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Introduction

Consider nonconvex optimization problem

miny cgmxn f(X)

where X Is the matrix parameter with dimension m X n

Algorithm AdamW-style Shampoo

AdamW-style Shampoo

* An effective implementation of the

classical Shampoo for k=12 ---. K do

G = GradOracle(X})

M, =60M,_, + (1 — Q)Gk
Ly = BLp—1 + (1 — B)GiGy,
Ry = ARy + (1 — B)G; Gy

*\Won the AlgoPerf neural network
training algorithm competition

However, Its convergence
behavior Is not well-understood

endfor
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Hyper parameters: 7,60,5,\,¢,L, * =L, R
positive p, g with % + é_- =1

Initialize: X, M;=0.Li=0,R;=0
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Contributions

We prove the following convergence rate for AdamW-style Shampoo measured
by nuclear norm

=S IV <O (Vin ) x

. { \4/02L<f<xo — f" \/L(f(xo - f*)}
K ’ K

and || Xy, < 5 for all iterates (|| - ||, denotes the spectral norm). It can be
considered to be analogous to the following optimal convergence rate of SGD

(Xk)HF] S O ({L/OQL(f([}gl)f*))

in the ideal case of |V f(X) O(y/min{m,n})||Vf(X)||r and balanced m
and n .
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Assumptions

‘Smoothness: |[Vf(Y) - Vf(X)|| < L||Y — X|

*Unbiased estimator: E [G,] = V f(X})

Bounded row-wise and column-wise second central moment matrices:

L (G — V(X)) (Gr = V(X))

2 |(Gr— V(X)) (Gr = V(X)) % i

From the third assumption, it readily follows that

s 16— V(X)) < HEE =




Theorem

Suppose that the three assumptions and conditions L; . = €I, and R . = €1,

hold for some ¢ > ¢. Define 6 = max {02, LX)~ f*)} with any v € (0, 1]. Let

K~?
L(f(Xy)—f
Ll 1—g= XD < g <,
£ = Wan with any 7 < 1 being the hyperparameter to make € small in practice
_JeU(X) =)
= \/ 4K2(32 ) — \/11526K3/4\4/f — f* ||X1||OO S

Then for AdamW- style Shampoo, we have ||X,z€||ojD <5 forallk=1,2,---, K and

LS BV < (svim T ”9") ><
k=1

. {\ZL/UEL(JC(XD — /) \/L(f(X1) — f*)}
K 7 K |

In the worst case, whene = ¢ , we have (8\/m +n A 1\1/95‘}) — 127\/m =,

Furthermore, when - — 1, we have (8\/m + 1 - 1\1}0 = 127/m + n.
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DISCUSSIONS

Optimality of Our Convergence Rate

- Optimal with respectto K, o, L, f(X;) — f*.
* Analogous to the optimal convergence rate of SGD In the ideal case of
|V £(X)||. = O(y/min{m, n})||V £(X)||r and balanced m and n.

Unifying two-sided and one-sided preconditioning

* A unified treatment of two-sided (p, ¢ < +00) and one-sided
(p=1,qg=+0c0orqg=1,p=+00) preconditioning.

* Intuitively, the left preconditioning LM captures correlations within each column of M,
while the right preconditioning MR, captures correlations within each row of M . Two-
sided preconditioning L_ﬁl\/[L_i combines these advantages and captures correlations
within both rows and columns of M.



DISCUSSIONS

AdamW-style Shampoo v.s. AdamW

* Convergence rate of AdamW:

kS BV )] < O (/LT — 7+ 50

while ensuring ||Xx|l« < 5, where dis the dimension.

 AdamW-style Shampoo can be interpreted as achieving theoretical behavior analogous to
AdamW, but In the space of singular values.



DISCUSSIONS

AdamW-style Shampoo v.s. Muon

*Let U,X,V; be the compact SVD of M. From the identities

MMD)m = Ut UT and  (MIM,)7 = V50V

_ 1 _ 1

the update L, MR, ¥ can be written equivalently as

L,” (MyMD)7 U VT (MIM,) " R,

*In an informal sense, M., L;, and R can be interpreted as approximations to the first

moment matrix ¥ [G] the row-wise second raw moment matrix

wise second raw moment matrlx

*The quantities L, " (MM} )% » and (MTMk)Qq R, ’
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and the column-

7 can be therefore regarded as the

row-wise and column-W|se sighal-to-total-energy ratlo (STR) matrices, respectively.
 AdamW-style Shampoo can be viewed as an STR preconditioned variant of Muon. This

relationship Is analogous to that between AdamW and SignSGD



Thanks for reading!



