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LoRA: Low-Rank Adaptation

Standard LoRA Formulation (Hu et al., ICLR 2022)

W=W,+AW =W, + 2BA (1)
T

» Wy e R™*": frozen pre-trained weights
» BeR™" A e¢R"™": learnable low-rank matrices

» r < min(m,n), a: rank and the scaling factor

Why does this work? Pre-trained models have low intrinsic dimension (Li et al., 2018;
Aghajanyan et al., 2021)
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Previous Update Dynamics of LoRA

How does LoRA update the weights? For fixed A, update B via SGD:

Bis1 =B —nVBf(Wy), VBf(W;)=VF(W)A] (2)

Substitute into W = W + 2BA:

«
Wi = Wy —n—Vf(W;) AjA, 3)
r S~——
Key matrix!

The update dynamics are governed by the quadratic form A A;.
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Why ATA is Problematic

ATA is NOT a projection matrix for a general A.‘

» Unstable optimization: ATA can have arbitrary eigenvalues (depending on A), Large
eigenvalues amplify gradient noise and small eigenvalues cause vanishing gradients

» Information loss depends on eigenvalues: Badly conditioned A can lose most gradient
information, different directions in the gradient are scaled by different factors
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Existing Heuristics: Gaussian and Stiefel Initialization

Common practice: Make AT A behave like a projection in expectation.
» Gaussian initialization: A;; ~ N (0,1)
» Stiefel manifold: AAT =1,

But expectation is not enough:

E[ATA] =1, but ATA %1, for any single sample (4)

’Gaussian and Stiefel Initialization can produce misaligned subspaces with non-zero probability. ‘

Key Challenge:

How to choose A to maximize the information preserved from the unknown gradient V f(W)?
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Deriving the Update Dynamics of LoRA

From the L-smoothness condition |V f(W)-Vf(V)| < L|W -V|:

FOWea) < F(W) + (97 (W), AW} + £ [AW, | ©)

For fixed A;, minimizing the quadratic bound leads to:

" r
B, = _Evf(wt)AI(AtAI)T (6)
Substituting back:
1
AW, = —ZVf(Wt) AT (AA]))TA, (7)
—
Pa

t

The update dynamics are governed by the preconditioner A](A;A])TA,.
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From ATA to Projection Matrix P

Existing view (Hao et al., 2024): Our Prototypical LoRA:
o T 1
Wi =W, - W;Vf(wt)At Ay (8) Wi =W, - sz(Wt)PAt 9)
» AJA; is NOT a projection matrix > Py, = A;(AtAtT)TAt is a projection matrix
» Gradient scaling depends on eigenvalues of A; » 0 or 1 eigenvalues, stable gradient update

» lll-conditioned A; causes unstable optimization » Matches LoRA with AdamW under proper

regularization

The projection matrix P o defines the subspace where gradient information is preserved.
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Which A Preserves the Most Gradient Information?

Now we have the formulation: Wy, = W, — %Vf(Wt)PA.

P A projects onto the subspace induced by A. Different A give different subspaces.

For any gradient Vf(W), the preserved energy is [V f(W)P4 .
> If we knew V f(W), we could set P o to project onto its top-r singular vectors via SVD

» V(W) is unavailable during training!

Key Challenge:

How to choose A to maximize the information preserved from the unknown gradient V f(W)?
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What is an Equiangular Tight Frame (ETF)?

Definition (Equiangular Tight Frame (ETF))
X e R™™ is an ETF if:

1. Unit-norm columns: || X. ;|2 =1, Vi

2. Constant inner product: XX, ;[=0 =, /7y Vi # J
3. Tight frame: XX' = 21,

Why are ETFs special?
» They achieve the Welch bound — minimum possible coherence

» The columns are orthogonal and equally spaced (regular simplex in higher dimensions)
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ETF Maximizes Worst-Case Gradient Preservation

Theorem (ETF Guarantees Maximum Gradient Preservation)

For A; e R"™", define A; = (A;A])?A; and Pa, = AJA;. Let V(W) have s-effective

— 2
freedom with s <1+1/6, where § =, [ wtnry- Define Q(A;) = infw %, then:

n-r

] (10)

QA)<(1-€), e=(s-1)
n
Equality holds iff A, is a normalized ETF. When A, is an ETF, A, is a normalized ETF.

