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Introduction

• We consider a fundamental problem of sampling from a non-log-concave distribution 𝜋 ∝ exp(−𝑓(𝑥)) via Langevin 
Monte Carlo (LMC) algorithm:

𝑥(𝑘+1)𝛾 = 𝑥𝑘𝛾 − 𝛾𝛻𝑓(𝑥𝑘𝛾) + 2(𝐵(𝑘+1)𝛾 − 𝐵𝑘𝛾),

     where (𝐵t)t≥0 denotes Brownian motion, and 𝛾 is step size. 

• Many applications involve unavailable or prohibitively expensive gradients, motivating zeroth-order (ZO) LMC 
methods1,2,3

𝑥(𝑘+1)𝛾 = 𝑥𝑘𝛾 −
𝛾

𝑏
∑𝑖=1
𝑏 ෨𝛻𝑓𝜇(𝑥𝑘𝛾 , 𝑢𝑘

𝑖 ) + 2(𝐵(𝑘+1)𝛾 − 𝐵𝑘𝛾),

      where 

              ෨𝛻𝑓𝜇(𝑥𝑘𝛾 , 𝑢𝑘
𝑖 ) =

𝑓(𝑥𝑘𝛾+𝜇𝑢𝑘
𝑖 ) − 𝑓(𝑥𝑘𝛾)

𝜇
𝑢𝑘
𝑖 ,           where  𝑢𝑘

𝑖 ~N(0, 𝐼). 

𝑖: Gaussian vector index 𝑘: iteration index

1. Liu et al: OPT2020 Workshop 2020.    2. Roy et al: Bernoulli 2022.    3. He et al: NeurIPS 2024. 



Challenge 1: Non-asymptotic convergence guarantees for ZO-LMC sampling is limited by strongly log-concave 

target distributions 𝜋, which does not hold in general. 

Motivation

Challenge 2: For accurate ZO estimation of the gradient, batch size should be 𝑏 = 𝒪(𝑑), which is impractical in high-

dimensional settings due to memory budgets or computation costs per iteration.

• Derivative-free methods1,2,3 gained increasing attention to solve black-box inverse problems

𝑦 = 𝐴(𝑥) + 𝑛, 𝑛 ~ N(0, 𝜎𝑛𝑜𝑖𝑠𝑒
2 𝐼),

where we have input-output (black-box) access to the forward model 𝐴.

derivative-free

sampling

𝑦 ො𝑥𝑝𝑟𝑒𝑑

Navier-Stokes Equations

Challenge 3: Existing derivative-free methods rely on heuristic

approximations, preventing convergence guarantees in sampling.

1. Huang et al: ICML 2024.    2. Tang et al: AISTATS 2024.    3. Zheng et al: TMLR 2025.   



Methods
• We propose a variance-reduced ZO estimator to reduce per-iteration cost b = 𝒪(𝑑) → 𝒪(1):

𝑔𝑘 =

1

𝑏
∑𝑖=1
𝑏 ෨𝛻𝑓𝜇(𝑥𝑘𝛾 , 𝑢𝑘

𝑖 ) 𝑤. 𝑝. 𝑝

𝑔𝑘−1 +
1

𝑏’
∑𝑖=1
𝑏’ ෨𝛻𝑓𝜇(𝑥𝑘𝛾 , 𝑢𝑘

𝑖 ) − ෨𝛻𝑓𝜇(𝑥(𝑘−1)𝛾 , 𝑢𝑘
𝑖 ) 𝑤. 𝑝. 1 − 𝑝,

where 𝑏’ ≪ 𝑏 and 𝑝 and is probability of using a large batch size.

• Using this estimator, we propose variance-reduced ZO LMC sampling algorithm

𝑥(𝑘+1)𝛾 = 𝑥𝑘𝛾 − 𝛾𝒈𝒌 + 2(𝐵(𝑘+1)𝛾 − 𝐵𝑘𝛾).

• This estimate is accurate and reduces variance given a Lipschitz continuous potential function. 

Assumption 1: The potential 𝑓 is 𝐿1-Lipschitz continuous: 𝑓(𝑥1) − 𝑓(𝑥2) 2 ≤ 𝐿1 𝑥1 − 𝑥2 2 for all 𝑥1, 𝑥2 ∈ ℝ𝑑

and for some 𝐿1 > 0.

