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« Why sheaf? Standard GNNs share one
Information-combination rule across all
edges; sheaves make it edge-specific.

« Why SPD stalks? Existing Sheaf NNs use
vector stalks, but second-order geometry
Is matrix-valued > SPD,, (symmetric
positive definite manifold).

« Our solution: First sheaf neural network
native on SPD,, with Lie group structure >
well-posed operators & strictly more

expressive.

e Why is it hard? SPD, has no vector
subtraction, Euclidean adjoint, or classical
sheaf Laplacian.

eCore problem: How do we construct SPD
counterparts of §, 87, L that play the same
role as classical sheaf neural network

\operators?
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Sheaf Neural Network
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Cellular sheaf:
« Vector space (stalk) F(u) and F (v)

e Linear restrictionmap F,_.: F(u) - F(e)

Fv)

Coboundary operator measures local
inconsistency: §(X), = F,eXy — FyseXy
Sheaf Laplacian: L = 676
Sheaf neural network:

HD = (I = Le)HOW®)
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Lie Group Structure on SPD

P® Q:=exp(logP +1logQ)
forms an Abelian lie group with identity I,
and inverse P~1 = exp(—log P)
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stalk space: SPD,,

SPD Sheaf

Euclidean Sheaf

stalk space: R"™

Coordinates — SPD Matrices
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Node Features — Euclidean Vectors
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Method Overview

SPD-Sheaf Convolution SPD-Sheaf: second-order structure emerges
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ellipsoid shape < eigenstructure

Euclidean Sheaf:
remains first-order

Convolution Layers
SPD-Sheatf Neural Network

SPD Pooling
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Experiments on MoleculeNet

Model BACE BBBP ClinTox SIDER Tox21 HIV MUV  Geometric Module BBBP BACE ClinTox SIDER Tox21 HIV MUV Pa per.
No. molecules 1,513 2,039 1,478 1,427 7,831 41,127 93,808  GCN (baseline) 739,09 87.010 98402 82.691 T78Tos 80410 T75.730 @ .‘-.'.!'_... .« - E
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0. tasks Euclidean SheafNN (Barbero et al., 2022)  74.11s  87.500  99.00.4  83.902 79406 80.907 75.31, '._-'.“, - -’!’-'I:-!.
EE S obs 0 s [P 0e Tl T2 0L SPDAGNN (Zhao et al., 2023) 71925 87.509 98.704  83.903 79305 79.612 76244 ), VT -

N-GramRE M5 09706 TT-500 60807 4309 77204 70902 oo 4ok GoN (Chami et al., 2019) 73.3 87.3 98.6 84.1 79.3 80.7 79.2 R L RN | E T =

N-GramXGB 9.1 69.1gs 87527 65507 75809 78704 T4802 P ” 23 08 06 02 209 112 2.6 bl I Y

PretrainGNN 84.507 68713 72615 62708 T781lgs 79907 81321  Combined: SPD geometry + sheaf structure: E :-'?° 3_|-.'

GROVE, 82.1p7 T70.001 81.2359 64.8p T4.301 62509 67.3;5 SPD Sheaf (Ours) 77.45- 8907, 994,, 84.3,, 80.1,; 809,- 82.3,, G 't =2 "=l .

GROVE g 81.0,4 69501 76.257 65401 T73.501 682,1 67.315 . . roup:

GraphMVP 81.209 72416 79155 63912 75995 77.012 T7.706 Variant BBBP BACE ClnTox SIDER Tox21 HIV MUV P [N

MoICLR 824009 72221 91.235 58914 75.002 781os T79.619 Full model (MA427 89014 99492 84304 80.1g7 80.997 82.3;14 . l'—.';"'. : I

GEM 85611 72404 90113 67'2“‘4 8.19.1 80.60. 81'3{1‘5 w/o Semantic stream 7T1.850 71.641 9796 83205 68.007 66215 58.4p9 I ':-.'.|. '._"_| I |

Mol-GDL 86.319 72.81 9 96.6¢ o 83.1p 9 79405 80.807 67.514 A = 6 17 4 15 11 12.1 14.7 239 =-. -'_' ] :-:.'!' " —l'

Uni-Mol 85.7[)_2 72-9[].6 91913 65.91_3 79.6(]_5 80.8(]_7 82.11_3 - o — 19 T = o oo _?.-U- = l..."l . :

SMPT 873, 73454 92792 67650 79.7,, 81251 82.2,4 w/o Geometric stream 73330 82114 98197 843092 76.303 74.814 69.8y5 .'.T;'l- .M;-l. |.. A

SchNet 73.To0 70814 97.8p3 83.1gg 72490 68851 68204 A —4.1 —6.9 —1.3 0.0 —3.8 —6.1 —12.5 - -l-.-' ""-, - ;-; '?-

EGNN 79.45 5  T2.1. 98.6, -  83.2 74.505 70.402 68.60.5 . . i S R KN e

- =0 05 0.1 203 0-2 0 w/o Cross-modal interaction 75.2p¢ 86.913 99.493 84303 79.808 80.3p6 80.82¢ -_ln!l .' . :_'. :!
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SPD-Valued Sheaf Theory

SPD sheaf: SPD-valued stalk F(v) = F(e);
restriction map (isometry) : /
:Fv—>e (P) = MvePM‘ge with Mve = O(Tl) / &' (x)

global section

global section

SPD coboundary (6 (c O 1) = 60 © 671): I

(60) = exp(log(F,-e (o) — log(Fyse(oy)) I
SPD Pairing: (X,Y) := g, (logX,klogY)

erank > 1

x = Lz (x;) /

//bl(ﬂ = Lg‘f’(l-;;lx)
4

o)

(L:FX)v — exp( 2 (_1)1(%6)1\456(lOg(Tveer) o lOg(TueeXu))Mve)

(v,u)=e

Adjoint Operator: (6§ 1),,

exp(Zvee(_l)I(v’B)Mge (log Te )Mve)
satisfying (6a, T) = (a, 5TT>

erank = 1

SPD Sheaf Laplacian: Ly =

Hodge-type Decomposition for SPD-valued Sheaves: kerLr = ker o

Euclidean-to-SPD Embedding: ®.(x) = xx! + €I,
- Strict generalization: ¢’ (ker Leycrigean) & Ker(Lspp)

SPD-Sheaf convolution: X\ = o(x{” © (LPx®)

>

¢'(kerdz) < ker g

. ¢1(kEI'51F) - kEI'ﬁlg

¢(kerdr) < kerdg
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Analysis

Depth robustness: 97%
performance at 32 layers >
resists over-smoothing

Depth Robustness on BACE

Second-order emergence: SPD-Sheaf lifts
erank-1 SPD matrix to full-erank, boundary
(first-order) » interior (second-order) of SPD,,

900{ Dataset Layers Initial Erank Final Erank A Erank \,: Init—Final
] R M

I BACE 2 1.00 2.28 +1.28 0.00 — 1.16
< BBBP 2 1.00 2.16 +1.16 0.00 — 1.15
£ SIDER 2 1.00 2.22 +1.22 0.00 — 1.14
2 . / ClinTox 5 1.00 1.83 +0.83 0.00 — 1.32
o GO Roteniion 557 HIV 5 1.00 1.87 +0.87 0.00 — 1.42
50| 2 Eucidean Sheal N (Rotention: 7% : Tox21 7 1.00 1.75 +0.75 0.00 — 1.46
2 8 16 32 MUV 7 1.00 1.72 +0.72 0.00 — 1.55

Number of Layers
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