Worst-Case Information Preservation
> The projection matrix P a, preserves at least a fixed fraction of the gradient energy

» Unlike Gaussian/Stiefel initialization, there is no risk of catastrophic energy loss
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Computational Advantage

When A, is an ETF, it gives:

r

(AA])! - (’ZL)T -l (11)

» The update rule simplifies to B; < B; —ng VB f(W;) - -

» No matrix inverse or pseudo-inverse needs to be computed during training

» Same computational cost as standard LoRA with Gaussian initialization
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Convergence Analysis

Theorem (Convergence of LoRA for smooth loss functions)

Under L-smoothness with ETF initialization, the Prototypical LoRA satisfies:

11 2nL

T ;) [VF(We)|? < (1 —e)T(f(WO) -

Theorem (Convergence of LoRA for smooth loss functions under the PL-condition)

Under L-smoothness and PL condition with ETF initialization, the Prototypical LoRA satisfies:

W) - < (1- 22 - 0) ((Wo) - 1)
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Experimental Setup

Tasks:

» NLU: GLUE benchmark (CoLA, SST-2, MRPC, QQP, MNLI, QNLI, RTE)

» NLG: GSM8K (math), HumanEval/MBPP (code), MT-Bench (instruction)
Models:

» RoBERTa — NLU tasks

» Llama-3.1-8B — NLU + NLG tasks

> Mistral-7B-v0.1 — NLG tasks
Baselines: LoRA, LoRA-GA, PiSSA, FLORA, AsymLoRA, ReLoRA, RAC-LoRA, Galore
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NLU Results: RoBERTa on GLUE

Table 1. Test accuracy(%) of RoOBERTa with LoRA variants (with/without ETF) on GLUE benchmark datasets (rank 8).

Method  |ETF| CoLA SST-2 MRPC QQP MNLI QNLI RTE

LoRA w/0 |57.9511 23 94.1940.05 87.83+0.90 90.38.10.04 86.2710.06 91.5310.05 73.0541.47
W/ [62.1840.57 (+4.23) 95.22.0.11 (+1.03) 88.8911 29 (+1.06) 91.4710.06 (+1.09) 87.4840.0s (+121) 92.650.11 (+1.12) T4.9711 75 (+192)

LoRA-GA w/0 |58.70+0.82 94.43+0.23 87.5210.62 90.45.+0.02 86.37+0.16 91.88+0.12 73484181
w/ [62.18 40,87 (+3.48) 95.2210.11 (+0.79) 88.8941 29 (+1.37) 91.47 10,06 (+1.02) 87.4810.08 (+1.11) 92.6540.11 (+0.77) T4.97 11 73 (+1.49)

PiSSA. w/o|58.1410.71 94.3110.19 87.4941.26 90.3210.02 85.94+0.05 91.56+£0.14 T4.371164
w/ [62.18 10,87 (+4.04) 95.224 11 (+0.91) 88.8911 29 (+1.40) 91.47 40 o6 (+1.15) 87.48¢ o5 (+1.54) 92.654¢ 11 (+1.09) T4.97 1 73 (+0.60)

FLORA w/0 |59.8711.27 93.96+0.30 87.01+0.53 90.29-+0.06 86.51+0.04 91.9240.15 72.08+0.55
w/ [62.4241 18 (+2.55) 95.2240.11 (+1.26) 88.8910.64 (+1.88) 91.3740.04 (+1.08) 87.524.0.06 (+1.01) 92.944¢ o8 (+1.02) 74.8540.90 (+2.77)

