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The Problem: Direct Reinforcement Learning
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That is Sample
Complexity. Under
Direct Post-Training,

DepthK = : ;
£ A . : if the correct path is
; :A‘ SN \ "“, ' 2B ﬁ’;ﬁ’ﬁ:‘fgi'ﬁ' rare, you need millions
=7 — ‘ b ' of tries. You'll be an
2 4 \ 4 - . . = old man before you
| keep h Y learn this way!
guessing, but Y
the ‘Correct N
| Chain-of-Thought’
is too rare! |
never get any
feedback!

under the base model drives the sampling cost.
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[1] Parashar et al (2025) Curriculum Reinforcement Learning from Easy to Hard Tasks Improves LLLM Reasoning

Question:
How to get

Question: Solution: Question: Solution: Question: Solution:
How to get 5X 13 =65 How to get axX 13 =65 How to get 55X 13 =65

24 with
(3,5,7,13)?

24 with 7+ 65 =72 24 with 7 + 65 =72 24 with
(3,5,7,13)? | 72 +3 =24 (3,5,7,13)? (3,5,7,13)?

[2] Liu et al. (2025) UFT: Unifying Supervised and Reinforcement Fine-Tuning



3.5 7 13=24

5 x 13 =065 3+5=28
1T—3=4 I'4165 = 72 83— =1 8413 =21
44+65=69 65—4=061 2-3=%24 Tl2xao=216 13+1=14 B=1=l3 2l+¥i=28 2l+=7=3

Figure 1. An illustration in Liu et al. (2025b) of the Chain-of-Thought for Countdown game, where the goal 1s to obtain 24 by applying
basic arithmetic operations (4, —, X, =) (®;(-, -) in our Def. 2) between the current step’s number (e.g., 13, 65 or 72) and some unused

number (e.g., 5, 7 or 3) in {3, 5, 7, 13}, targeting 24 as the final outcome. Per (Parashar et al., 2025), the difficulty measure of Countdown
1s the number of arithmetic operations required to solve an instance.
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Figure 2. Reasoning tree for parity problems with d = K = 3 and input x1, z2, x3, EOS. The nodes on the 2nd—4th levels denote
hypotheses about which index is the current secret index, corresponding to x;,, Ti,, and x;,, respectively. In our parity CoT class
f e Fhmy | each step actually consists of two actions: (i) choose the next secret index i+; (ii) after the choice, apply an XOR over z: 1
and x;, as z: = Pi(zt—1,xi,) := 2¢t—1 D x4, as formalized in Eq. (6). For visual clarity, the tree only displays the index-selection
branches and omits the explicit XOR updates. E denotes the EOS token. For parity tasks, there are illegal children ¢ Z; for each parent

that violate the “legal” criteria: non-repeating indices and strictly increasing order (21 < 722 < 23 < ---); thus, for any parity problem,
CoTs with duplicate variables or decreasing index order are illegal.
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See the difference?
Instead of multiplying

the difficulty (C*x C*...),

EXPONENTIAL NIGHTMARE we just add it (C*+C*..)! POLYNOMIAL WALK IN THE PARK
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Contribution: A High-level Sketch

» High-level Intuition of the cost under direct and curriculum scenario.

log(d™1)) trails.

To sample 7, from Tref with prob]1 — ¢ , standard rejection sampling needs @(\

Assumptions:

(A1: Realizability): ||"’T;’”’+1 lloos | 3£ ||oo < 00 )
g . .
(A2: Suitable Step-wise Difﬁculty): ||%||oo < ©(CP),Vk for some p <« K and constant C' > 1

(A3: Intensive Direct Difficulty): || ||OO > O(C* =) for the same constant C' > 1 1 < b < K, ¢ < bK

Conclusions: Direct Learning requires ©(C*%~¢) trials  Curriculum Learning requires O (K C’?) trials

For any ¢ > 0, let N.(m2 | m1) denote the ¢ prec1510n Corollary 1 (Sufficient Condition for Curriculum Exponen-
sample complexity' required to reach the optimal policy 72 tial Improvement). Forany ¢ > 0, consider a base policy
starting from a policy 7;. Consider learning the optimal et = T and a target optimal policy © F Tyet. Sup-
policy 7* from a base policy 7r.o¢ via a step-wise curriculum pose there exists a curriculum of K subtask optimal policies
: - ‘ :
G ys : ; i P ses 45 % 1= 7" such that
consisting of A intermediate subtask policies Tigeen eyl $= T 108

* * Ne(my | Th—1) (Ii/Nf * | meet)), (D)

