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Conformal Prediction produces a range guaranteed to contain the true outcome with a certain probability.
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X, Ye: input-target pair, a: significance level

[1] Vovk, V., Gammerman, A., & Shafer, G. (2005). Algorithmic Learning in a Random World. Springer US.
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Exchangeability

Q: How can we guarantee coverage on the unseen set?
A: Exchangeability.

() Co) G (s (9 () () ()

P(x1, X5, X3,X%4) (equaldist)  P(X3, Xy, X1, X2)

If the joint distribution of calibration samples (1, ..., T-1) and unseen samples (T, ..., T+n)
is invariant under finite permutations, valid coverage on the unseen set is guaranteed.

P(Xl,XZ, ...,XT) — P(Xn(l)»Xn(Z)» "-:Xn(T))

« dist.: distribution
* m: permutation of indices
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Exchangeability Failures in Time Series Data

In Sequential Conformal Prediction for Time Series, residuals exhibit temporal characteristics,
so exchangeability is often violated.

calibration set | unseen set

—— y;: ground-truth
— =+ ¥;: point-prediction
C{: prediction interval

— & =Y — J: signed residual
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Exchangeability Failures in Time Series Data

In Sequential Conformal Prediction for Time Series, residuals exhibit temporal characteristics,
so exchangeability is often violated.

Why does Exchangeability fail?

Histogram of {&:}]_; PACF
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4 . The histogram of prediction residuals (left) shows that the residual distribution is
calibration set | unseen set highly skewed, and the partial autocorrelation between residuals (right) shows a

significant serial correlation among residuals [2].

—— y;: ground-truth
* Distributional shifts over time

— =+ ¥;: point-prediction

C#: prediction interval * Temporal autocorrelation

— & =Y — J: signed residual

* Non-stationary residuals

[2] Xu, Chen, and Yao Xie. "Sequential predictive conformal inference for time series." International Conference on Machine Learning. PMLR, 2023. 5
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Q: How do existing methods address this?
A: Reweighting.

observation observation
Exponential Decay %_/\_/ ; ? H
IMHN )
-==asaaanli . . l I I I Ww‘ﬁf

value

value

FERTEIN, o, S,

Past Recent <
NexCP (3] computes weighted quantiles of past residuals using fixed, HopCPT (4] retrieves past residuals with similar context to estimate
time-decaying weights to handle distribution drift. the conditional residual distribution.

Reweighting approximates exchangeability by assigning data-dependent weights to past residuals.
1. However, reweighting assigns continuous weights that can distort the residual distribution 4.

[3] Barber, Rina Foygel, et al. "Conformal prediction beyond exchangeability." The Annals of Statistics 51.2 (2023): 816-845. 6
[4] Auer, Andreas, et al. "Conformal prediction for time series with modern hopfield networks." Advances in neural information processing systems 36 (2023): 56027-56074.
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Binning and KS statistic for Sequential CP

Binning preserves empirical distributions by avoiding explicit weighting schemes, provided that samples
within each bin are approximately exchangeable.

--------------- Real Y DistMatch SPCI
1.0
@ produces valid
OOt L Ll R LA BT AL | coverage even under extreme distribution shifts.
0.2
50 100 150
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Each bin should be approximately exchangeable!




Binning and KS statistic for Sequential CP

Q: What can be the best bin criteria?
A: Kolmogorov-Smirnov statistic.”

Histogram KS Statistic
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Definition (Two-Sample KS Statistic). Let S(¢) = {¢4, ..., &} be

a finite sample of residuals. Its empirical cumulative distribution

Density

D(Xg41,X42) = 0.210
p-value = 2.41e-02

5 0.5

function (ECDF) is defined as . o
1 0.251
Z I{er < x}, g

FS(S) (x) = |S(€) | mm Symmetric Data (Normal)

where J(-) denotes the corresponding index set. Then, the KS
* Robust to skewed residuals

statistic (distance) between S(¢;) and S(¢;) is defined as

Symmetric ECDF {Xsyn)

ted (S(E)) Skewed Data {Residuals) Skewed Group 1 ECDF (Xg;)
—— Skewed Group 2 ECDF (X,z)

* Does not need temporal assumptions

Dks (5 (&), S (Ej)) = sup |FS(el-) (x) = Fy(e ) ()| (i.e., global stationary)

[5] Massey Jr, Frank ]. "The Kolmogorov-Smirnov test for goodness of fit." Journal of the American statistical Association 46.253 (1951): 68-78.
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Distribution Matching - Train

DistMatch builds a binary tree grouping similar residual patches via the KS statistic:

Patch + Target (pair)

7
€t €t+1

— KS>y —KS<v

« &:residual patch ({e;—w+1, E—w+2 -» E})
* &4q: target residual

* Ny: root node

« N, N{:left/right child

 y:KS threshold for tree splitting
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Distribution Matching - Train

