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Motivation: Large Family of Tensor Methods 
Many powerful algorithms/models/tensor methods:

but extending/modifying/changing is hard/model-specific.



Tensor Decomposition as 
Einsum Factorization 

Simple matrix factorization assumes:
<latexit sha1_base64="J4fnChny8GcwGjMhcphOW6kKB9k="></latexit>

yi,j →
Q∑

q=1

ωiqεjq

<latexit sha1_base64="re7OhgVe/36ZrVHm5BfmoPBWwTg="></latexit>

ij → iq, jq

Written more compactly in terms of only the indices:

observed indices latent indicesvs

Indices appearing on the RHS but not LHS are contracted



Tensor Contractions are Einsum 
Factorizations

<latexit sha1_base64="O4niEhM30RJGV9azCdIvLjby6K4="></latexit>

ijat → ic, jd, ak, tr, cdkr
4-mode Tucker: Contraction of 4 matrices, 1 tensor

<latexit sha1_base64="itXWRwFvBi0MvTTlv4IQRUFKLLU="></latexit>

ijat → itc, jtd, ak, tr, cdkr
4-mode Tucker with time-varying factor matrices

…

<latexit sha1_base64="Rm3MgQQ/EJlFyneqsdbAdYzuj1A="></latexit>

ijat → ic, jd, ak, tr, cp, dp, kp, rp, p
4-mode Tucker with low-rank core tensor 

<latexit sha1_base64="XNA5GiPpJRqhQTLC5BNrjNIAzEE="></latexit>
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This Work: Nonnegative Einsum Factorization 

NMF ik, jk → ij
CP ik, jk, ak → ija
Tucker ic, jd, ak, cdk → ija
Tensor train ic, jcd, ad → ija
CANDELINC ic, jd, ak, cq, dq, kq → ija
Custom ic, jd, ack, kd, k → ija

(NNEinFact)



One Multiplicative Update Algorithm for All

model loss

“near-universal” multiplicative update rule

implementation just involves calls to einsum



Theory and Computation
Theory  

‣ Convergence of the objective values via MM 

‣ Convergence of the iterates  to a stationary point via BCD theory 

Computation  

‣einfact.py file is less than 200 lines 

‣Factorization structure  
‣ To change the model, change the string  

‣ Rapid iteration and refinement 

‣ Loss function 

‣  and : tunable parameters that shape the loss 

‣ : shrinks large entries  — robustness to outliers 

‣ : magnifies large entries — robustness to missing data input as zeros 

‣ : least-squares, : KL divergence 

 
 

‣

Θ(1), …, Θ(L)

α β
0 < α < 1 yi

α > 1
β = 1 β = 0

<latexit sha1_base64="fs4GsG6hW0UJb+/nHjWWtbzrw9c=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKR6rLgRncVbCu0oUymN+3QySTMTIQY8i1uXOivuBNXgh/i0kmahW09MHA493XmeBGjUtn2l1FZW9/Y3Kpu13Z29/YPzMOjngxjQaBLQhaKBw9LYJRDV1HF4CESgAOPQd+bXef1/iMISUN+r5II3ABPOPUpwUpLI7M+DLCaFntSj8WQpTgbmQ27aRewVolTkgYq0RmZP8NxSOIAuCIMSzlw7Ei5KRaKEgZZbRhLiDCZ4QkMNOU4AOmmxdHMOtXK2PJDoR9XVqH+nUhxIGUSeLoztyqXa7n4b83zgoXTqQAm6dOyH+VfuSnlUayAk7kdP2aWCq08L2tMBRDFEk0wEVT/yCJTLDBROtWajspZDmaV9M6bTqvZurtotG/L0KroGJ2gM+SgS9RGN6iDuoigBD2jV/RmvBjvxofxOW+tGOVMHS3A+P4FgB+lmg==</latexit>a
<latexit sha1_base64="626in8NsgMtAbH/coYm+oipgzVU=">AAACFHicbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLgRncV7APaoWTStA3NJCHJiHXoR7hxob/iTty6909cmrazsK0HAodz7uWenEhxZqzvf3srq2vrG5u5rfz2zu7efuHgsG5kogmtEcmlbkbYUM4ErVlmOW0qTXEccdqIhtcTv/FAtWFS3NuRomGM+4L1GMHWSY02VkrLx06h6Jf8KdAyCTJShAzVTuGn3ZUkiamwhGNjWoGvbJhibRnhdJxvJ4YqTIa4T1uOChxTE6bTuGN06pQu6kntnrBoqv7dSHFszCiO3GSM7cAsehPxXy+K4rnTqabcsKfFPLZ3FaZMqMRSQWZxeglHVqJJQ6jLNCWWjxzBRDP3I0QGWGNiXY95V1WwWMwyqZ+XgnKpfHdRrNxmpeXgGE7gDAK4hArcQBVqQGAIz/AKb96L9+59eJ+z0RUv2zmCOXhfv3HSn8k=</latexit>→

