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“The Game on the Rug”

What is ssmmetry and why is it important?
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Preliminaries of Lie Theories

* Lie group - a smooth one-parameter
family of transformations

Lie algebra * Infinitesimal generator / Lie algebra -

the tangent vector field at the identity is:
X = Z Ei(x, u)d,; + Z P(x, )0,

These generators form a Lie algebra with
bracket: [X,Y]=XY-YX

* Lie-point symmetry of an ODE/PDE -
for a system:

ACe,u,uV, ..., u™)y =0
8t (X, u) = (X, i) A Lie-point symmetry satisfies the infinitesimal
g = 1d invariance condition:
g€1 o g€2 — g€1+€2 pr(n)X[A] ‘A:() = (0

i.e. the transformation maps solutions
to solutions.

Lie group action



Lie-Point Symmetries of I1to SDEs

dX, = f(t,X)dt + o(t, Xt)alW D = exp(eX)
Original It SD J / ' Pushes the SDE to an
/ \ " equivalent SDE
R % /\

* Projectable infinitesimal generator

X,)dt + (1, X,)dW, X = ()0, + £(t,x)0,
armed [t0 SDE

dX | \\[
.

/\

* Gaeta-Quintero determining equations

£t fE = = O + 0%, =0
(Drift invariance)

Density-level view

u, = — 0, (fu) + %axx(azu)

SDE symmetry = FP symmetry

o, — Eo, — 10, — EUTt =0

(Diffusion invariance)

but not every FP symmetry comes
from an SDE symmetry

Takeaway: For SDEs, Lie symmetry must preserve both deterministic drift and stochastic diffusion.



Trajectory data
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LieStoNet Pipeline

Neural surrogate

Stage 1: fit surrogate
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Stage 2: discover Lie symmetries
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Two-stage approach: first learn a neural SDE surrogate, then learn symmetry generators under
algebraic and SDE-validity constraints.



Loss Functions: Enforcing Symmetry and Algebra

X=1(t)0,+ &, x)0,, 1 =1,...,m

1. Lie-algebra structure losses _

* Z,:closure & constant structure coefficients
* Z,: Jacobi identity
* L4, L, antisymmetry & bilinearity

* Zs:functional independence

2. SDE symmetry losses

Purpose: each generator must preserve

the learned drift and diffusion. 3. FP symmetry variant

Purpose: replace SDE-validity losses

* Ze=Eqlln ‘2 + | ry |2]» i with density-level validity losses.
ry =&+ f6, —cf, — 0{fr) + Edzfxx ’ Y, = 7(2)0, + (8, x)0,. + P2, x)uo,
|
r, = o0&, — o, — 10, — 50T * Z¢: FP determining-equation residual

* &5 finite-€ pushforward consistency * Zy: finite-¢ pushforward on u



Evaluation I: Recovering the Symmetry Algebra

Did LieStoNet recover the correct Lie-algebra dimension and span?

o
o
s

0-008 o 0'008 "

"))

% 0.03 & 5 :

go. 3 0.006 - © 0.006 - o 0-2

Q Q L &)

S 0.02 S 0.004 - S 0.004 - a \
5 0.01 O 0.002 -

O 0.002 -

T T T T T T T T Y Y 0000 il T T T T T T T T T
2 3 4 5 6 2 3 4 5 6 2 3 4 5 6 2 3 4 5 6
m (number of generators) m (number of generators) m (number of generators) m (number of generators)

=
o
S
O
o
=
o
o
o

(a) Ex1 (b) Ex2 (c) EX3 (d) Ex4

Figure 2. Post-training Lie bracket closure loss L; vs. number of generators m across four experiments. Colors denote independent
runs with identical settings (different random seeds), showing the minimum is consistently attained at the ground-truth m rather than a

one-off.
Dimension selection: Basis-invariant span alignment:  Principal angles at selected dimensions
m” = argmin £4(m) - 086 = 6(Qpeurmealr) 1 | 6.26° 2.49° 2.31°
Sweep number of generators . Pri11lcipal angles compare learlﬁed all’ld 2 | 19.37° 11.05° 0.57°
Choose the minimum closure loss. 2MYHC genetrator sptans; lsmta). ang tes 3 7.04° 1.33° 0.28°
mean correct symmetry algebra up to 4 1 1499° 6.94° 9251°
basis change.

Result: £ selects the analytic dimension, and principal angles are small.



Evaluation II: Finite-Flow and Empirical Validation

Do learned generators behave like true symmetries beyond infinitesimal residuals?

Finite-¢ after-push check Empirical BTC/USDT: learned
push vs random push

D, = exp(eX)), (1, x) = (£, %) _ * Analytic SDEs: small drift/
A . . | diffusion after-push residuals.
(fpushed9 Gpushed) ~ (f; 0)(t9 x) 102? = p
| . | * BTC/USDT data: learned
Push trajectories along 5 pushed preserve stochastic

residual distribution better than
random pushes.

Generalization checks

learned generator flow; refit/ =
compare drift and diffusion.

100@

10_1?

e | max drift /diffusion residual  Ablations: removing any of the

1,3 <107° e . . .
5 < 3 X 10—3 0.05 0.1 0.2 0.3 0.5

Step size €

loss functions worsens recovery.

Result: learned generators preserve stochastic dynamics, not only local equations.



Contributions, Applications, and Future Directions

Contributions Downstream applications Future directions
o 1f/l[)LEfSyn'"netl‘ly enters l\c/iIL - first o Symmetry_constrained . BUlld equivariant SDE
famework centered on stochastic surrogates models

continuous Lie-point symmetries

of stochastic dynamics. * Data-efficient modeling of « gcle to high-
* First SDE symmetry discovery noisy systems dimensional real systems

ipeline . ' :

pIp Interpretable stochastic . G beyond projectable
* Template-free symmetry dynamics symmetries

discovery - no prescribed group, . g

coordinates, or symbolic .ymme.try—aware. * Use symmetries for

templates; works at both SDE simulation/sampling control and design

and density/FP level.

Takeaway: LieStoNet turns stochastic symmetry from a theoretical object into a
learnable structure for modeling, interpretation, and control.






