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The Dilemma of Existing Methods:

Ø BPTT：Precise gradients but requires unrolling the computational graph; memory scales linearly 
with sequence length (O(T)), prone to vanishing/exploding gradients.

Ø Local/Online Learning：Computationally efficient (O(1) memory) but introduces significant bias, 
performing far worse than BPTT.

Background：Temporal Credit Assignment is a central challenge for RNNs 
processing long sequences.
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COLA (Criticality-driven Online Local Alignment): A rigorous online local learning rule.

Mechanism: Uses Dynamical Criticality as an enabler to transform BPTT’s temporal recursion 
into a local approximation at the same timestep.

Key Advantages: 

Ø Constant Memory: Requires only O(H) 
auxiliary states; activation memory is O(1).

 
Ø High Performance: Matches BPTT in 

benchmarks and shows superior stability in 
long-period tasks.

Ø Linear Time Complexity: O(TP) temporal 
overhead.  
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Two Core Hypotheses: Under the "edge-of-chaos" critical state, neural signals exhibit two key properties

Assumption 1: long-range temporal correlations: On short time scales in a stable near-critical regime, the 
BPTT pre-activation gradient δ�

(�) continues approximately by a per-unit scalar

δ�+1
(�) ≈ ��δ�

(�)

Assumption 2: long-range spatial correlations: In a stable near-critical regime, the within-step teaching 
signal is assumed to be spatially coherent. Specifically, for a fixed unit i, the error signal of any unit j is 
approximately proportional to that of unit i:

δ�
(�) ≈ ���δ�

(�)
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Mathematical Derivation: From BPTT to COLA
 

1) The original BPTT form

2) By using assumption 1, we get

3) Combine 1) and 2)

4) For a fixed unit i, the ith component reads
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Mathematical Derivation: From BPTT to COLA
 

5) By using assumption 2, we get
 

6) Define ��

7) From 4), 5) and 6)

8) By transposing terms in 7)

4)
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Closed-form online estimation of �� and μ� and Online parameter updates 

estimation of ��

estimation of μ�

How to update
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How �i ��� μi truly update
 

Step 1:

Step 2:

Step 1:

Step 2:
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Mathematical Derivation: From BPTT to COLA
 

1) The original BPTT form

2) By using assumption 1 and a), we get

3) Combine 1) and 2)

a）
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Mathematical Derivation: From BPTT to COLA
 

4) By using assumption 2, we get
 

5) Define ��

6) From 3), 4) and 5)

7) By transposing terms in 6)

3)

Why When far from the threshold:        is very small, and the local teaching signal should 
be virtually shut off. 
When near the threshold:       is active.
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Thank you