<latexit sha1_base64="RTyUKDcMpTg95ovjFJHBD3cw07Y=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKR6rLgRncV7APaUCbTm3bsZBJmJkIM/RY3LvRX3IkrwQ9x6STNwrYeGDic+zpzvIhRqWz7yyitrW9sbpW3Kzu7e/sH5uFRR4axINAmIQtFz8MSGOXQVlQx6EUCcOAx6HrT66zefQQhacjvVRKBG+Axpz4lWGlpaFYHAVaTfE/qsRhm6cNsaNbsup3DWiVOQWqoQGto/gxGIYkD4IowLGXfsSPlplgoShjMKoNYQoTJFI+hrynHAUg3zY/OrFOtjCw/FPpxZeXq34kUB1Imgac7M6tyuZaJ/9Y8L1g4nQpgkj4t+1H+lZtSHsUKOJnb8WNmqdDK8rJGVABRLNEEE0H1jywywQITpVOt6Kic5WBWSee87jTqjbuLWvO2CK2MjtEJOkMOukRNdINaqI0IStAzekVvxovxbnwYn/PWklHMVNECjO9fjyKlow==</latexit>

j
<latexit sha1_base64="HXD1eir/iI/hjBh/s5+i6EzLdOw=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKR6rLgRncVbCu0oUymN+3QySTMTIQY8i1uXOivuBNXgh/i0kmahW09MHA493XmeBGjUtn2l1FZW9/Y3Kpu13Z29/YPzMOjngxjQaBLQhaKBw9LYJRDV1HF4CESgAOPQd+bXef1/iMISUN+r5II3ABPOPUpwUpLI7M+DLCaFntSj8WQpTQbmQ27aRewVolTkgYq0RmZP8NxSOIAuCIMSzlw7Ei5KRaKEgZZbRhLiDCZ4QkMNOU4AOmmxdHMOtXK2PJDoR9XVqH+nUhxIGUSeLoztyqXa7n4b83zgoXTqQAm6dOyH+VfuSnlUayAk7kdP2aWCq08L2tMBRDFEk0wEVT/yCJTLDBROtWajspZDmaV9M6bTqvZurtotG/L0KroGJ2gM+SgS9RGN6iDuoigBD2jV/RmvBjvxofxOW+tGOVMHS3A+P4FjXelog==</latexit> i

<latexit sha1_base64="p2bhAxxIamc1u4O5X09cD2Mr/vE=">AAACGHicbVC7SgNBFL3rM8ZX1NJmMQhWYVckWgZstItgHpIsYXYymwyZxzIzK8Qln2Fjob9iJ7Z2/omls8kWJvHAwOGce7lnThgzqo3nfTsrq2vrG5uFreL2zu7efungsKllojBpYMmkaodIE0YFaRhqGGnHiiAeMtIKR9eZ33okSlMp7s04JgFHA0EjipGxUqfLkRlixNKHSa9U9ireFO4y8XNShhz1Xumn25c44UQYzJDWHd+LTZAiZShmZFLsJprECI/QgHQsFYgTHaTTyBP31Cp9N5LKPmHcqfp3I0Vc6zEP7WQWUS96mfivF4Z87nSqCNP0aTGPia6ClIo4MUTgWZwoYa6RbtaS26eKYMPGliCsqP2Ri4dIIWxsl0Vblb9YzDJpnlf8aqV6d1Gu3ealFeAYTuAMfLiEGtxAHRqAQcIzvMKb8+K8Ox/O52x0xcl3jmAOztcvr1Shgg==</latexit>

