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Take home message
• KL divergence used as regularizer in control problems

• Problem: KL degenerates under support mismatch / low noise

• Idea: Modify dynamical formulation of KL⇝ (Kalman-)Wasserstein KL, which respects the
state space geometry
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The dynamical formulation of the KL divergence
The Kullback-Leibler (KL) divergence between two probability measures µ, ν ∈ P(M) with µ ≪ ν is

KL(µ | ν) :=
∫
M

ln

(
dµ
dν

)
dµ =

∫ 1

0
t∥γ̇(t)∥2

γ(t) dt, (⋆)

γ = Fisher-Rao dual geodesic wrt the mixture connection with γ(0) = ν, γ(1) = µ.

KL degenerates when supports don’t match:

KL(N (0, σ2) | N (2, σ2)) =
2
σ2

σ→0−−→ ∞ = KL(δx | δy) irregardless of ∥x − y∥2

By contrast, W2(δx , δy) = ∥x − y∥2.

⇝ Idea: Replace Fisher-Rao geometry by (Kalman-)Wasserstein geometry in (⋆).
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Improving KL-regularized control
Consider the dynamics

xt+1 = Axt + But + wt , ut = Fxt , wt ∼ N (0, ρ), t ∈ N .

Find optimal F by minimizing J(F ) := Ewt∼N (0,Σw )

[∑∞
t=0 γ

t
(1

2x
⊤
t Qxt + D(pt | p0)

)]
, where

pt := p (xt+1 | xt , ut) = N (Axt + But ,Σw) and p0 := p (xt+1 | xt , ut = 0) = N (Axt ,Σw).
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Closed-loop trajectories of the double integrator. WKL- and
KW-regularized controllers reduce oscillations.
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Optimal feedback gains F ∈ R1×2 shown component-wise for
regularized LQR.

Viktor Stein (TUM) | Well-Posed Regularized Control via (Kalman-)Wasserstein KL Divergences 5



Thank you for your attention!

https://viktorajstein.github.io
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