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Our contribution in a nutshell

TL; DR: We introduce importance weighting to optimal 
transport based domain adaptation bounds and show 
the connection to unbalanced optimal transport.

A case where there is significant overlap 
between the source and target output 

distributions

The coupling  is used to align points 
horizontally, while weighting the source  

can be seen as a vertical alignment.

γ(x, x′￼)
f#px

• During UDA, if the source and target feature densities (where the alignment takes place) 
share some support, then the UDA bounds can be tightened by looking for the best 
weighted source distribution to compare against.


• This implies that the model capacity need not be unnecessarily constrained to match the 
two domains exactly: only the out-of-support part of the target distribution need to be 
aligned with the closest weighted source distribution.


• We use this idea to propose a more relaxed OT based alignment strategy and highlight the 
link to unbalanced OT (UOT). 


• We also explore assumptions under which such alignment is guaranteed to produce low 
target risk classifiers.

Required to tame entanglement

An example illustrating gradual shift in the 
target distribution q. 

Assumptions

• The GS assumption  holds for joint 
densities  and  and a classifier  if there exists 

 and  such that for all 

, , where 

 for 
 almost surely.


• The Probabilistic Margin assumption  holds 
for a joint distribution  and a classifier  if for all 

,
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i=1

riq(i)
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(i − 1)ε ≤ ℓ( ̂y, ̂y′￼) ≤ iε
̂y ∼ ( f♯px∣y)( ⋅ ∣ y), ̂y′￼∼ ( f♯q(i)

x∣y)( ⋅ ∣ y)

PM(M, η)
p f

y ≠ y′￼

Pr ̂y∼( f♯px∣y)(⋅∣y) ( inf
̂y′￼∈suppf (px∣y∣y′￼)

ℓ( ̂y, ̂y′￼) ≥ M) ≥ 1 − η . An example illustrating the PM assumption: 
If  satisfies the  with prob. 

, then most samples will be 
separated with margin at least .

f♯px PM(M, η)
1 − η

M

• Given the probabilistic margin  of the classifier and gradual shift  in the 
output space, we show that low WRR implies low target risk. (GS and PM assumptions help to explain the 
success of UDA strategies that are effective at optimizing their unsupervised objectives without requiring target labels.)


• Thm 3.1. Assume  and  hold for densities  and  and a surjective 
classifier ; and loss  is a metric. Then if  and there exists a  such that 

, then  , where  and the maximum label ratio is 
.

PM(M, η) GS(a, b, s, ε)

GS(a, b, s, ε) PM(M, η) p q
f ℓ 1 − |𝒴 |η > 0 d ∈ ℤ+

ε ≤ M
2d ϵq( f ) ≤ ρℛλ( f ) λ = s(s + 1)

d(d − 1)
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ρa(1 − |𝒴 |η)
ρ := max

y∈𝒴
qy(y)/py(y)

Given enough gradual shift, the accuracy of a 
good source classifier even with large margin 

can drop significantly.

If the UDA performance is good (i.e., WRR value is low) 
then necessarily the conditionals will be aligned (i.e., 

entanglement will be low) and the target accuracy will be 
high.

Theoretical analysis

• Proof sketch: the margin assumption forces any shifting conditionals with significant mass 
to inflate the marginal distance for small enough  Note that the shifting conditionals 
do not need to be connected to each other: the assumption is satisfied whenever the distances 
to the source conditional are ordered by .

ε < M/2.

ε

Definitions and concepts needed: W-distance and Unbalanced OT (UOT)

Background and Related Work

• The -Wasserstein distance w.r.t. a metric 




• 


• In the limit as  and  (or vice versa), we get a semi-relaxed OT, where 
one of the OT constraints drops entirely.

