Global Credit Assignment via Dynamical Criticality




Notation Table: Credit Assignment via Dynamical Criticality

Symbaol Interpretation and Description

t, T Discrete time step and total sequence length.

HDK Dimensions of hidden state, input, and ontput, respectively.

w < RY Sxternal input vector at time step £

xt,:lr:?:l Pre-activation {membrane potential) vector and its i-th component at time £.

hy, hfij Hidden state (post-activation) vector and its i-th component, where by — ().

o, Py Network output (logits) and Softmax probability distribution at time step .

L Lol Instantaneons loss and total loss, defined as O — ET:] Ly

ar, fo Sensitivity of the instantaneous loss to pre-activations (available within the
current. step).

dy, ﬁfi) d; = I/t The true BPTT gradient (teaching signal) for pre-
activations.

Eg,éﬁﬂ Unline, non-recursive local approximation of the teaching signal & (COLA).

¢, o Activation function and its first derivative.

U, Notation simplification: Diagonal matrix of derivatives U; = diag({g/(x,)).

Won, Wie. Wy, Input-to-hidden, recurrent, and hidden-to-output weight matrices.

by, b, Bias vectors for the hidden and output layers.

[ Temporal self-coupling gain (regression coefficient for :'FE_'E] = n:,-:ﬁ'fﬂ}, estimated
online.

i Equivalent loop gain for unit ¢ (online closed-form estimate, no gradient re-
quired).

zfi] Aggregate slope-free feedback signal: zfi} 2 E_:L1 W;f:;rljn’i}ﬂ.

P — Maximum Lyapunov Exponent (MLE), used to quantify dynamical stability
and criticality.

2, Gerit Scalar gain for recurrent weights and the optimal gain for edge-of-chacs initial-
ization.

Pexs P Swponential Moving Average (EMA) decay rates for tracking statistics o and

Ji-

Table 1: Summary of symbols and notation nsed in the COLA framework.




.- Introduction

Background: Temporal Credit Assignment is a central challenge for RNNs
processing long sequences.
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The Dilemma of Existing Methods:

» BPTT:. Precise gradients but requires unrolling the computational graph; memory scales linearly
with sequence length (O(T)), prone to vanishing/exploding gradients.

» Local/Online Learning. Computationally efficient (O(1) memory) but introduces significant bias,
performing far worse than BPTT.




.- Method

COLA (Criticality-driven Online Local Alignment): A rigorous online local learning rule.

Mechanism: Uses Dynamical Criticality as an enabler to transform BPTT’s temporal recursion
into a local approximation at the same timestep.

Global learning (e.g. BPTT) Local learning (e.g. Hebbian)
Performance — Performance
Stability [ Stability e
Key Advantages: Memory: O(T) | Memory: (1) =
Latency: High latency @ Latency: Real time
. Less Biological plausibility €% More
» Constant Memory: Requires only O(H) ongrange spatial | _ ong-ange temporal
. . . . correlations ; Chaos Chaos Rigidity correlations
auxiliary states; activation memory is O(1). | pammrseis | | o /N omon | Povcionsecyimmer
» High Performance: Matches BPTT in N 2% |° 1| € o/e/ Ve
benchmarks and shows superior stability in S R
long-period tasks. o ‘
gws * 50.75 * ;
. . . i ® § ]
» Linear Time Complexity: O(TP) temporal fort A fon| M )
overhead.

Peak update memory (MiB) Per-step update FLOPs (MFLOPs) n
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oh oh T Win(g) = g Whn,
.- MethOd J 2 ‘.( E = diag(i.—L)Whh. o l log o HJ,, . 1
oh; ox, r e Whni; ~ N (U, E) (iid).

Two Core Hypotheses: Under the "edge-of-chaos" critical state, neural signals exhibit two key properties

Assumption 1: long-range temporal correlations: On short time scales in a stable near-critical regime, the
BPTT pre-activation gradient 5) continues approximately by a per-unit scalar

50, = 30

Assumption 2: long-range spatial correlations: In a stable near-critical regime, the within-step teaching
signal is assumed to be spatially coherent. Specifically, for a fixed unit 1, the error signal of any unit j is
approximately proportional to that of unit i:

5O = 5O

N

55,5?} 8; = O0Lia1/0%;: The true BPTT gradient




.- Method

¢, & Activation function and its first derivative.
Mathematical Derivation: From BPTT to COLA W, Whn, Wiy Inpul-to-hidden, recurrent, and hidden-to-output weight matrices.
I, _____________________________________________________________________________ \
: .. 8y = Ly U WT 5 : re (1) vy (H) :
i 1) The original BPTT form t= Gx, T LYY ROt U, = diag(¢'(z; '), ¢'(z;)) !
I
: .
I I
I I
o 4 I
. 2) By using assumption 1, we get 0t+1 = Da0y D, = diag(az,...,an) !
I
: o |
I " » I
| . 5, ~ =t LA A, =U,W/ D,. |
! 3) Combine 1) and 2) ™ 0%, el s t¥¥ hh !
: |
[ 24 1
' 4) For a fixed unit 1, the ith component reads 5§ ) =L 4 L Z Wi a; 5t(‘7). !
I £ I
‘ )
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Mathematical Derivation: From BPTT to COLA 4) 5,§ ) ;L("f) g @ Z Wi o, 6, G),
L o

J=1
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| 5) By using assumption 2, we get Z Wi, a; 50) Z Wik a5 (B0 6,7) = (Z Wit s Bt )) .