MG score quantifies how many samples are distributionally similar to a given candidate anchor:

Patch + Target (pair)

7
€t €t+1

Maximize MG* Matched data

* MG : Matching-based Gain score

MG(E) = ) 1{Dgs(én8) <7}
K-1 K A

Ly_1 Get a Spht anchor (pFOtOtype)! *  D: calibration data of patch-target pairs
qa qa * J(D):index set of D
e 1{-}: indicator function
K: number of leaves
Ly: k-th leaf
Qik : quantile estimator within leaf
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Distribution Matching — Inference (Real-world example 1) o

When an unseen patch is matched directly to the right-most leaf:

Matching Unseen Depth 0 Motehod 1
Tree Root Patch KS < 0.1 — RIGHT ‘
10 - 15 -
KS<v -
U 10-
0.8 - e
D E
! LL 06 - Q. oo-
8 © 05-
W) - S
/\LK E -15 -
qa 02 - m
m =20 -
Matched Leaf ! 00 - — prototype hm 55

-2 -1 0 1
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Distribution Matching — Inference (Real-world example 2)

When an unseen patch is matched via tree traversal:

Matching
Tree Root

1 2
A [’1 A Lz
da da
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Depth 2
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Matched !
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Distribution Matching - Inference

Given the selected leaf, the stored residual pairs are passed to QRF to estimate the unseen patch’s target residual:

Selected Leaf £ . Input {e}}eﬁ(_) - Compute F(g.41]&)

inf{e;1; € R:F(g4118) = a}
2 B G (&)
~L,
“ Corder,  Corder,  (eoaidery | -y
Aggregation a t+1

QREF [6] builds a forest by bootstrapping the input patches within a leaf and applies a
quantile operator based on conditional ECDFs to estimate the target residual.

V

Additionally adopt an adaptive refinement strategy with 6.
6" = argmingeo q| 1G1-a+s(Er) — G5 (E7)I.

CF(xr41) = [Dre1 + G5 (Er), Vre1 + Grars (ED].

[6] Meinshausen, N. Quantile regression forests. Journal of Machine Learning Research, 7:983-999, 2006. 13
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Theory — Definition and Assumption

Definition (y*-Approximate Local Exchangeability). Let L4+ denote the leaf selected by &7. The
target residuals {&;41}, e ( L )) are y*-approximately locally exchangeable with respect to the
/u’/*

unseen target ey q if

max Dgg(Pry1, Prv1) <77
tEf](l:(k*))

where P, ., and Pr,; denote the distributions of €, and er,, respectively. Notably, y* = 0
recovers the i.i.d. case, while y* > 0 allows mild shifts between samples.

14
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Theory — Definition and Assumption

Assumption (Local Stationarity and Patch Mixing). The observed process is locally stationary in the
sense of (Dahlhaus, 1997) 7, and the predictor ¢ is a smooth mapping, thus the residual process {&; =
y: — ¢ (x)} inherits local stationarity. Consequently, the patch sequence {&;} is f-mixing with coefficients

{Bm}m=1 satistying }; ,B;,L/ < o0.In addition, there exists a conditional distribution kernel K with &4 |
& ~ ¥ (&,) that is KS-stable: for any patch distributions P, Q,

Dks (P, Q%) < C Dks(P,0Q),
where PXK denotes the marginal distribution of €,,, when & ~ P.

1.050 30.4- 1 Elec (m=1)
O E [ Wind (m=1)
1.025-2 0.2 1 Solar (m=1)
=) BN Elec (m=10)
100{]: EDD B Wind (m=10)
' : . . . . B Solar (m=10)
5 10 25 50 100 > 10 25 . >0 100 % reaches 0
Patch Patc

f-mixing holds in real-world datasets: TV distance generally decreases as the
lag m increases across various datasets and patch sizes.

C = 0(1) in real-world datasets.

[7] Dahlhaus, R. Fitting time series models to nonstationary processes. The Annals of Statistics, 25(1):1-37, 1997. 15



Theory — Convergence of Algorithm

0.2-|Z|=14.43 _ |£| =18.83
) y=0.10 [£]=35.50 Yy=0.10
(=] X y=0.10 I
501
S % —
.

0.0- L T

Elec. Solar wind
Datasets

Theorem of convergence holds in practice: with fixed y = 0.1,
the range of y within leaves satisfies < 0.2
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Theorem (Convergence).

