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Structural Causal Model (SCM)

Lattice of Coalitions

closure S = {X1, X2, X3, X4}
basis S = {X3}

• Directed Acyclic Graph (DAG)

• Nodes are variables

• Edge from 𝑋!  to 𝑋"  means 𝑋!  
is a direct cause of 𝑋"  



do-Shapley Values
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Structural Causal Model (SCM)

Lattice of Coalitions

closure S = {X1, X2, X3, X4}
basis S = {X3}

Question:
What is the impact of 𝑋!  on 𝑌?

Answer:
It depends on the values of the 
other variables.



do-Shapley Values

Expectation of 𝑌 when variables in 𝑆 are set to 𝒙#:

𝜈 𝑆 = 	𝔼 𝑌	 𝑑𝑜(𝑆 = 𝒙#)]

Average impact of 𝑖th variable:

𝜙! = 0
$⊆ & ∖{!}

𝑣 𝑆 ∪ 𝑖 − 𝑣 𝑆 ⋅ 𝑝 $
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Redundant Values



Number of Equivalence Classes 𝑟

1 2 𝑌𝑑…

1 2
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𝑟 ≥ 𝑑

𝑟 ≤ 2&



Rewriting do-Shapley Values

𝜙& = #
'⊆ ) ∖{&}

𝜈 𝑆 ∪ {𝑖} − 𝜈 𝑆 𝑝 '

= #
'⊆[)]

𝜈 𝑆 𝟙[𝑖 ∈ 𝑆 𝑝 ' /0 − 𝟙[𝑖 ∉ 𝑆]𝑝 ' ]

=#
120

3

𝜈 𝑐1 #
':'⊆'⊆'̅

𝟙[𝑖 ∈ 𝑆]𝑝 ' /0 − 𝟙[𝑖 ∉ 𝑆]𝑝 '

=#
120

3

𝜈 𝑐1 𝑤& 𝑐1

𝑤! 𝑐 =

9
ℓ#|%|

|%|

𝑝ℓ&'
|𝑆| − |𝑆|
ℓ − |𝑆| 	if	𝑖 ∈ 𝑆

− 9
ℓ#|%|

|%|

𝑝ℓ
|𝑆| − |𝑆|
ℓ − |𝑆| 	if	𝑖 ∈ 𝑆

0	 else



Exactly Computing do-Shapley Values

With 𝑐*, … , 𝑐+, we can exactly compute 𝜙!

We design algorithms for…
• finding all classes (linear in 𝑟)
• estimating 𝜙! 	with budget 𝑚 (linear in 𝑚)

Smooth transition: When 𝑚 ≥ 𝑟, we exactly recover 𝜙!



Estimating do-Shapley Values
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