

e0

e12

E ↑ V

Figure 1. An illustration of an NFA corresponding to a JSON schema object of the form {"x": <integer>}, together with its tensorized
representation. It consists of a transition matrix Tout and an emission matrix Bf , which encode state transitions and symbol emissions,
respectively. For simplicity, the incoming transition matrix Tin is omitted in the figure.
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where Tout and Tin are the source and destination incidence
matrices, and Bf encodes edge labels, with the subscript
f representing FA. Specifically, for each edge ek from si
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Source Matrix

Tout  
Edge Labels

Bf

NFA

Forward pass: states reachable after observing 
the prefix , for all tokens at x1:t−1 xt

← Backward pass: states reaching accept states 
at exactly  step n − t

✓ Valid mask: whether current state can reach 
accept state for each token

→

GCD mask  is only binary: By introducing an HMM 
approximation for the base LM ( ), P-GCD 
weighs how likely each next-token will lead to 
constraint satisfaction.

mt
phmm ≈plm

Probabilistic GCD (P-GCD)

Circuit Multiplication (Theorem 4.4)

HMM  phmm
(Ah, Bh)

Product HMM 
  pprod ∝ phmm ⋅ 1{x1:n ∈ α}

GCD proposal: q(xt |x<t) ∝ plm(xt |x<t) ⋅ mt

FA  pfa

(Af = TinTout, Bf)
×
↓

1. Precomputing  , the total 
probability of future valid completions   

2. Generating from  
1. Compute , the 

probability of reaching current states  
2. Compute  and sample 
3. SMC: reweight and resample

βt from n to 1
xt+1:n

t = 1 to n
αt from αt−1 and xt−1

x1:t
q(xt |x<t)

(P-)GCD + SMC pipeline

Experiments
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(a) xLAM with JSON format (b) xLAM with Python-like format

Figure 2. Accuracy (%) on xLAM as a function of the number of SMC particles comparing proposals LCD, GCD, and P-GCD.

GCD, illustrating the benefit of the additional probabilistic
information provided by the HMM. We additionally report
constraint satisfaction rates at fixed particle budgets in Ta-
ble 1. LCD can fail to satisfy the constraint even at moderate
particle budgets, partially explaining its lower accuracy com-
pared to GCD and P-GCD.

Table 1. Constraint satisfaction rates (%).

JSON Python-like

Method k=4 k=16 k=4 k=16

LCD 95.26 95.40 98.12 99.20
GCD 100.0 100.0 100.0 100.0
P-GCD 100.0 100.0 100.0 100.0

Runtime Comparison. We measure wall-clock latency on
xLAM. Table 2 shows that LCD and GCD incur only mod-
est overhead relative to unconstrained generation (1.08→
and 1.10→, respectively). P-GCD is more expensive due
to the additional HMM computations, ranging from 3.11→
to 10.2→ slowdown depending on the HMM size. HMM
distillation is a one-time offline procedure consisting of (i)
sampling data from the base model, which requires approxi-
mately 2 GPU hours on H100 to generate 2M samples using
vLLM, and (ii) training the HMM, which takes approxi-
mately 0.2 to 3 GPU hours for hidden sizes ranging from
1024 to 16384.

Sensitivity to HMM size. Table 3 reports xLAM accuracy
for different HMM hidden sizes. We find that even relatively
small HMMs provide useful guidance yet larger HMMs con-
sistently yield better performance; the advantage is mostly
exhibited in low-particle regimes, while the performance
gap diminishes as the number of particles increases. This
suggests that P-GCD is robust to the quality of the HMM

Table 2. Wall-clock latency and slowdown compared to uncon-
strained generation on xLAM using Llama-3.1-8B-Instruct, re-
ported as seconds per token (mean ± standard deviation over 3
seeds). Measured on a single NVIDIA H100 GPU over 100 exam-
ples with batch size 16; H denotes the HMM’s hidden size.

Method ms/token Slowdown

Unconstrained 1.69± 0.01 1.00→
LCD 1.83± 0.02 1.08→
GCD 1.86± 0.04 1.10→
P-GCD (H = 1024) 5.26± 0.01 3.11→
P-GCD (H = 4096) 8.23± 0.63 4.87→
P-GCD (H = 16384) 17.30± 0.39 10.2→

Table 3. Accuracy (%) on xLAM with JSON format comparing
LCD and P-GCD with different HMM’s hidden size.

Method k=1 k=2 k=4 k=8 k=16

LCD 66.4 68.2 69.3 69.7 69.7
P-GCD (H=1024) 65.4 68.6 70.2 71.1 71.5
P-GCD (H=16384) 66.5 69.2 70.5 71.5 71.6

approximation and does not require highly accurate models
to be effective.

5.3. Keyword-based Generation

Task and Dataset. We also evaluate (P-)GCD on the Com-
monGen benchmark (Lin et al., 2020). Each test example
provides 3 to 5 concepts (keywords) as input, and the goal is
to generate a natural sentence that incorporates all concepts,
allowing for any inflections. For example, given “car”,

“snow”, and “drive”, both “a man drives a car on a snow-
covered road” and “the car drove through the snow” are
considered acceptable.

Metric. We use BLEU (Papineni et al., 2002) as the eval-
uation metric. Since generation involves random sampling
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Fig. 2. Accuracy on xLAM as a function of the number of SMC particles.

2. (P-)GCD guarantees constraint satisfaction
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Tab. 1. Constraint satisfaction rates.

αt( ⋅ , ⋅ ) = 1 {T⊤
in (T⊤

out ⋅ αt−1( ⋅ , xt−1) ∘ Bf)}

βt−1 = 1 {Tout ((Tinβt) ∘ (Bf1V))},

mt = 1 {α⊤
t βt} ∈ {0,1}V

In particular,  
;  

or intuitively, 
1{pprod(xt |x<t)>0} = mt(xt)

pprod(xt |x<t) = mt(xt) ⋅ p(xt leads to constraint satsification)

(P-)GCD Proposals for SMC Sampling

P-GCD proposal: q(xt |x<t) ∝ plm(xt |x<t) ⋅ pprod(xt |x<t)

1. Autoregressive sampling from both proposals 
guarantees constraint satisfaction given a token budget. 

2. Employ SMC Sampling to resolve failure mode 2: 
• Maintain k “particles” (like “beams” in beam search) 
• At each step,   

sample one next token for each particle 
update the weight of each particle using proposal 
resample k particles w/ replacement prop to weight