Y <latexit sha1_base64="pABBa/YE88jsdbEObOMD4O+/+D4=">AAACIXicbVC7TsMwFHV4lvIKZWSxqJCYqgShwliJBbYi0YfUVpXjOK1V2wm2gyhRfoWFAX6FDbEhfoQRJ81AW45k6eice33vPV7EqNKO82WtrK6tb2yWtsrbO7t7+/ZBpa3CWGLSwiELZddDijAqSEtTzUg3kgRxj5GON7nK/M4DkYqG4k5PIzLgaCRoQDHSRhralT5Hepz/k0jip8l9OrSrTs3JAZeJW5AqKNAc2j99P8QxJ0JjhpTquU6kBwmSmmJG0nI/ViRCeIJGpGeoQJyoQZLPTOGJUXwYhNI8oWGu/u1IEFdqyj1TmW2qFr1M/NfzPD432pzHFH1a3EcHl4OEiijWRODZOkHMoA5hFhf0qSRYs6khCEtqLoJ4jCTC2oRaNlG5i8Esk/ZZza3X6rfn1cZNEVoJHIFjcApccAEa4Bo0QQtg8AiewSt4s16sd+vD+pyVrlhFzyGYg/X9C7iVpTM=</latexit>q
<latexit sha1_base64="fs4GsG6hW0UJb+/nHjWWtbzrw9c=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKR6rLgRncVbCu0oUymN+3QySTMTIQY8i1uXOivuBNXgh/i0kmahW09MHA493XmeBGjUtn2l1FZW9/Y3Kpu13Z29/YPzMOjngxjQaBLQhaKBw9LYJRDV1HF4CESgAOPQd+bXef1/iMISUN+r5II3ABPOPUpwUpLI7M+DLCaFntSj8WQpTgbmQ27aRewVolTkgYq0RmZP8NxSOIAuCIMSzlw7Ei5KRaKEgZZbRhLiDCZ4QkMNOU4AOmmxdHMOtXK2PJDoR9XVqH+nUhxIGUSeLoztyqXa7n4b83zgoXTqQAm6dOyH+VfuSnlUayAk7kdP2aWCq08L2tMBRDFEk0wEVT/yCJTLDBROtWajspZDmaV9M6bTqvZurtotG/L0KroGJ2gM+SgS9RGN6iDuoigBD2jV/RmvBjvxofxOW+tGOVMHS3A+P4FgB+lmg==</latexit>a

<latexit sha1_base64="HXD1eir/iI/hjBh/s5+i6EzLdOw=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKR6rLgRncVbCu0oUymN+3QySTMTIQY8i1uXOivuBNXgh/i0kmahW09MHA493XmeBGjUtn2l1FZW9/Y3Kpu13Z29/YPzMOjngxjQaBLQhaKBw9LYJRDV1HF4CESgAOPQd+bXef1/iMISUN+r5II3ABPOPUpwUpLI7M+DLCaFntSj8WQpTQbmQ27aRewVolTkgYq0RmZP8NxSOIAuCIMSzlw7Ei5KRaKEgZZbRhLiDCZ4QkMNOU4AOmmxdHMOtXK2PJDoR9XVqH+nUhxIGUSeLoztyqXa7n4b83zgoXTqQAm6dOyH+VfuSnlUayAk7kdP2aWCq08L2tMBRDFEk0wEVT/yCJTLDBROtWajspZDmaV9M6bTqvZurtotG/L0KroGJ2gM+SgS9RGN6iDuoigBD2jV/RmvBjvxofxOW+tGOVMHS3A+P4FjXelog==</latexit>

i

<latexit sha1_base64="0Y3Fdg5wDp3/raEJ8ISvOlQV/9g=">AAACKXicbVDLSgMxFM34rPU16k43g0WomzKjUl0W3OiuQl/Q1pJJ77ShSWZIMkIdBvwaNy70V9ypW3/CpeljYVsPBA7n3EvOPX7EqNKu+2ktLa+srq1nNrKbW9s7u/befk2FsSRQJSELZcPHChgVUNVUM2hEEjD3GdT9wfXIrz+AVDQUFT2MoM1xT9CAEqyN1LEPW5U+aHyftDjWfcUxYyCT/PlpmnbsnFtwx3AWiTclOTRFuWP/tLohiTkITRhWqum5kW4nWGpKGKTZVqwgwmSAe9A0VGAOqp2Mb0idE6N0nSCU5gntjNW/GwnmSg25bybHSee9kfiv5/t85utEAlP0cT6PDq7aCRVRrEGQSZwgZo4OnVFtTpdKIJoNDcFEUnORQ/pYYqJNuVlTlTdfzCKpnRW8YqF4d5Er3U5Ly6AjdIzyyEOXqIRuUBlVEUFP6Bm9ojfrxXq3PqyvyeiSNd05QDOwvn8BDJKn3A==</latexit>