* * G
T{‘O:Trl‘efj Wl- ©ee s Tr_[{ =T . -

By definition, curriculum-style post-training is more sample-

or all k € |K|. Then, the ratio between the sample com-
P
plexity of direct estimation N3¢t and that of step-wise

efficient than direct post-training if and only if the cumula- curriculum estimation NS™Heulim sarichos

tive sample complexity of the intermediate stages is smaller |

than that of directly learning 7* from 7,.¢, namely, Nirect N. ( * | mg) _ O( (C *)K)
Ngurriculum ZAE (ﬂ-k ‘ ﬂ—A 1) KO~ :

S Ne(mp | 7)< Ne(r* | meet):

ke[K) where C* := X/N_(m* | mrer) > 1.




+ We model your thinking as a
State-Conditioned Autoregressive
| Reasoning Tree (2S-ART). Every
step is a choice.

In “Outcome-0Only” tasks like
math, you only know if you won
at the very end ($EOS). One
wrong turn early on, and
the whole path fails!

@wzm X)

22 | # EOS

Def. 2: Formalizing Chain-of-Thought as a probabilistic path through
a decision tree. Sparse rewards mean signal is lost in deep trees.
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I Definition 1 (2-States Conditioned Autoregressive Rea- AR WosevsitiaT o ity <
‘ Sl S ool KA 1 R, [N O /i B J f. Stute—Cunditizned Autorggressive
({P:}i<r,{Zi }i<r) is a class of autoregressive tasks. Given | » Reasoning Tree (2S-ART). Every
input (x, EOS) where x = (w1, ..., wa) € [K]%is followed JEERMITTRIGE) step is a choice. .
| by a EOS token, a task fqr € Fos.arr generates a CoT —
| (21, ..., 2k, EOS) deterministically according to its (k+1)- In “Outcome-0Only” tasks like 1
size index path S* = (i1,....ip.d + 1) where k < L: math, you only know If you won

at step [, fgr chooses an index i; < d + [ from a legal atthe UE{Y end (IsEﬂS)*D;e
set I; with size ©(d), reads the corresponding element v;, WFS_‘F;QWELTEESLE’thE,"gP

from the current sequence, and updates its reasoning state |

by a two-states map z; = ®;(z_1,v;,), with zp := EOS,
ik+1 =d+ 1 and <I>k+1(zk, EOS) = EQOS.

The function value fsr(x) of task fsr is defined by the
pre-EOS token, i.e.

fsr(X) := Pr(2k—1, v4,)-

The associated curriculum subtask family is then character-

4

 Markov-chain reasoning (Kim et al, 20253)
(5(25_1, ’Ug(iz)) = @(Zg_l) for some Cﬁ),
N\ ~ A JJ . IR

» Induction-head for associative recall (Nichani et al.,
2025) (®;(z1—1, v (1)) = vi(dr));

N~ \Y §

e causal-graph reasoning (Nichani et al., 2024)

e m—

——

ized by the EOS-ended prefix paths S' = (41,...,%,d+1) e ((1)5(21—13 ’Uz(il)) — qb(yl(iz)) for some ¢).

with function values fq(x) := ®r(21-1,v;, ), < k. N

Def. 2: Formalizing Chain-of-Thought as a probabilistic path through
a decision tree. Sparse rewards mean signal is lost in deep trees.

.
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1' Definition 1 (2-States Conditioned Autoregressive Rea-
‘ soning Tree (2S-ART)). A 2S-ART, denoted as Fos.arT

({P:}i<r,{Zi }i<r) is a class of autoregressive tasks. Given
input (x, EOS) wherex = (x1,...,xq) € [K]|%is followed
| by a EOS token, a task fqr € Fos.arr generates a CoT
(21, ..., 2k, EOS) deterministically according to its (k+1)-
size index path S* = (i1,....ip.d + 1) where k < L:
at step [, fgr chooses an index i; < d + [ from a legal
set I; with size ©(d), reads the corresponding element v;,
from the current sequence, and updates its reasoning state
by a two-states map z; = ®;(z_1,v;,), with zp := EOS,
Uiy = d-+ 1 and (I);,J+1(Z;cj EOS) = BEQOS.