AsymLoRA w/0 |58.47 1967 94.1540.12 87.5210.75 90.0340.18 85.8640.13 91.4340.14 72.204 105
Y W/ [60.57 10,54 (+2.10) 95.11 40,14 (+0.96) 88.6440.42 (+1.12) 91.0540.05 (+1.02) 86.9640.10 (+1.10) 92.5040.11 (+1.07) 73.65.41 56 (+1.45)

ReLoRA w/o |57.1441.94 91.9740.34 87.0140.87 89.66+0.02 82.79+0.62 90.56+0.26 71244111
w/ [62.1140.90 (+4.97) 93.3540.23 (+1.38) 88.0710.90 (+1.06) 90.7040.02 (+1.04) 85.1640.02 (+2.37) 91.9740.10 (+1.41) 72.4440.90 (+1.20)

RAC-LORA W/0 |55.35.41.23 93.69+0.30 86.93+0.37 90.0240.05 85.8940.01 91.48.40.10 71.8441 64
w/ |58.8440.87 (+3.49) 94.7210 19 (+1.03) 88.5640 42 (+1.63) 91.014¢ 2 (+0.99) 86.9210 11 (+1.03) 92490 13 (+1.01) 73.6541 35 (+1.81)

Figure 1: LoRA variants with ETF consistently outperform their default initialization counterparts
across all GLUE datasets.
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NLU Results: Llama on GLUE

Table 7. Test accuracy(%) of Llama-3.1-8B with LoRA variants (with/without ETF) on GLUE benchmark datasets (rank 8).

Method  |ETF| CoLA SST-2 MRPC QQP MNLI QNLI RTE

LoRA w/0 [67.5610.23 95.46.10.05 87.7540.35 90.5440.11 90.3440.03 94.19+0.05 84.441 ¢85
W/ [68.7540.20 (+1.19) 96.44 10 18 (+0.98) 89.9510 44 (+2.20) 91.5640.20 (+1.02) 91.57 10,08 (+1.23) 95.2140,05 (+1.02) 86.481¢.10 (+2.04)

LoRA-GA w/0 |67.2710.88 95.2240.12 88.89+0.69 90.49+0.86 90.64.+0.08 9442004 86.20+1.30
W/ |68.7540.20 (+1.48) 96.44.40 18 (+1.22) 89.95.10.44 (+1.06) 91.5640.20 (+1.07) 91.57+0.08 (+0.93) 95.21.10.05 (+0.79) 86.4810.10 (+0.28)

PiSSA Ww/0 |66.864+1.42 94.9040.25 87.50+0.31 90.45-+0.06 90.47+0.00 94.07+0.16 85921133
W/ |68.75 10,90 (+1.89) 96.44 ¢ 18 (+1.54) 89.95 10 44 (+2.45) 91.56 1020 (+1.11) 91.57 10 05 (+1.10) 95.21 ¢ g5 (+1.14) 86.48 ¢ 10 (+0.56)

FLORA w/0 |65.87+1.38 95.56.+0.06 87.99+0.08 89.68.+0.05 89.2240.11 93.39+0.05 85.30+0.54
w/ |67.3041.77 (+1.43) 96.9010.03 (+1.34) 89.9510.12 (+1.96) 90.99£0.05 (+1.31) 91.4140.23 (+2.19) 94.98 1 0.29 (+1.59) 86.3211.81 (+1.02)

AsymLoRA w/o [55.6511.10 94424 05 75.00+0.81 88.0710.01 89.99.0.03 92.38.40.08 731841 57
sy w/ |60.6941 87 (+5.04) 95.5410.06 (+1.12) T7.2240.12 (+2.22) 89.44 10,06 (+1.37) 90.94 40,01 (+0.95) 93.4610.12 (+1.08) 75.08 41 43 (+1.90)