! (3)

<latexit sha1_base64="pABBa/YE88jsdbEObOMD4O+/+D4=">AAACIXicbVC7TsMwFHV4lvIKZWSxqJCYqgShwliJBbYi0YfUVpXjOK1V2wm2gyhRfoWFAX6FDbEhfoQRJ81AW45k6eice33vPV7EqNKO82WtrK6tb2yWtsrbO7t7+/ZBpa3CWGLSwiELZddDijAqSEtTzUg3kgRxj5GON7nK/M4DkYqG4k5PIzLgaCRoQDHSRhralT5Hepz/k0jip8l9OrSrTs3JAZeJW5AqKNAc2j99P8QxJ0JjhpTquU6kBwmSmmJG0nI/ViRCeIJGpGeoQJyoQZLPTOGJUXwYhNI8oWGu/u1IEFdqyj1TmW2qFr1M/NfzPD432pzHFH1a3EcHl4OEiijWRODZOkHMoA5hFhf0qSRYs6khCEtqLoJ4jCTC2oRaNlG5i8Esk/ZZza3X6rfn1cZNEVoJHIFjcApccAEa4Bo0QQtg8AiewSt4s16sd+vD+pyVrlhFzyGYg/X9C7iVpTM=</latexit>q
<latexit sha1_base64="qdEglvuy5FCfuS+4WZdb2A7HjHc=">AAACKXicbVDLSgMxFM34rPU16k43g0WomzIjpbosuNFdhb6gU0smvW1Dk8yQZIQ6FPwaNy70V9ypW3/Cpem0C9t6IHA4515y7gkiRpV23U9rZXVtfWMzs5Xd3tnd27cPDusqjCWBGglZKJsBVsCogJqmmkEzkoB5wKARDK8nfuMBpKKhqOpRBG2O+4L2KMHaSB372K8OQOP7xOdYDxTHjIFM8sXz8bhj59yCm8JZJt6M5NAMlY7943dDEnMQmjCsVMtzI91OsNSUMBhn/VhBhMkQ96FlqMAcVDtJbxg7Z0bpOr1Qmie0k6p/NxLMlRrxwEymSRe9ifivFwR87utEAlP0cTGP7l21EyqiWIMg0zi9mDk6dCa1OV0qgWg2MgQTSc1FDhlgiYk25WZNVd5iMcukflHwSoXSXTFXvp2VlkEn6BTlkYcuURndoAqqIYKe0DN6RW/Wi/VufVhf09EVa7ZzhOZgff8CDj+n3Q==</latexit>

! (4)

<latexit sha1_base64="HXD1eir/iI/hjBh/s5+i6EzLdOw=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKR6rLgRncVbCu0oUymN+3QySTMTIQY8i1uXOivuBNXgh/i0kmahW09MHA493XmeBGjUtn2l1FZW9/Y3Kpu13Z29/YPzMOjngxjQaBLQhaKBw9LYJRDV1HF4CESgAOPQd+bXef1/iMISUN+r5II3ABPOPUpwUpLI7M+DLCaFntSj8WQpTQbmQ27aRewVolTkgYq0RmZP8NxSOIAuCIMSzlw7Ei5KRaKEgZZbRhLiDCZ4QkMNOU4AOmmxdHMOtXK2PJDoR9XVqH+nUhxIGUSeLoztyqXa7n4b83zgoXTqQAm6dOyH+VfuSnlUayAk7kdP2aWCq08L2tMBRDFEk0wEVT/yCJTLDBROtWajspZDmaV9M6bTqvZurtotG/L0KroGJ2gM+SgS9RGN6iDuoigBD2jV/RmvBjvxofxOW+tGOVMHS3A+P4FjXelog==</latexit>