The function value fs.(x) of task fsr is defined by the
pre-EOS token, i.e.

fsr(x) = P (2k—1,v4,)-

The associated curriculum subtask family is then character-
ized by the EOS-ended prefix paths S' = (i1, ..., 4, d+1)
with function values fq(x) := ®r(21-1,v;, ), < k.
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Def. 2: Formalizing Chain-of-Thought as a prok

a decision tree. Sparse rewards mean signal is

T LR LR R AP Y AR Y S 1 I

Transformer (TF(-; W)) as Learning Model. Let U =
(1, ..., pr. pros| € RXE+D denote the embedding
vocabulary, where the k-th column corresponds to the em-
bedding of token k, and pugos denotes the embedding of
EOS. Following Li et al. (2025), we adopt mutually or-
thogonal positional encodings P := [p1,. .., pa+1] satisfy-
ing p;, L U. Token embeddings and positional encodings
are concatenated as E[x,,,] = [u® ', p,n']T, E[EOS] =
(weos ,par1 '], and E[z] = [u* ', p;, '], forallm €
|d],l € [L+1],and ¢; € [d+ 1]. Given the embedded inputs
E[z1],...,Elzq], E[EOS] € R“e. For notational conve-
nience, we define E[z_,4] := E[z4],...,E[z_1] := E[x4],
and E[2p] := E[EOS]|. The transformer performs autore-
gressive next-token prediction via

TF(E[Z_Q(L i s & E[Zg_ﬂ;W) = E[ZZL (4)

where W denotes the model parameters. Throughout the
reasoning process, the original input embeddings remain
fixed, while the CoT states E[z;| are generated autoregres-
sively. Specifically, the forward computation at step [ is
[—2
P = Z V(E[/::j}Soft.ma.x(E[zj}TKTQE[.Zg_iD) c R,
j=—d

pi, ~ softmax(p, P/3),
7 = FEN (", 711),

(5)

E[=] = [#%,pi,]T € R,

pokLM



1' Definition 1 (2-States Conditioned Autoregressive Rea-

‘ soning Tree (2S-ART)). A 2S-ART, denoted as Fos.arT
({P:}i<r,{Zi }i<r) is a class of autoregressive tasks. Given

input (x, EOS) wherex = (x1,...,xq) € [K|%is followed

| by a EOS token, a task fqr € Fos.arr generates a CoT

(21, ..., 2k, EOS) deterministically according to its (k+1)-

4

size index path S* = (i1,....ip.d + 1) where k < L:
at step l, fgr chooses an index 1; < d + [ from a legal
set I; with size ©(d), reads the corresponding element v;,
from the current sequence, and updates its reasoning state )
by a two-states map z; = ®;(z_1,v;,), with zp := EOS,

ik+1 =d+ 1 and (I)k+1(zkj EOS) = EQOS.

The function value fsr(x) of task fsr is defined by the
pre-EOS token, i.e.

fsr(x) = P (2k—1,v4,)-

The associated curriculum subtask family is then character-

e m—

ized by the EOS-ended prefix paths S' = (i1, ..., d+1)

with function values fq(x) := ®r(21-1,v;, ), < k.

Def. 2: Formalizing Chain-of-Thought as a prok
a decision tree. Sparse rewards mean signal is
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CoT and Curriculum Subtask Family for Parity. Per
Def. 1, the resulting XOR-based CoT (Wen et al., 2025a;
Abedsoltan et al., 2025) is:

o = By B = B DBy < ony S — B Dy, = fe(x], (6)

where i1 < 19 < ... < 1. In this case, the cur-

riculum subtask family is the prefix-index family Fg =
{Fot, s np foa) with §% = [8y,.. 8m,d F 1) and
for (x) = zi» for k' € |k]; early termination by EOS
follows Def. 1. In particular, the legal sets {Z; } is defined
to satisty 71 < 10 < -+ < 1.

Transformer (TF(-;W)) as Learning Model. We
follow Eq. (4), Eq. (5), set the vocabulary as U =
[”O? p,lj NJEOS] = [(‘521j €9, 63} for 0, 1 EOS, and the FFNZ
is instantiated for XOR operation:

FFN;, = Wy ReLU[W1 (ﬂmil + E[Zl—l}:dx)} (7)

where
il 1 i [ i 3
3 2 3 =1 2
W,=|0 1 0 Wo= 10 1 =2|. (8
-3 3 —3 0 0 0

It can be checked directly that this ensure our FFN; repli-

cates the ®;(z;_1,v;(i;)) = 2121 D v (4p).

nokLM
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| /" Don't work harder, X

UM coaufk ; Nobita, work smarter!
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Will it do the IHE c""l

=\ homework for me?

We need Curriculum
Post-Training!