α c
Wα,c(μ, ν) = ( inf

γ∈Γ(μ,ν) ∫𝒳×𝒴
c(x, y)α dγ(x, y))

1/α
,

UOT(μ, ν) := inf
γ∈△(𝒳×𝒴) ∫𝒳×𝒴

c(x, y)dγ(x, y) + τ1KL(π1♯γ ∥ μ) + τ2KL(π2♯γ ∥ ν)

τ1 → 0 τ2 → ∞

OT based UDA bounds and Entanglement

• Label entanglement quantifies the 
assignment of wrong labels during optimal 
transport

ϵq( f ) ≤ ϵp( f ) + W1,l( f#px, f#qx) + ℰy( f )

ϵq( f ) ≤ ϵp( f ) + W1,l(py, qy) + ℰ ̂y( f )

Useful for analyzing UDA 
optimization

Useful for further analysis, e.g., for 
analysis of label shift

or

ℰy( f ) := ∫𝒴×𝒴
W1,l(py∣ f( ⋅ ∣ ̂y), qy∣ f( ⋅ ∣ ̂y′￼)dγ⋆

f ( ̂y, ̂y′￼)
Entanglement measures the average loss of associating 

pairs with different labels. 

• Suppose the loss function  is a metric and that the 
classifier  is surjective, then

ℓ : △ (𝒴) × △ (𝒴) → ℝ+
f : 𝒳 → △ (𝒴)

• UDA optimizer can optimize only the first two terms: Wasserstein-regularized 
risk (WRR) 


• Label entanglement depends on both  optimized by WRR!


• Lower bound. Minimizing WRR can actually inflate the target error!


• Entanglement can be high even when WRR is low! How can we guarantee 
that the entanglement is low as we minimize WRR?

Rλ( f ) := ϵp( f ) + λW1,ℓ( f♯px, f♯qx)

( f, γ)

Γ(μ, ν) = {γ ∈ △ (𝒳 × 𝒴) : π1#γ = μ, π2#γ = ν}

W1,ℓ(py, qy) − ℛ2( f ) ≤ ℰ( f ) − ℛ1( f ) ≤ ϵq( f ) ≤ ℰ( f ) + ℛ1( f ) .

• Tested over three different models: 
MLP, ConvNet and ResNet18


• Same hyperparameters used 
throughout


• Using pre-training for five epochs


• Using margin loss to improve 
margin during pretraining


•  improves over WRR 
consistently
W2R2

Comparison with UDA methods
Experiments

Equivalently, tightening the WRR upper bound
Relaxing the alignment: unbalanced OT

• The weighted WRR minimization is defined as , 


• Cor 4.1. Assume  and  hold for distributions , a surjective classifier  
and normalized importance weights ; loss  is a metric. If  for some , we 
have that for     
(Notice: GS and PM now also depend on the IW !)


• We show that the inner optimization of WRR w.r.t.  corresponds to a semi-relaxed OT problem. 
Expanding  and using the marginal constraint , WRR in the discrete 
case can be written as


•  such that  and 


• Plugging in  to the objective, we get an LP without 


•  such that  : A semi-relaxed OT with costs  ! 


• Has an explicit solution, using only the nearest neighbors during alignment!
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ℓTw + λtr(CΓT) Γ1n = w ΓT1m = 1
n 1n

Γ1n = w w

ℒλ( f ) = min
Γ∈ℝm×n

+

tr(C̃λΓT) ΓT1m = 1
n 1n C̃λ = ℓ1T

n + λC

ℒ⋆
λ ( f ) := 1

n

n

∑
j=1

min
i∈[m]

{ℓ( f(xi), yi) + λℓ( f(xi), f(x′￼j))}

ϵw
p ( f ) := 𝔼(x,y)∼p[w(x)ℓ( f(x), y)]

* Loss vector  and cost matrix elements ℓi := ℓ( f(xi), yi) Cij = ℓ( f(xi), f(x′￼j))

 (The alignment chooses shortest dist. pairings  and 
ignores the large majority of other source-target pairings.)

ℓ( f(xi), f(x′￼j))

Reducing the variance of semi-relaxed OT, we get the 
unbalanced OT as a regularized version of the relaxed 
alignment. In practice we use 

1
m ℓT1m + min

Γ∈ℝm×n
+

tr(C̃1ΓT) + KL(Γ1n ∥
1m

m ) + 100KL(ΓT1m ∥
1n

n )