i

<latexit sha1_base64="vWNas8i/QzXWQ3d3tee+O5CKSdQ=">AAACIXicbVC7TsMwFHXKq5RXKCOLRYXEVCUIFcZKLLAViT6kNqocx2mt2k5kO4gS9VdYGOBX2BAb4kcYcdIMtOVIlo7Oudf33uPHjCrtOF9WaW19Y3OrvF3Z2d3bP7APqx0VJRKTNo5YJHs+UoRRQdqaakZ6sSSI+4x0/cl15ncfiFQ0Evd6GhOPo5GgIcVIG2loVwcc6XH+TypJMEsns6Fdc+pODrhK3ILUQIHW0P4ZBBFOOBEaM6RU33Vi7aVIaooZmVUGiSIxwhM0In1DBeJEeWk+cwZPjRLAMJLmCQ1z9W9HirhSU+6bymxTtexl4r+e7/OF0eY8pujT8j46vPJSKuJEE4Hn64QJgzqCWVwwoJJgzaaGICypuQjiMZIIaxNqxUTlLgezSjrndbdRb9xd1Jq3RWhlcAxOwBlwwSVoghvQAm2AwSN4Bq/gzXqx3q0P63NeWrKKniOwAOv7F66TpS0=</latexit>

k

<latexit sha1_base64="tRn0YFKZOX9lZfKd5lwsKum40pg=">AAACKXicbVDLSgMxFM3UV62vqjvdDBahbsqMSHVZcKO7Cn1Bp5ZMetuGJpkhyQh1GPBr3LjQX3Gnbv0Jl6bTLmzrgcDhnHvJuccPGVXacT6tzMrq2vpGdjO3tb2zu5ffP2ioIJIE6iRggWz5WAGjAuqaagatUALmPoOmP7qe+M0HkIoGoqbHIXQ4HgjapwRrI3XzR15tCBrfxx7Heqg4ZgxkXHTPkqSbLzglJ4W9TNwZKaAZqt38j9cLSMRBaMKwUm3XCXUnxlJTwiDJeZGCEJMRHkDbUIE5qE6c3pDYp0bp2f1Amie0nap/N2LMlRpz30ymSRe9ifiv5/t87utYAlP0cTGP7l91YirCSIMg0zj9iNk6sCe12T0qgWg2NgQTSc1FNhliiYk25eZMVe5iMcukcV5yy6Xy3UWhcjsrLYuO0QkqIhddogq6QVVURwQ9oWf0it6sF+vd+rC+pqMZa7ZziOZgff8CCTin2g==</latexit>

!(1)

<latexit sha1_base64="RTyUKDcMpTg95ovjFJHBD3cw07Y=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKR6rLgRncV7APaUCbTm3bsZBJmJkIM/RY3LvRX3IkrwQ9x6STNwrYeGDic+zpzvIhRqWz7yyitrW9sbpW3Kzu7e/sH5uFRR4axINAmIQtFz8MSGOXQVlQx6EUCcOAx6HrT66zefQQhacjvVRKBG+Axpz4lWGlpaFYHAVaTfE/qsRhm6cNsaNbsup3DWiVOQWqoQGto/gxGIYkD4IowLGXfsSPlplgoShjMKoNYQoTJFI+hrynHAUg3zY/OrFOtjCw/FPpxZeXq34kUB1Imgac7M6tyuZaJ/9Y8L1g4nQpgkj4t+1H+lZtSHsUKOJnb8WNmqdDK8rJGVABRLNEEE0H1jywywQITpVOt6Kic5WBWSee87jTqjbuLWvO2CK2MjtEJOkMOukRNdINaqI0IStAzekVvxovxbnwYn/PWklHMVNECjO9fjyKlow==</latexit>

