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“The Game on the Rug” 

Observed Data

Hidden Structure

Better Models

V

R ∈ SO(3)

Deterministic Trajectories 
(ODE/PDE) 

Stochastic Trajectories 
(SDE) 

Point Clouds

V

Symmetry Algebra 

What is symmetry and why is it important?



 Preliminaries of Lie Theories

Lie group action

X1:n

gϵ : (x, u) ↦ (x̃, ũ)

Infinitesimal generator
Lie algebra

• Lie group - a smooth one-parameter 
family of transformations

• Infinitesimal generator / Lie algebra - 
the tangent vector field at the identity is:

X = ∑
i

ξi(x, u)∂xi + ∑
α

ϕα(x, u)∂uα

[X, Y] = XY − YX
These generators form a Lie algebra with 
bracket:

• Lie-point symmetry of an ODE/PDE - 
for a system:

Δ(x, u, u(1), …, u(n)) = 0
A Lie-point symmetry satisfies the infinitesimal 
invariance condition:

pr(n)X[Δ] |Δ=0 = 0

g0 = Id
gϵ1

∘ gϵ2
= gϵ1+ϵ2

i.e. the transformation maps solutions 
to solutions.



Φϵ = exp(ϵX)

Lie-Point Symmetries of Itô SDEs
dXt = f(t, Xt)dt + σ(t, Xt)dWt

Original Itô SDE Pushes the SDE to an 
equivalent SDE

dX̃t = f̃(t, X̃t)dt + σ̃(t, X̃t)dWt
Transformed Itô SDEf̃ = f, σ̃ = σ

Same drift and diffusion law

• Projectable infinitesimal generator
X = τ(t)∂t + ξ(t, x)∂x

• Gaeta-Quintero determining equations

ξt + fξx − ξfx − ∂t( fτ) +
1
2

σ2ξxx = 0

σξx − ξσx − τσt −
1
2

στt = 0

(Drift invariance)

(Diffusion invariance)

Density-level view

ut = − ∂x( fu) +
1
2

∂xx(σ2u)

SDE symmetry ⇒ FP symmetry
but not every FP symmetry comes 

from an SDE symmetry 

Takeaway:  For SDEs, Lie symmetry must preserve both deterministic drift and stochastic diffusion.



LieStoNet Pipeline

Two-stage approach: first learn a neural SDE surrogate, then learn symmetry generators under 
algebraic and SDE-validity constraints. 

Trajectory data Neural surrogate Generator network Symmetry algebra



 Loss Functions: Enforcing Symmetry and Algebra
X = τ(t)∂t + ξ(t, x)∂x, i = 1,…, m

  1. Lie-algebra structure losses
• : closure & constant structure coefficients


• : Jacobi identity 


• : antisymmetry & bilinearity 


• : functional independence 

ℒ1

ℒ2

ℒ3, ℒ4

ℒ5

2. SDE symmetry losses
Purpose: each generator must preserve 
the learned drift and diffusion. 

• , 
 , 




• : finite-  pushforward consistency

ℒ6 = 𝔼Ω[ |r1 |2 + |r2 |2 ]
r1 = ξt + fξx − ξfx − ∂t( fτ) +

1
2

σ2ξxx

r2 = σξx − ξσx − τσt −
1
2

στt

ℒ7 ϵ

3. FP symmetry variant
Purpose: replace SDE-validity losses 
with density-level validity losses.

Yi = τi(t)∂t + ξi(t, x)∂x + βi(t, x)u∂u

• : FP determining-equation residual


• : finite-  pushforward on 

ℒ8

ℒ9 ϵ u



Evaluation I: Recovering the Symmetry Algebra
Did LieStoNet recover the correct Lie-algebra dimension and span?

Dimension selection:


 m⋆ = arg min
m

ℒ1(m)

Sweep number of generators . 
Choose the minimum closure loss.

m

Basis-invariant span alignment:


 cos θl = θl(Q⊤
learnedQGT)

Principal angles compare learned and 
analytic generator spans; small angles 
mean correct symmetry algebra up to 
basis change.

Principal angles at selected dimensions

Result:   selects the analytic dimension, and principal angles are small.ℒ1



Evaluation II: Finite-Flow and Empirical Validation
Do learned generators behave like true symmetries beyond infinitesimal residuals?

Finite-  after-push check





ϵ

Φϵ = exp(ϵXi), (t, x) ↦ (t̃, x̃)

( ̂fpushed, ̂σpushed) ≈ ( f, σ)(t̃, x̃)

Push trajectories along 
learned generator flow; refit/
compare drift and diffusion.

• Analytic SDEs: small drift/
diffusion after-push residuals.


• BTC/USDT data: learned 
pushed preserve stochastic 
residual distribution better than 
random pushes. 


• Ablations: removing any of the 
loss functions worsens recovery. 


Generalization checks

Result:  learned generators preserve stochastic dynamics, not only local equations.

Empirical BTC/USDT: learned 
push vs random push



Contributions, Applications, and Future Directions

• SDE symmetry enters ML - first 
ML framework centered on 
continuous Lie-point symmetries 
of stochastic dynamics. 


• First SDE symmetry discovery 
pipeline


• Template-free symmetry 
discovery - no prescribed group, 
coordinates, or symbolic 
templates; works at both SDE 
and density/FP level.

Contributions Downstream applications

• Symmetry-constrained 
stochastic surrogates


• Data-efficient modeling of 
noisy systems


• Interpretable stochastic 
dynamics


• Symmetry-aware 
simulation/sampling

Future directions

• Build equivariant SDE 
models


• Scale to high-
dimensional real systems


• Go beyond projectable 
symmetries


• Use symmetries for 
control and design

Takeaway: LieStoNet turns stochastic symmetry from a theoretical object into a 
learnable structure for modeling, interpretation, and control.



Thanks!