• We additionally require the following standard assumption for controlling the discretization error of LMC. 

Assumption 2: The gradient of the potential 𝑓 is 𝐿2-Lipschitz continuous: 𝛻𝑓(𝑥1) − 𝛻𝑓(𝑥2) 2 ≤ 𝐿2 𝑥1 − 𝑥2 2

for all 𝑥1, 𝑥2 ∈ ℝ𝑑  and for some 𝐿2 > 0



Theoretical Results
• In our theoretical analysis, we consider the time interpolation of the proposed algorithm:

𝑥𝑡 = 𝑥𝑘𝛾 − (𝑡 − 𝑘𝛾)𝒈𝒌 + 2(𝐵𝑡 − 𝐵𝑘𝛾) for 𝑡 ∈ [𝑘𝛾, (𝑘 + 1)𝛾].

Theorem 1 (Informal): Let 𝜋 ∝ 𝑒𝑥𝑝(−𝑓(𝑥)) be the target distribution with 𝑓 satisfying Assumption 1 and 2. 
Then, for some 𝛾 > 0, 𝑝 ∈ (0,1], 𝜇 > 0, and 𝑏 > 0, the distribution ҧ𝜈𝑁𝛾 of random sample 𝑥𝑡 for 𝑡~𝑈[0, 𝑁𝛾] 

satisfies FI( ҧ𝜈𝑁𝛾||𝜋) ≤ 𝜀 after 𝒪(d7/𝜀4) iterations with 𝒪(1) function evaluations per iteration. 

Theorem 2 (Informal): Let 𝜋 ∝ 𝑒𝑥𝑝(−𝑓(𝑥)) be the target distribution with 𝑓 satisfying Assumption 1 and 2. 
Then, for some 𝛾𝑘 > 0, 𝑝𝑘 ∈ (0,1], 𝜇𝑘 > 0, and 𝑏𝑘 > 0, the distribution ҧ𝜈𝑁𝛾 of random sample 𝑥𝑡 for 

𝑡~𝑈[0, 𝑁𝛾] converges weakly to 𝜋 with 𝒪(1) function evaluations per iteration. 

• 𝜋 satisfies Poincaré inequality → ҧ𝜈𝑁𝛾 − 𝜋
TV

2
≤ 𝜀 after 𝒪(d7/𝜀4) iterations with 𝒪(1) function evaluations per 

iteration. 

• Using Bayes’ rule, and score network prior, we propose and analyze ZO-APMC for black-box inverse problems:

𝑥(𝑘+1)𝛾 = 𝑥𝑘𝛾 − (𝑡 − 𝑘𝛾)(𝑔𝑘 − 𝛼𝑘𝒮𝜃(𝑥𝑘𝛾 , 𝜎𝑘)) + 2(𝐵𝑡 − 𝐵𝑘𝛾)

• Controlled perturbation + bounded error → same theoretical guarantees! 



Empirical Results: Toy Experiments
• 2D experiments with random 𝐴; results report the mean FI of ZO-APMC (proposed method) over 20 seeds. 

• ZO-APMC converges in FI for different p values.

• ZO-APMC converges to 𝜀 = 0.01 with the same per-iteration cost pb + (1−p)b’ = 𝒪(1) and different p and b values.  



Empirical Results: MRI and Black-Hole Imaging

MRI Reconstruction Black-Hole Imaging

• Across MRI reconstruction and black-hole imaging, ZO-APMC consistently outperforms black-box sampling 

baselines on almost all metrics.



Empirical Results: Representative Cases
• For black-hole imaging, ZO-APMC reconstructs most closely match the ground truth compared to other baselines. 

• For Navier-Stokes problem, ZO-APMC generates samples comparable to EnKG and DPG, while providing theoretical 

guarantees.

Black-Hole Imaging Navier-Stokes



Conclusion

• We proposed variance-reduced ZO sampling algorithm with first non-asymptotic convergence 

guarantees for non-log-concave sampling. 

• We introduce ZO-APMC, the first derivative-free black-box inverse problem solver with non-

asymptotic convergence guarantees.

• We validated our theory experimentally and demonstrated strong empirical performance of ZO-

APMC in high-dimensional settings.

• Future work includes extension of our method to underdamped Langevin dynamics and latent 

diffusion models for improved sampling efficiency. 
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