j

<latexit sha1_base64="vWNas8i/QzXWQ3d3tee+O5CKSdQ=">AAACIXicbVC7TsMwFHXKq5RXKCOLRYXEVCUIFcZKLLAViT6kNqocx2mt2k5kO4gS9VdYGOBX2BAb4kcYcdIMtOVIlo7Oudf33uPHjCrtOF9WaW19Y3OrvF3Z2d3bP7APqx0VJRKTNo5YJHs+UoRRQdqaakZ6sSSI+4x0/cl15ncfiFQ0Evd6GhOPo5GgIcVIG2loVwcc6XH+TypJMEsns6Fdc+pODrhK3ILUQIHW0P4ZBBFOOBEaM6RU33Vi7aVIaooZmVUGiSIxwhM0In1DBeJEeWk+cwZPjRLAMJLmCQ1z9W9HirhSU+6bymxTtexl4r+e7/OF0eY8pujT8j46vPJSKuJEE4Hn64QJgzqCWVwwoJJgzaaGICypuQjiMZIIaxNqxUTlLgezSjrndbdRb9xd1Jq3RWhlcAxOwBlwwSVoghvQAm2AwSN4Bq/gzXqx3q0P63NeWrKKniOwAOv7F66TpS0=</latexit>

k

<latexit sha1_base64="pABBa/YE88jsdbEObOMD4O+/+D4=">AAACIXicbVC7TsMwFHV4lvIKZWSxqJCYqgShwliJBbYi0YfUVpXjOK1V2wm2gyhRfoWFAX6FDbEhfoQRJ81AW45k6eice33vPV7EqNKO82WtrK6tb2yWtsrbO7t7+/ZBpa3CWGLSwiELZddDijAqSEtTzUg3kgRxj5GON7nK/M4DkYqG4k5PIzLgaCRoQDHSRhralT5Hepz/k0jip8l9OrSrTs3JAZeJW5AqKNAc2j99P8QxJ0JjhpTquU6kBwmSmmJG0nI/ViRCeIJGpGeoQJyoQZLPTOGJUXwYhNI8oWGu/u1IEFdqyj1TmW2qFr1M/NfzPD432pzHFH1a3EcHl4OEiijWRODZOkHMoA5hFhf0qSRYs6khCEtqLoJ4jCTC2oRaNlG5i8Esk/ZZza3X6rfn1cZNEVoJHIFjcApccAEa4Bo0QQtg8AiewSt4s16sd+vD+pyVrlhFzyGYg/X9C7iVpTM=</latexit> q

<latexit sha1_base64="vWNas8i/QzXWQ3d3tee+O5CKSdQ=">AAACIXicbVC7TsMwFHXKq5RXKCOLRYXEVCUIFcZKLLAViT6kNqocx2mt2k5kO4gS9VdYGOBX2BAb4kcYcdIMtOVIlo7Oudf33uPHjCrtOF9WaW19Y3OrvF3Z2d3bP7APqx0VJRKTNo5YJHs+UoRRQdqaakZ6sSSI+4x0/cl15ncfiFQ0Evd6GhOPo5GgIcVIG2loVwcc6XH+TypJMEsns6Fdc+pODrhK3ILUQIHW0P4ZBBFOOBEaM6RU33Vi7aVIaooZmVUGiSIxwhM0In1DBeJEeWk+cwZPjRLAMJLmCQ1z9W9HirhSU+6bymxTtexl4r+e7/OF0eY8pujT8j46vPJSKuJEE4Hn64QJgzqCWVwwoJJgzaaGICypuQjiMZIIaxNqxUTlLgezSjrndbdRb9xd1Jq3RWhlcAxOwBlwwSVoghvQAm2AwSN4Bq/gzXqx3q0P63NeWrKKniOwAOv7F66TpS0=</latexit>

k
<latexit sha1_base64="b/affxxSopXw4IBs0dmXC7p8ymQ=">AAACKXicbVDLSgMxFM34rPU16k43g0WomzJTpLosuNFdhb6gU0smvW1Dk8yQZIQ6FPwaNy70V9ypW3/Cpem0C9t6IHA4515y7gkiRpV23U9rZXVtfWMzs5Xd3tnd27cPDusqjCWBGglZKJsBVsCogJqmmkEzkoB5wKARDK8nfuMBpKKhqOpRBG2O+4L2KMHaSB372K8OQOP7xOdYDxTHjIFM8sXz8bhj59yCm8JZJt6M5NAMlY7943dDEnMQmjCsVMtzI91OsNSUMBhn/VhBhMkQ96FlqMAcVDtJbxg7Z0bpOr1Qmie0k6p/NxLMlRrxwEymSRe9ifivFwR87utEAlP0cTGP7l21EyqiWIMg0zi9mDk6dCa1OV0qgWg2MgQTSc1FDhlgiYk25WZNVd5iMcukXix4pULp7iJXvp2VlkEn6BTlkYcuURndoAqqIYKe0DN6RW/Wi/VufVhf09EVa7ZzhOZgff8CCuWn2w==</latexit>