H
6) Define Z 0’ i Bji(t)
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7) From 4), 5) and 6) 56 a0 Bﬁ(;ﬁa() D 5
83’}; 8gjt
8) By transposing terms in 7) ;{Ei) 8L/ 3,(z)
1 1L Bh%:i
Oz,
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.- Method  Closed-form online estimation of and y and Online parameter updates gg"”) ~ a‘igt(i)l

T T T T T T T e e e e e e e e e e e e e = - —— ~
| 1 . .
: To estimate «;, the teaching signal is treated as a local : estimation Of
I autoregressive (AR(1)) model, 5?) e aiﬁfﬂl, and use the :
. least-squares solution I ‘ . .
! — : estimation of Y
! . E[6,76;7,] :
: = Ei(3D 21 |
i (30,2 |
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: Given d;, COLA updates recurrent parameters online with I _ _ Eiis 5Ct‘—1 o 8[2?
: the same outer-product structure as BPTT: : 8£t/83:1(f) ('),Ct_l/a_q:f_)l (t) '?’ 81:&? i 6:{:?)
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: Abj = —nd;.

: while the readout parameters use the exact instantaneous

: gradient:
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: AWpy = —nq (E) h, <_ HOW to update
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How U; truly update
L2 R
| E[5HF0 i |
: T BT
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' E[(3;21)?] St wr(A7) |
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: %( ) <~ Pa %( )+( poz) t Yi—1 A? Pus 42 P ¢ ? I
| Qi) paQs(t — 1) + (1 = pa) 69,2, SSh(t) « puSYp(t— 1)+ (1 - p) AP B,
| Si(t S (¢ |
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I. ConvRNN Extension and Benchmarks

L.1. Convolutional extension: ConvRNN

The same construction extends to convolutional recurrent networks by treating each hidden channel as a unit and maintaining
per-channel scalar statistucs. A convolutional neural network (CNN) encoder maps an input image I to a feature map

f = Enc(I). (59)

ConvRNN maintains a hidden feature map H, € RE»*7"*W’. gloha] average pooling (GAP) over spatial positions is used
to obtain a channel vector readout:

X; = Convyp(H; 1) + Conv g (F) + by, (60)
H; = tanh({X,),

z; = GAP(H,) € R®*,

0, = Wi,z + b, (61)

Losses and step weights follow Eq. (3).

Let U; =1 — H; & H; denote elementwise slopes. Let B, be the spatial broadcast of WLI% ¢ B, and maintain a

per-channel loop gain g € R%" (broadcast spatially). The teaching signal is

A= (U, 0B o1 —poU), (62)
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Mathematical Derivation: From BPTT to COLA . I W
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Why v & iy, When far from the threshold: ¥1; is very small, and the local teaching signal should

be virtually shut off.
When near the threshold: ¥:; is active.




.- Cost analysis

Table 1. Asymptotic costs for a vanilla RNN. Here, 7" denotes the sequence length and H the number of hidden units. We report the
recurrent-dominated scaling and suppress input/readout terms shared across methods. “Activation memory™ refers to the storage required
for hidden states that scales with the sequence length.

Method Time (per sequence) Activation memory Extra state (excluding parameters)
Full BPTT (Werbos, 1990) O(TH? O(IH) none

TBPTT (truncation 7) OITH" O(TH) none

RTRL (Williams & Zipser, 1989) T O(1) O(H?)

UORO (Tallec & Ollivier, 2017) O(TH? O(1) rank-one factors O (H?)
SnAp-1 (Menick et al., 2021) G{T'H? O(1) one-step sparse influences O (H 2)
e-prop (Bellec et al., 2020) O(TH? O(1) eligibility traces O (H?
FPTT (Kag & Saligrama, 2021) O(TH? O(1) shadow parameter copy O 8H “)

Ours (COLA) Q[T H" O(1) o, p stats O(H)