5, .r*
/

No! It breaks the
“Hard” task into a
sequence of “"Easy”
subtasks. We turn the

vertical wall into a
gentle staircase.

into a sequence of manageable steps mg, 77, ..., Tk.
/ ’ _ i _-' - _.ﬁ




GADGET MODE 1: DEPTH-INCREASING

N _ O, L /AN steprsowver-step "\|| step 2: Extend Horizon, |
tree! First, you learn Problem, Get Reward! Master 2-Step Problem! | _
to solve 1-step (‘Fﬁ e

blems. ,—\\f:-rzlf f—,/ f,f:

.__,-*.f
..-'

!-"'f

#
i F
L]

D Iy
e o = 5". -
- :

Once you
master that, ....
we extend the

horizon to

g Dep th -Increasing Curriculum: Progressively extending the reasoning horizon.
The model learns short chains before attempting long ones.

Step 2: Extend Horizon, ~~
Master 2-Step Problem! =,

A A 4 \\" L
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GADGET MODE 2: HINT-DECREASING

e £

o 90%
2 Guidance
b
165

1 55X t—1 Reasoning
) ' Process |

| strongHint |

)) - No Guidance - [\
(Prefix) =

Full Mastery

Guidance |

L e o

Mode 2: Hint-Decreasing!
| give you the correct prefix (a hint)
and you just finish the last step.

| get it! It's like reverse-engineering!
You give me fewer hints until | can
do the whole chain myself!

Hint-Decreasing Curriculum: Completing the Chain-of-Thought
from increasingly shorter correct prefixes.




Algorithm 1 No-Curriculum REINFORCE Finetuning (A)

I: Inputs: input distribution x ~ Unif([K]?), error budget ¢ > 0, target length £*, terminal oracle R/s: (-), sample
complexity ng = Q(GIQ“+4 (1 — pup.>1)~2), learning rate n® = 0(Blog(d)d* 1 (1 — ik

Initialize transformer parameters W(?),

Draw a single batch of ng i.i.d. samples (x(*), 7(*))"° where x(*) ~ Unif([K]%) and 7(*) ~ pywo (- | x*)).

Compute empirical REINFORCE gradient:

~ n ) S E™+1 ] (s N p—

g = = T R (6% (r)) i Vw log mwor (37 | x(), po1+),
Update parameters: W) = W) L pA. g
Return W),

2 R

Algorithm 2 Depth-Increasing Curriculum REINFORCE Finetuning (B)

I: Inputs: input distribution x ~ Unif ([K] 4), error budget £ > 0, target length £*, family oracle R (+), per-step sample
complexity n, = O(d?(1 — piur:“)~=2), learning rates 7; = Q(Blog(d)d?(1 — p5eb:f)=1).

o pspur spur

2: Initialize transformer parameters W(?)
3:forl=1t0k*+1do
4:  Draw fresh samples (x(*), 7(*))"¢ . where x(*) ~ Unif([K]?) and 7(*) ~ pywee—1) (- | x{*)).
5. If ¢ < k™ + 1, for each sample s, truncate trajectory at length ¢ + 1:
6: It 7(%) contains EOS at position < ¢, discard sample.
% Otherwise, append EOS to create truncated sequence th.jl)]c.
8: Wil=FkK"+1, rtﬁ.j;c — i8],
9:  Compute empirical REINFORCE gradient for step /:
10: o= T RS (rine) Vw log e (18 | <09, p1),

11:  Update parameters: W) = w-D 4 ?75 - 8.
12: end for
13: Return W +1),




Here is the
secret sauce:
The Coverage
Coefficient (C

I:D"u")

direct

gl (z16m:) = ]_[ P 1 (e ..‘.I}

o {l TH} '%IltET ""fl{_*ll{jf FJ]
e 2 (K)
ﬂf'"'lT i
af : oy

answer. Direct learning has
infinite surprise. But with the
Curriculum Gadget, the
‘surprise’ at each step is
small and bounded.

Theorem 2: Curriculum strategies achieve
high accuracy with Polynomial sample
complexity, avoiding the exponential
bottleneck of direct training.




- THE SECRET SAUCE: COVERAGE COEFFICIENT,
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Theorem 3 (Curriculum RL Finetuning Avoid Exponential Bottleneck). Let U be an orthogonal
matrix with dx = O(K),dg = O(d + L), TF(-; Wyuse) per in Thm. |2\ with trainable W, and a
target fs. € Fos.arr With |S,| = k* 4+ 1. For any ¢ € (0, 1), using the RL objective in Eq. @) and
one gradient step per stage (a single step for no-curriculum; k*-+1 online steps for curricula), with

= probability no less than 1 — 0, there exist learning-rate choices 1 such that

1. No-curriculum ( RIS (-) as oracle, one-shot update with n = O(Sd¥ t1)): the sample
complexity to achieve By i (14 [ i (TE(x: W))} > 1—cisatleastn > Q(d?* 2).