ReLoRA w/0|66.31+0.56 95.33+0.16 85.50+0.12 89.21+0.06 90.29+0.01 92.36+0.18 844311 43
W/ [67.3310.82 (+1.02) 96.4410.22 (+1.11) 89.2240 .62 (+3.72) 90.43£0.44 (+122) 91.3910.23 (+1.10) 93.5410.07 (+1.18) 85.5640.36 (+1.13)

RAC-LORA w/o [58.11.0.53 94.30+0.05 75.7340.12 89.9210.06 89.52.40.02 92.46.40.13 T3.544172
W/ [59.19.41 38 (+1.08) 95.5040.19 (+1.20) 80.0240 56 (+4.29) 90.83 10,65 (+0.91) 90.63.£0.16 (+1.11) 94.51 4032 (+2.05) 75.08£0.61 (+1.54)

Figure 2: LoRA variants with ETF consistently outperform their default initialization counterparts
across all GLUE datasets.

ETF benefits both encoder-only (RoBERTa) and decoder-only (Llama) models. ‘
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Comparison with Galore

Table 2. Test accuracy(%) of RoBERTa with Galore (with/without ETF) on GLUE benchmark datasets.

Rank|ETF| CoLA SST-2 MRPC QQP MNLI QNLI RTE

4 w/o |58.46 19,52 95.03+0.05 86.8540.61 91.08 40,04 87.3210.11 92.6410.09 68.83+1.33
W/ |59.55+0.48 (+1.09) 94.8810.26 (-0.15) 88.3210.95 (+1.47) 90.1540.04 (-0.93) 87.1840.08 (-0.14) 92.3510.19 (-029) T1.7211.12 (+2.89)

W/O 59-0510.‘1—1 95-15i().22 87-09i(l.12 91-251(1.116 87-47i0.ll2 92-92i(].(\7 71-84iL81
w/ |61.61.+0.16 (+2.56) 95.1240.06 (-0.03) 88.48.10.20 (+1.39) 91.2910.04 (+0.04) 87.66+0.03 (+0.19) 92.58.10.17 (-0.34) T4.0110.78 (+2.17)

16 w/0 [59.91 41 09 95.2240.18 87.1340.86 91.4210. 04 87.6410.10 92.7140.12 73.65492.91
W/ [61.7640.67 (+1.85) 95.2640.13 (+0.04) 88.4041 10 (+1.27) 91.4540.13 (+0.03) 87.6710.03 (+0.03) 92.9510 06 (+0.24) 74.1311 33 (+0.48)

Figure 3: GaLore performs SVD on V f(W) periodically to define the projection subspace. Our ETF
initialization achieves comparable performance without computing the full gradient.

ETF is a universally optimal initialization strategy; SVD is instance-specific.
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NLG Results

Table 3. Test score(%) of Llama-3.1-8B and Mistral-7B-v0.1 with LoRA variants (with/without ETF) on NLG datasets (rank 8).

Method | ETE! Liama-3.1-8B | Mistral-7B-v0.1
| GSM8K HumanEval MBPP MT-Bench | Gsmsk HumanEval MBPP MT-Bench

LoRA w/o | 68.3310.27 42.4810.58 6.06£0.04 69.6110.19 29.2641.36 40.2140.16 6.1310.03
T1.0740.19 (+2.74) 46.3441 99 (+386) © 6.45.40.11 (+0.39) | 71.4040.36 (+1.79) 32.3140.53 (+3.05) 42.0740.58 (+1.86) 6.53.40.06 (+0.40)

LoRA-GA | W0 [70-9440.12 43.3910.66 49.0110.12 6.3210.05 70.07+0.27 31094075 41.3540.16 6.06.+0.03
w/ | 7T1.0740.19 (+0.13) 46.3441 20 (+2.95) 51.4540 57 (+244) 6.4540.11 (+0.13) | T1.4040 36 (+1.33) 32.311053 (+1.22) 42.0710.58 (+0.72) 6.5340.06 (+0.47)

pissa | Vo | 67.0810.24 42.3140.73 49.84.4, 6.370.00 70.96.0.91 30.870.25 40.2440.66 6.1540.04
W/ | T1.07+0.19 (+3.99) 46.3411 22 (+4.03) 514540, 6.4540.11 (+0.08) | 71.4040.36 (+0.44) 32.3110.53 (+144) 42.07+0.58 (+183) 6.5340.06 (+0.38)