Every leaf satisfies:

max Dks(F;, P;) <2
i JET(L () ks (P, Fy) < 2

* L-: leaf selected by unseen patch

* P, P patch distributions at indices i, j
* Ly: any leaf

 y:KS threshold for tree splitting

16



Theory — Coverage Guarantee

UC Mode] | DistMatch | KOWCPI HopCPT SPCI EnbPI | NexCP | CP [ Copula
(Ours) (2025) (2023) (2023) (2021) | (2023) | (2021) | (2024)
s | Win | | 1.97F001 2.44F0-00 3.35+021 2.54+0.06 3.36 3.51 3.93 3.77
2| Cov.? 0.92+0-00 0.90+0-00 0.91+0-02 0.90+0-00 0.85 0.92 0.97 0.96
Width | | 0.27%000 | (38000 0.50%0:05 0.28+0-00 0.45 0.57 0.71 0.67
o | Win. | | 1.54=99% 2.07+0-00 1.90*0-13 1.98+0-15 2.55 3.74 3.56 3.54
S| Cov.t 0.91+0-00 0.93+0-00 0.92+0-01 0.85+0-:01 0.88 0.89 0.86 0.88
Width | | 60.00£0240 | 109.31%0:00 | 97.04%821 | 47365514 | 112,57 | 215.67 | 167.91 | 187.69
< | Win. | | 2.15%0-01 3.54+0-00 3.72+0:31 2.19+0-00 4.37 3.98 4.40 4.10
-§ Cov. T | 0.90%0-:00 0.89+0-00 0.90+0-01 0.83+0-00 0.85 0.89 0.74 0.82
Width | | 69.04%0-03 | 139253000 | 151 66+12:82 | 63.144+0-18 | 14563 | 171.67 | 147.57 | 159.00

|[P) (€T+1 <

mz:( ) =

L
ql—a+6*

max D

Then, with probability at least 1 — &,

)-a-a

where Q['(k*) (E) =0 (O_mix\/log(l/f) /|[’(&*)

KS(Pe+1, Preq) < 2Cy + 0(Tmix);

S Mg+ 0r () +87 +1/|Lepr

)

Theorem (Coverage Guarantee). Let L4+ be the leaf selected by the unseen patch & among {L},_1, and let §
any consistent estimator of the (1 — a + §*)-conditional quantile constructed within Ly~ with §* € [0, a].
Define the within-leaf target divergence

L(k*)
1—

where C = O(1) depends only on the reqularity of the conditional kernel K and o iy = O(Xms1 v/ Bm)-
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Theory — Bootstrapping and OOD

Case 1: mild shift C@ C% g( g 2 ?
* * *

Unseen
Patch A

is routed to [Matched] leaves in ALL trees.

Case 2: extreme shift
Unseen
OOD OOD Y

Patch B

At least one tree routes the to a [Matched] leaf!

* OOD: routed to leftmost leaf

18



Qualitative Results
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(a) DistMatch yields narrow, adaptive intervals under distribution shifts, while baselines struggle.
(b) Residuals within a leaf share similar distributions (p > 0.05), while those across leaves differ (p < 0.05).

DistMatch
1.0 o
(ol " 1, ’ N Al htl
o 1 I 3 ™~ ke ~a
0.6 1umt™ it At N Ll e N o
e el Lad g ,"“’\‘ 1 \ i M e~ P D0 S el TS LV A 4 -‘
';V SOt il I’ oY) ‘Iﬂh“h-— Qal o™ l""’\'z ket -\\_‘"l.'— ) \ﬁ{'&"rl "\-._..J-“":"""'I&;
O 2 |'l‘\vn,‘/ "'r -.\" A " Y '.J“\\\l—l"' ‘l“o’)
500 590 680 770
KOWCPI HopCPT SPCI EnbPI NexCP
1.0
™
XU [\ Y r '~|
1 1 ] 1 1 I'q -~ . td \ Al Y ~
0.6 4 1. ,'"r R “j‘:/\‘ M 1 i A i R
e 1 T R e N g Sy e Tl 11l N A N A T O
v ] I W, 1 N % e Sl ot = :
O 2 ' Ly ? 7 hAY ] | Y MARN

(a) Visual Comparison of Prediction Intervals.

1.0
p-value: [~

11.48e-05 0.8
0.6 2
Q0
©
0.04 0.4@
p-value: 0.82 &

p-value: p-value: 0.80 -0.2

0.04 [T p-value: 0.84
1 0 i -0.0
X

(b) Clustered Results and p-value from DistMatch.
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Contributions

First binning-based sequential CP framework using KS-based distribution matching,
replacing the reweighting scheme.

Proves approximate exchangeability in leaves, enabling a valid coverage guarantee
even under distribution shifts.

State-of-the-art performance across various real-world datasets.

20



Thank You!

Enver Menadjiev: enver@kaist.ac.kr

Jihyeon Seong: jihyeon.seong@kaist.ac.kr

Jisu Yeo: jisu.yeo@kaist.ac.kr

Jaesik Choi: jaesik.choi@kaist.ac.kr
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