2. Depth-increasing Curriculum and Hint-decreasing Curriculum (Rfs*(-) as oracle,
k*+1 online updates with n = ©(Bd?)): the sample complexity to achieve

[ Unif ([K]4) [Ris* (TF(x; W))| > 1 — ¢ isat most n < O((k* +1)d?).

Here Q(-) and O(-) hide polylogarithmic factors in d,1/6 and 1/¢, and absolute constants (e.g.,
tempemmre B) as* well as task- dependem s*purmus* acceptance parameters.

vige = - =19 [ ] Wilw F-F-- w = A LU - -

- - small and bounded. bottleneck of direct training.

|
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My brain is a mess! I'm R Aha! | learned to focus
looking at everything g only on the causal chain!
and learning nothing! - No more distractions! |-

Empirical Evidence: Curriculum training leads to clean attention heads

that track the causal chain, while direct training gets lost in noise.




No Curriculum

Depth Increasing

Hint-Decreasing

SIMULATION: INSIDE THE ELECTRONIC BRAIN

Attention Heat Map

Test Accuracy of Test-Time Scaling

_ . of o 0 o{ © 1.5926 x 10° 3
Test Accuracy of Finetuning . . . I
1.0 bttt B 0.8
x 24 x 21 % 2
- 5 2 - FE 8l x-2 o 2 0e
° o T o
> E = L 3
g 067 | e | = 4 = 4 -0 S 0.4
U - = — 0.2
& ) E 6 E 6- E 61 " == No C.urril:ulum (FXRS)
5 —o— No Curriculum - Curricu lum (LTAR)
Depth-Increasing - I 0.0 0.5 1.0 1.5 2.0 2.5
o0 —— Hint-Decreasing 8@‘] 8-§m| 810 -1.5926 x 10¢ Sample Size x10°
"~ 00 02 04 06 08 10 12 14 16 0 2 a 3 8 0 2 4 6 8 0 2 4 6 8
Sample Size le6 Child Index Child Index Child Index

(c) Test Accuracy of Test-Time

(a) Test Accuracy of Finetuning. (b) Attention Heat Map after Finetuning. Scaling.

Figure 3. Dynamics of Finetuning and Test-time Scaling on the parity task (d = 8, k™ = 3, 5™ = |0, 1, 2|). (a) Test accuracy evolution of
finetuning along sample size; (b) attention heatmap after finetuning; (¢) test accuracy evolution of test-time scaling along reward oracle
query complexity. For finetuning, both curriculum algorithms (Alg. 1 & Alg. 2) converge at sample size n = 76, where no-curriculum
counterpart (Alg. 1) converges at n = 1600076; Attention learning of curriculum algorithms focus on crucial parent-children maps,
while no curriculum counterpart is contaminated with spurious corelations; For test-time scaling, curriculum algorithm (LTAR in Alg. 6)
converges at n = 1410 while its no curriculum counterpart (Alg. 4) converges at n = 251410.

Empirical Evidence: Curriculum training leads to clean attention heads

that track the causal chain, while direct training gets lost in noise.




No Curriculum: n=250000

before after after - before before after after - before
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0.0 25 50 7.5 00 25 50 7.5 00 25 50 7.5 0.0 25 50 7.5 0.0 25 50 7.5 0.0 25 50 7.5
child index child index child index child index child index child index
(a) n = 250000. (b) n = 11000000.
Figure 4. Attention Heatmaps of No-Curriculum (Direct Learning) with different sample complexity.
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(a) Step 1. (b) Step 2.
Hint-Decreasing: Step 3 Hint-Decreasing: Step 4
before after after - before before after after - before
0 o 0] . 0_- 10000 01 . 0 . 0
> - > . » x . x x
329 32 32 5000 82y K2 W32
£ £ £ £ £ £
- 4 = 4 = 4 0 « 4 - 4 - 4
c c c c c =
o v @ g o o
T 6 © 6 T 6 -5000 © 6 © 6 © 6
a Q o a o o
8| . | . 8{ | | | 8{ . . | —10000 8o | | | 8 {8l | | | 8 . . .
0.0 2.5 5.0 7.5 0.0 2.5 5.0 7.5 0.0 2.5 5.0 7.5 0.0 2.5 5.0 7.5 0.0 2.5 5.0 7.5 0.0 2.5 5.0 7.5
child index child index child index child index child index child index
(¢) Step 3. (d) Step 4.