FLORA wlo [ 71.2240.12 43.9010.75 46.1540.31 6.13+0.06 70.3441.37 38.3141.33 40.83+0.29 5.9610.07
w/ | 73.4040.04 (+2.18) 46.9541 22 (+3.05) 48.6740.21 (+2.52) 6.2640.03 (+0.13) [ 71.9440.57 (+1.60) 39.6340.85 (+1.32) 42.5240.14 (+1.69) 6.0740.05 (+0.11)

AsymLoRA | W0 | 63-03+0.35 42.0740.86 50.07+0.41 5.910.05 64.93.0.32 26.371.06 39.6310.45 6.21.40.03
Y W/ | 66.0640.41 (+3.03) 43.5940.30 (+1.52) 51.2240.19 (+1.15) 6.2540.19 (+0.34) | 66.8410.50 (+1.91) 29.8711 22 (+3.50) 40.6210.09 (+0.99) 6.2640 2 (+0.05)

ReLoRA w/o |67.2540.30 43294917 33 6.38+0.06 67.6040.55 29.414067 40.0540.51 6.03£0.01
w/ | 70.35.40.30 (+3.10) 46.95.40.61 (+3.66) & .52 (+051) 6.4240 o7 (+0.04) | 70.884.0.38 (+3.28) 30.4840.56 (+1.07) 41.0340.05 (+0.98) 6.38.10.02 (+0.35)

RAC-LoRA w/0 | 60.30+0.27 41.1610.01 16 6.0210.01 64.5240.90 27.8910.52 40.28+0.36 5.9340.00
w/ \ 63.33+0.14 (+3.03) 43.44.41 80 (+2.28) 30 (+1.81) 6.07+0.08 (+0.05) | 66.61£0.71 (+2.09) 29.26+0.44 (+1.37) 41471016 (+1.19) 6.16+0.07 (+0.23)

GaLore | W0 |76-2Lt0.25 49.26+0.30 13 6.40£0.02 7153418 43464174 46.3540.25 6.2010.01

w/ | 78.71 49.75 (+2.50)

52.4310.61 (+3.17)

.42 (+0.15)

6.54.40.07 (+0.14) | 72.93 40,37 (+1.40)

46.9541 22 (+3.49)

48.1840.41 (+1.83)

6.43.40.01 (+0.23)

Figure 4: ETF improves the
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performance on math reasoning (GSM8K), code generation (HumanEval,
MBPP), and instruction following (MT-Bench).
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Visualization

FLOR LLoRA, RAC-LORA on CoLA

Comparison of Energy Preservation

Training Loss

Training Loss

Energy Preservation Ratio

LoRA, ReloRA, Galore on CoLA LoRA, ReLoRA, Galore on MRPC

000
ETF Gaussian Orthogonal

Figure 5: ETF consistently achieves higher
average preservation and higher minimum
(worst-case) preservation than Gaussian or
Orthogonal initialization.

N PP,

Steps

Figure 6: ETF preserves more gradient information per
iteration, resulting in more efficient descent.
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Summary of Contributions

1. Theoretical dynamics: Derived the appropriate update dynamics of LoRA as
Wi =W, - %Vf(Wt)PAt, where P4, is a projection matrix

2. Optimal initialization: Proved that ETF achieves the maximum lower bound for gradient

information preservation when V f is unknown (Theorem 3.3)

3. Convergence guarantees: Established O(1/T') convergence for smooth losses and
exponential convergence under PL condition

4. Empirical validation: ETF initialization is a drop-in replacement for existing initialization:

no architectural changes, no additional hyperparameters, significant performance gains.
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Thank you!
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