
• Why sheaf? Standard GNNs share one 
information-combination rule across all 
edges; sheaves make it edge-specific.
• Why SPD stalks? Existing Sheaf NNs use 
vector stalks, but second-order geometry 
is matrix-valued → 𝑆𝑃𝐷𝑛 (symmetric 
positive definite manifold).
• Our solution: First sheaf neural network 
native on 𝑆𝑃𝐷𝑛 with Lie group structure → 
well-posed operators & strictly more 
expressive.
• Why is it hard? 𝑆𝑃𝐷𝑛 has no vector 
subtraction, Euclidean adjoint, or classical 
sheaf Laplacian.
•Core problem: How do we construct SPD 
counterparts of 𝛿, 𝛿𝑇 , 𝑳 that play the same 
role as classical sheaf neural network 
operators?
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Motivation

Sheaf Neural Network

Cellular sheaf:
• Vector space (stalk) ℱ 𝑢 and ℱ 𝑣

• Linear restriction map ℱ𝑣→𝑒: ℱ 𝑢 → ℱ(𝑒)

Coboundary operator measures local 
inconsistency: 𝛿 𝐱 𝑒 = ℱ𝑣→𝑒𝐱𝑣 − ℱ𝑢→𝑒𝐱𝑢

Sheaf Laplacian: 𝑳ℱ = 𝛿𝑇𝛿 
Sheaf neural network:

𝑯(𝑙+1) = 𝜎( 𝐼 − 𝑳ℱ 𝑯 𝑙 𝑾(𝑙))

Method Overview SPD-Valued Sheaf Theory
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Euclidean-to-SPD Embedding: Φε 𝑥 = 𝑥𝑥T + 𝜀𝐼𝑛 
Strict generalization: 𝜙′ ker 𝑳𝑒𝑢𝑐𝑙𝑖𝑑𝑒𝑎𝑛 ⊊ ker(𝑳𝑆𝑃𝐷)

Analysis

Experiments  on MoleculeNet
Paper:

Group:

Second-order emergence: SPD-Sheaf lifts 
erank-1 SPD matrix to full-erank, boundary 
(first-order) → interior (second-order) of 𝑆𝑃𝐷𝑛 

Depth robustness: 97% 
performance at 32 layers → 
resists over-smoothing
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Lie Group Structure on SPD

𝑃 ⊙ 𝑄: = exp(log 𝑃 + log 𝑄)
forms an Abelian lie group with identity 𝐼𝑛 

and inverse 𝑃−1 = exp(− log 𝑃) 
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SPD sheaf: SPD-valued stalk ℱ 𝑣 = ℱ(𝑒);
restriction map (isometry) :
ℱ𝑣→𝑒 𝑃 = 𝑀𝑣𝑒𝑃𝑀𝑣𝑒

𝑇  with 𝑀𝑣𝑒 ∈ 𝑂 𝑛

SPD coboundary (𝛿 𝜎 ⊙ 𝜏 = 𝛿𝜎 ⊙ 𝛿𝜏):
𝛿𝜎 𝑒 = exp(log(ℱ𝑣→𝑒 𝜎𝑣 − 𝑙𝑜𝑔(ℱ𝑢→𝑒 𝜎𝑢 ) 

Adjoint Operator: (𝛿𝑇𝜏)𝑣 =

exp(σ𝑣→𝑒 −1 𝐼 𝑣,𝑒 𝑀𝑣𝑒
𝑇 log 𝜏𝑒 𝑀𝑣𝑒)

satisfying 𝛿𝜎, 𝜏 = 𝜎, 𝛿𝑇𝜏

SPD Pairing: 𝑋, 𝑌 ≔ 𝑔𝐼𝑛
(log 𝑋 , log 𝑌)

SPD Sheaf Laplacian: 𝑳ℱ = 𝛿𝑇𝛿 

(𝑳ℱ𝑋)𝑣 = exp( ෍

𝑣,𝑢 =𝑒

−1 𝐼 𝑣,𝑒 𝑀𝑣𝑒
𝑇 log(ℱ𝑣→𝑒𝑋𝑣) − log(ℱ𝑢→𝑒𝑋𝑢) 𝑀𝑣𝑒)

Hodge-type Decomposition for SPD-valued Sheaves: ker𝑳ℱ = ker 𝛿 
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