Figure 7. Step-wise Attention Heatmaps for Hint-Decreasing Curriculum (d = 8, k* = 3,5* = [0, 1, 2], n = 100000).

No Curriculum: n=11000000
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Figure 11. Small Learning rate regime (d = 8,k* = 3,5* = [0, 1, 2],n = 0.5, B = 256).




Waaaaah!
This math is
impossible!

Standard Learning is

a nightmare! The

‘ step's margin is TINY!
You need a GIGANTIC
mountain of data:

.: S MHEI'“ = H{_d"“' LE':::I :F”_‘W
£

Nobita, don't cry!
With these “Perfect
Gradient Goggles,”
it's easy!

first

e
TN T 2

....
"-':.""I--n.-pi-n-'r:: =L

T IR

See? With a noiseless oracle,
the "margin” is HUGE!
One look is enough!

CORRECT
SECRET
INDEX

INCORRECT

But with this, we
take easy steps! The
margin is always big!
You only need a few
samples per step:

0(d?)! sy [
!
ﬁ F
—_ Sk Lll\ =5
m-
__‘—I—._-_\_\__\_._—\_
L —— CURRICULUM STRATEGY

STEP-LADDER |

But in reality,
we have noisy
“samples.” The
view is fuzzy!

We need enough
samples to make
the fuzziness
smaller than the
margin!

| STANDARD: 0(d?**?) (sLow))
CURRICULUM: O ((k+1)d?) (FAST!)
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— 7 Look at my score!
| can solve the
“Hard"” level (5

operations) now!

**THE COUNTDOWN GAME CHALLENGE**

- Base Model

Z
countdown pass@K Comparison %
=
=
r_

s Depth-Increasing Curriculum
" | === Hint-Decreasing Curriculum |
0.6 No-Curriculum
T

Precisely. The No-Curriculum

|
|

version barely improved, but
the Curriculum methods

I// / iy / /|

reached over 70% accuracy!




**THE COUNTDOWN GAME CHALLENGE**

\: 3,5,7,13 = 24 /;
5% 13 =65 3+5=8 §
7T-3=4 7465 =72 §—7=1 8+ 13 =21 ==

e — + 00 = = +
b__ /\ J . /\ /\ /\ _ﬁ
== 4465=69 65—-4=61 72+3=24 T2x3=216 13+1=14 13+1=13 214+7=28 21+7=3 =
— — e

— Figure 1. An illustration in Liu et al. (2025b) of the Chain-of-Thought for Countdown game, where the goal 1s to obtain 24 by applying
— basic arithmetic operations (+, —, x, =) ($;(-, -) in our Def. 2) between the current step’s number (e.g., 13, 65 or 72) and some unused

—— number (e.g., 5, 7 or 3) in {3, 5, 7, 13}, targeting 24 as the final outcome. Per (Parashar et al., 2025), the difficulty measure of Countdown =
1s the number of arithmetic operations required to solve an instance.

e " V.2
0.1-

Precisely. The No-Curriculum
version barely improved, but
the Curriculum methods
reached over 70% accuracy! .




- OUT-OF-DISTRIBUTION (00D) GENERALIZATION

On easy tasks, brute I o
force works. But for ) —— Hard Task
deep reasoning,

you NEED a
curriculum!




Countdown pass@K Comparison

Trivial (2) Countdown pass@K Comparison

Easy (3) Countdown pass@K Comparison
1.0+ 1.0
0.7
0.6 0.8+ 0.8
0.5
v v 0.6 v 0.6+
G0 o 0
wn w0 ]
") '] ]
20.3 2.0.4- 2.0.4-
0.2
—i— Base Model 0.2 —i— Base Model 02 —i— Base Model
0.1 ~#~ No-Curriculum 4~ No-Curriculum ~&~ No-Curriculum
—a— Depth-increasing Curriculum —a— Depth-increasing Curriculum —a— Depth-increasing Curriculum
0.0- —s— Hint-Decreasing Curriculum 0.0 —&— Hint-Decreasing Curriculum 0.0- —&— Hint-Decreasing Curriculum
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(a) Total validation set. (b) Trivial (2 ops). (c) Easy (3 ops).
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"4 "4 4
3 G @
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~#~ No-Curriculum ~_ =4 No-Curriculum ~4~ No-Curriculum
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(d) Medium (4 ops).

(e) Hard (5 ops).

(f) OOD (6 ops).

Figure 12. Test performance on Countdown across difficulty strata. Both Depth-Increasing and Hint-Decreasing curricula outperform
the No-Curriculum baseline as reasoning depth increases. Performance gaps are modest on Trivial and Easy subsets but widen substantially

on Medium and Hard subsets. On the OOD (6-operation) subset, curriculum methods achieve the largest relative gains, indicating
improved generalization to deeper reasoning chains.