!(2)

<latexit sha1_base64="fs4GsG6hW0UJb+/nHjWWtbzrw9c=">AAACInicbVDLSsNAFJ3UV62vaJdugkVwVRKR6rLgRncVbCu0oUymN+3QySTMTIQY8i1uXOivuBNXgh/i0kmahW09MHA493XmeBGjUtn2l1FZW9/Y3Kpu13Z29/YPzMOjngxjQaBLQhaKBw9LYJRDV1HF4CESgAOPQd+bXef1/iMISUN+r5II3ABPOPUpwUpLI7M+DLCaFntSj8WQpTgbmQ27aRewVolTkgYq0RmZP8NxSOIAuCIMSzlw7Ei5KRaKEgZZbRhLiDCZ4QkMNOU4AOmmxdHMOtXK2PJDoR9XVqH+nUhxIGUSeLoztyqXa7n4b83zgoXTqQAm6dOyH+VfuSnlUayAk7kdP2aWCq08L2tMBRDFEk0wEVT/yCJTLDBROtWajspZDmaV9M6bTqvZurtotG/L0KroGJ2gM+SgS9RGN6iDuoigBD2jV/RmvBjvxofxOW+tGOVMHS3A+P4FgB+lmg==</latexit>a

            NMF: ik,jk ij 
        Tri-NMF: ic,cd,jd ij 
    CP (3-mode): ik,jk,ak ija 
    CP (4-mode): ik,jk,ak,tk ijat 
Tucker (3-mode): ic,jd,ak,cdk ija 
Tucker (4-mode): ic,jd,ak,cdkr ijat         
Low rank Tucker: ic,jd,ak,cq,dq,kq ija 
   Tensor train: ic,jcd,ad ija 
         Custom: ic,jc,ad,dc ija 
                 ic,jd,ack,kd,k ija

→
→
→

→
→
→

→
→

→
→

Model examples

Euclidean distance 
Forward KL divergence 
Reverse KL divergence  

Itakura-Saito divergence 
Hellinger distance 
Neyman  divergence 
Pearson  divergence 

-divergence 
-divergence 
-divergence 

χ2

χ2

α
β

(α, β )

Loss examples



Fast Convergence of Multiplicative Updates
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To fit custom models, the only alternative options are automatic-
differentiation gradient-based methods, such as Adam.  

Compared to Adam, NNEinFact achieves: 

‣ Faster convergence 

‣ Lower heldout loss (better fit to the data) 



Custom Models Often Fit the Data Better
Custom models  more parameter-efficient representations of the data⟹



Flexible Parts-Based Scientific Discovery
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Case study: New York City Uber pickup data,  April to September of 2014 

Inferred Parameters in a Custom Model for NYC Uber Pickup Data  𝒴 ∈ ℕ27×7×24×400×400
0

5-mode tensor:  

‣ week 

‣ day of week 

‣ hour of day 

‣ latitude 

‣ longitude

̂y wdhij =
R

∑
r=1

θ(1)
wr θ(2)

dr θ(3)
hr

K

∑
k=1

θ(4)
irk θ(5)

jrk

ϕijr

r = 1 r = 2 r = 3wr,dr,hr,ikr,jkr → wdhij

↔

ϕijr

Model: CP-like, except extra parameters 
for spatial structure



NNEinFact: Summary

Einsum representation: Any tensor network, decomposition, or factorization that 
can be represented as a tensor contraction can be represented as an einsum 
factorization.  

Multiplicative update algorithm: NNEinFact is a general-purpose multiplicative 
update algorithm for any nonnegative einsum factorization under a wide family of 
loss functions (e.g., Gaussian likelihood, Poisson likelihood, robust losses, …).   

‣Guaranteed to converge 

‣Flexible tool with simple, user-friendly code 

Empirical advantages:  

‣Converges faster than gradient-based approaches to lower loss values 

‣Allows for expressive, parameter-efficient factorizations tailored to your data


