
Motivation and Challenges
Motivation: With RL-based post-training (e.g., GRPO), LLMs achieve strong reasoning accuracy, yet produce excessively 
verbose reasoning chains. DeepSeekR1-Distilled-Qwen-1.5B generates 1,658 tokens on average vs. 264 tokens by a human 
on MATH-500 problems—both achieving perfect accuracy. Such verbosity inflates inference latency and cost, which scale 
quadratically with sequence length.

Challenges: 

❑ Content-Agnostic Advantage Shaping: Existing token-efficient methods (length-based and position-based) assign 
advantages by completion length or token position, ignoring whether a token actually contributes to the correct answer.

❑ Computational Intractability: Computing token-level conditional mutual information (MI) with the final answer 
requires two forward passes per token, yielding O(L³d) complexity—prohibitive for long reasoning sequences.

❑ Information-Theoretic Metric: First framework to assign token-wise advantages based on each token's 
conditional mutual information (MI) with the final answer, providing a principled mechanism for identifying 
informative vs. redundant tokens.

❑ Efficient MI Estimation: An early-exit-based conditional MI estimator with KV-cache preloading and chunk-wise 
forwarding, reducing complexity from O(L³d) to near-linear and making token-level MI computation tractable.

❑ Strong Empirical Results: Consistent improvements across 3 LLM scales (0.5B, 1.5B, 7B) and 3 math reasoning 
datasets, achieving up to 47% token reduction while preserving or improving accuracy (e.g., 1.16×10⁻2 Ratio@16 on 
GSM8K with 7B model).
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Figure 1: An overview of the proposed IAPO framework.

❑ Information-Aware Advantage Shaping:
➢  Informativeness Level: Each token's contribution is measured via conditional MI with the final answer: 𝑠𝑖,𝑡 =

𝐼(𝑦𝑖; 𝑜𝑡|𝑞𝑖 , 𝑜<𝑡), quantifying uncertainty reduction about the answer after observing that token.
➢ Exploration Adjustment: Token-level exploration term 𝑐𝑖,𝑡 = ±π𝜃𝑜𝑙𝑑(𝑜𝑖,𝑡|𝑞, 𝑜𝑖,<𝑡) : positive for correct completions 

(suppress exploration), negative for incorrect (encourage exploration).

➢ Token-Wise Advantage: ሚ𝐴𝑖,𝑡 = norm 𝑟𝑖 , 𝑟 + 𝛼 ⋅ norm 𝑠𝑖,𝑡, 𝑠𝑖 + 𝛽 ⋅ norm(𝑐𝑖,𝑡, 𝑐𝑖), combining sequence-level reward, 

token-level informativeness, and token-level exploration.
❑ Efficient Conditional MI Estimation:

➢  Early-Exit Estimator: Approximates 𝐼 𝑦; 𝑜𝑡 𝑞, 𝑜<𝑡 = 𝐻 𝑦 𝑞, 𝑜<𝑡 −𝐻 𝑦 𝑞, 𝑜≤𝑡  by appending a postfix prompt (e.g., 
"</think><answer>") to elicit answer distributions at each prefix.

➢ KV-Cache Preloading: Single forward pass caches all prefix states; entropy evaluations reuse cached KV states with 
only the short postfix, significantly reducing complexity per token.

➢ Chunk-wise Forwarding: Batches MI estimation across contiguous token chunks, amortizing costs by a factor.
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IAPO achieves the best token-efficiency (Ratio@k) across nearly all settings while maintaining competitive or superior 
accuracy. On GSM8K with Qwen2.5-7B, IAPO reduces reasoning length by 47% compared to DAPO with no accuracy loss. 
Wall-clock inference time is reduced by up to 17.7%. Ablation studies confirm that both the informativeness level term 
(conditional MI) and the early-exit estimator contribute to IAPO's token efficiency gains.
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