TEST-TIME SCALING: THE ANYWHERE DOOR

" . Test Accuracy of Test-Time Scaling
This works for testing too! So | catch mistakes ] T r——
We use a Curriculum-Aware early? That saves so 4~ Curriculum (LTAR) .
Oracle to verify StE‘pS much timel! > 0.8 - —&— No Curriculum (FXRS)
_ Incrementally. 2 5 :
x 0.4 |
"m = |
£ 021 | ;
EEESE——————0— 5 T—5 i c/
""" 0.0 0.5 1.0 1.5 2.0 2.5
Sample Size x10°
A o e _. ______ rfa‘-p

Theorem 3: Provable efficiency in Test-Time Scaling.

Reduces query cost from Exponential to Polynomial.

—
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TEST-TIME SCALING: THE ANYWHERE DOOR

Theorem 3 (Curriculum Test-time Scaling Avoid Exponen-
tial Bottleneck). Let TFpuse := TF(+; Wase ) per definedbe Test Accuracy of Test-Time Scaling
S : . - o . L 1.01 sddddd—b—4— —A
as in Thm. 1, and consider a target fs, € JFos.arr with | - G T
S.| = k* + 1. Then, for identifying the ground-truth path ,.081 | —— No Curriculum (FXRS)
b o " G o : ] {
S, with confidence 1 — 0. E ool |
O |
; fS* ; i ‘ ?.é 044 |
1. Using only Rx™*, any adaptive procedure (including o |
ones that force visible x-tokens by rejection sampling =02/ |
_ i . . S 1 i —~ 2}13*
and then roll out) requires I 14, Liomp > Qd""). | AT I P ./'
_ _ _ _ F ) 0.0 0.5 1.0 1.5 2.0 25
2. Using curriculum queries adaptively to Ry °*, there : Sample Size x10° g
exists a procedure with Ty, < O((k* + 1)d?) and N — | - et} rﬁf‘
r ~ ¥ 13 Yo L ) B SR AR -;'.::_-.-.-:-:-.*:-‘.-:-:-'.-:-:_—:-.'.-:_-:1:-:-:;'.::::;:-_.-:_-:-_::::.;.:.:.-,:-_'.-_:-_:-_:;Z-_:-_‘.-I:-I:;:;.';'.;:;Z;‘.;:;I;I;l;::_i:-_:::-_'_E:E:};:_;!;_I::::;:;.:.:.;:;.;:;.:.;.;_:::;::.:::::::‘,.-',:
I::“omp = O((A* S 1)'117 ) e e

Here Q(-) and O(-) hide polylogarithmic factors ind, 1/ [ »

and spurious-acceptance parameters.

Theorem 3: Provable efficiency in Test-Time Scaling.

Reduces query cost from Exponential to Polynomial.

-
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Algorithm 4 Forced X-token Rejection Sampling (FXRS) under token-only observability

1: Inputs: depth ¢, committed history CoT';_1, legal set Z,, candidate j € Z,, model TF} ..., oracle Ri‘g*, max trials
Tmax = O(dlog(4)).

2 fort=1t01,..do

3:  From context CoT',_1. sample one step with TF},,c. to emit 1.

4:  if p"e = p”I then

5: Roll out the remaining suffix using TF},, .. until termination (EOS occurs at some depth by the copied PART
behavior).

6: Return the full rollout sequence and stop.

7:  endif

8: end for

9: If no match after 7,,.. return fail (increase 71},. if needed).

Algorithm 5 BAI across depths with FXRS and R;'ZS *

1: Inputs: legal sets {Ig}i;l model TF} ..., oracle R;’;S*, confidence 0.
2: Initialize committed partial CoT H <« ().

3: for{ =1tok* +1do

4:  Set per-arm repetitions m < O (d2(* 1= log(d/9)).

5. foreach j € 7, do

6: Initialize counter ¢; < 0.

T for » = 1tom do

8: Run FXRS (Alg. 4) with candidate j to obtain a full rollout (or retry until success). If FXRS fails, repeat until

success.

0: Query Rf(s* on the final pre-EOS token of the rollout; record one Bernoulli outcome Y ,. € £0. 1}
10: Update e; ¢ 4 Y50
W end for
L2 Set empirical acceptance p; <— ¢;/m.
13:  end for

14:  Let }g < arg max; ez, P;-

15:  Commit depth-¢: resample until "¢ = p"ic, then compute p*¢ = FFNy(p i, Elz¢_1].4x ): update H <«
(M, "3e, ).

16: end for

17: Return the committed path encoded by H.




Algorithm 6 Layer-wise Truncated Accept-Reject (LTAR) with Rfs* (BAI with inline forcing and truncation)

I: Inputs: legal sets {Z;}/",, confidence level d, per-depth budgets m, = O(d*(1 — pﬁgﬂ;ﬁ)_glog(%)), max trials
fTmax — G(d 10!%(%))

2: Initialize committed partial CoT H <+ ().

3: for/ =1tok*+1do

4. For each j € Z,, estimate acceptance by m, repetitions with inline forcing:

5 Initialize ¢; < 0.

6: forr=1tomsdo

i ) fort =1to7,,.« do

8: From context H, sample one step with TF},. .. to emit " %.

9: if (177« = "7 then

10: Compute fi* + FEN,(f", Elzp_1].ax )-

11: Externally append EOS if [ < £* + 1; query RL5* at depth ¢; record Bernoulli Y, € {0, 1}.

12 Update ¢; < ¢; + Y, and break the retry loop.

13: end if

14: end for

15 If no match within 7},,..«, optionally increase 1},,. and repeat this repetition.

16:  end for

17:  Set empirical acceptance p; < c;/m, for all j € Z, and pick jy = arg max; p;.

18:  Commit depth-¢: resample until "¢ = p'ic, then compute 1 = FFEN ("¢, Elz/_1].4x): update H <+
(H. "5 ).

19: end for

20: Return the committed path encoded by H.




Test Accuracy of Test-Time Scaling
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(c) Attention Heat Map of Finetuning.

Figure 8. Post-training Dynamics on the parity task with error bar (d = 8, k* = 8, S* =[0,1,2], na = 10%, ng = nc = 10°). (a) Test
accuracy evolution of finetuning along sample complexity; (b) Test accuracy evolution of Test Time-Scaling along sample complexity; (¢)
averaged attention heatmap after finetuning.



In standard learning, we
go to the end. But a
wmglg set still gets
_ Ewarc_iﬂ
with probability 1/2!
How do we distinguish?

s

5

o

|

s

f_.,";l"ﬁﬂﬂ'ﬁ‘ Hﬂl‘

REWARD 1 REWARD 1
wi Prob wi Prab

1
Picomect]) Plwrong) = 5
a

..#.-"_-'J 4l

At step £, both
correct index j,
and wrong index j
are picked with
probability 8(d~1).

If j. is chosen,
final reward 1 prob is
P(correct) = @(d~(k+1-6))
+ (1 — 0(d~k+1-6)) /2

So the
“probability
gap” is
P(correct) — 1/2
e E}(d—[kﬂ—f:l‘l(z)[
It's tiny!

TOTAL
QUERIES
NEEDED:

To see that microscopic
gap, information theory

requires 8(d***%-%¢) trials!
Summing over £, that's
0(d?*) total!

. Impossible!

Curriculum Strategy
is the answer! We don't
go to the end. We
truncate the generation
at length £ + 1!

TRUNCATION
SCISSORS
(Alg.6)

Now, if j, is chosen,
reward 1 chance is

O(d1) +(1-8(d1))/2.
Wronag is still 1/2.

The resulting
gap Is now
HUGE:

o(d'/2)!

STANDARD:
Q2(d?*)
(SLOW!)

CURRICULUM:

0((k +1)d?)

L7 %

Resolving this
big gap only
needs 0(d?)
trials! Total is
0((k +1)d?)!
Math wins!




GADGET SUMMARY CHECKLIST -

D . -

| finally

structured
learning!

"y
--------

............
llllllllllllllllllllll
---------

||||||||

understand! It's
not magic, it's

%

>
1. The Problem: Hard reasoning has
(Q/ sparse rewards —> Exponential
- Bottleneck. [CHECK]
- 2. The Solution: Decompose the
Q task! Use Depth-Increasing or

Hint-Decreasing gadgets. [CHECK]

3. The Guarantee: The Coverage
Coefficient proves Polynomial

Sample Complexity. [CHECK]

4.The Result: Works for both
Post-Training (RL) and Test-Time

Scaling. [CHECK]

e )
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People always
felt that curriculum
learning worked.
But now, thanks to this
~\ paper,we havethe [ C
)\ theoryto prove why. /

Next time | have a
hard problem, | won't
| panic. I'll just find a S
A\ good Curriculum! A=

Based on: Provable Sample Efficiency of Curriculum Post-Training
for Transformer Reasoning (ICML Submission)
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