.- Experiment

Task BPTT TBPTT-1 TBPTT-10 e-prop FPTT UORO SnAp-1 COLA
Adding 0.1426 0.0863 0.0991 0.0813 0.1356 0.1444 0.0860 0.0059
MSE/ + 0.0326 + 0.0031 + 0.0013 + 0.0031 + 0.0336 + 0.0150 + 0.0034 + 0.0026
Lorenz 0.6841 0.2019 0.6749 0.3602 0.8038 0.1395 0.2025 0.0058
MSE/ + 0.0873 + 0.0845 + 00163 + 0.0201 + 0.0250 +0.1072 + 00676 + 0.0003
PTB-Char 2.8695 1.8316 2.2272 2.0852 23184 22279 1.8279 1.8352
Loss + 0.0203 + 0.0040 + 0.0029 + 0.0013 + 0.0057 + 0.0063 + 0.0041 + 0.0056
WikiText-2 3.3620 2.2833 2.8780 2.5851 3.0499 2.6225 2.2793 24174
Loss) + 0.0165 + 0.0058 + 0.0201 + 0.0073 + 0.0307 + 0.0653 + 0.0054 + 0.0035
Row-MNIST 09713 0.9343 0.9734 0.9565 0.9481 0.3060 0.9403 0.9544
Acct + 0.0007 + 0.0011 + 0.0020 + 0.0005 + 0.0037 +0.0193 + 00047 + 0.0036
Row-CIFAR10 0.4545 0.3894 0.4759 0.3836 0.4021 0.2185 0.3825 0.4418
Acct + 0.0108 + 0.0162 + 0.0130 + 0.0026 + 0.0064 + 0.0057 + 0.0070 + 0.0083
UCI HAR 0.8877 0.8416 0.8799 0.8314 0.8367 0.559%4 0.8420 0.8690
Acct + 0.0454 + 0.0291 + 00390 + 0.0446 + 0.0171 +0.0359 +00134 + 0.0257
Task BPTT TBPTT-1 TBPTT-10 e-prop FPTT UORO COLA
Fashion-MNIST 0.8730 0.8347 0.8685 0.8506 0.7941 0.5616 0.8467
Acct + 0.0031 + 0.0066 + 0.0020 + 0.0084 + 0.0070 + 0.0124 + 0.0014
Permuted MNIST 0.9325 09114 0.9340 09174 0.8764 0.3918 0.9122
Acct + 0.0030 + 0.0046 + 0.0033 + 0.0067 + 0.0071 + 0.0553 + 0.0027
DVS-Gesture 0.6678 0.6215 0.6852 0.6551 0.6377 0.1493 0.6597
Acct + 0.0140 + 0.0309 +0.0145 +0.0244 + 00231 + 0.0874 + 0.0035
DVS-CIFARI10 0.4540 0.4300 0.4680 0.4263 0.3697 0.1360 0.4410
Acct + 0.0056 +0.0213 + 0.0078 +0.0105 + 0.0093 + 0.0144 + 0.0141




.- Experiment

Dataset Category Training Network Testing accuracy
method architecture
BPTT RLIF 098.33 £+ 0.04%
pp-prop RLIF 98.25 4+ 0.03%
CoLA RLIF 98 54%
Ours
BPTT RadLIF 09829 + 0.02%
N-MNIST?¢ pp-prop RadLIF 98.40 £ 0.03%
CoLA RadLIF 93.17%
ETLP* RLIF 94.30%
Online e-prop®! RLIF 97.90%
0STL? SN 06.80 £ 0.17%
BPTT RLIF 0401 £ 0.12%
pp-prop RLIF 03.03 + 0.28%
CoLl.A RLIF 94.32%
Onurs
BPTT RadLIF 94.72 4 1.06%
pp-prop RadLIF 9533 + 0.11%
CoLl.A RadLIF 95.45%
ETLP?! RLIF TR.7T1 4+ 1.49%
SHD* e-prop*! RLIF 820.70 £ 0.39%

Dataset Category Training MNetwork Tosting accuracy
mithiod architesture

OTPE! LIF TE.T0 + 0.70%

c-prop™ TC-RLIF BOLSTY

Q8TTp® aNUI TT.33 £ 0.8%

S-TLLR* RLIF TE24 £ 184

EventProp®! RLIF Q350 £ (0.7T0%

Offline BPTTH* DCLE-Delays 2507 + 0.24%

BPrT® RadLIF 04.62%

BPFTT RLIF 9397 £ (L15%

pPp-prop RLIF 9426 + 0.32%

Ours Col.A RadLIF 03.38%;

H EGRU 9745 + 0.27T%

Pp-Prop EGRU 9720 + 0.16%

Gesture® Col.A EGRU 97.209%,

FPTT RLIF 9213 + (LBT%

Online FPTTH CNN §7.22%

orrr'® VOG-11 06887

BT STE-ReaNet 96T

— BPTT® STL-SNN 97.01 + 0.23%

BPTTH PLIF 97.57%

BPFTT# VGGSNN o7.57%




.- Hypothesis Validation

Row-Sequential MNIST: Scan (higher is better) oo UCI HAR (Human Activity Recognition): Scan (higher is better) " o < ; ; 2
. o ) . s (5I»r 1e,(1) _31( ))
i i‘:..‘a; 1o g R =1- ’ Ttrue, (i) (i) {27
oF é.. E Z'ﬂ i (di == \\11]}
7 i 0.2 ” ’ 7 & A J%
. I P e % - e EVRl (X) = 5
i il 2 S — >k O
1754 & 8- Lyap post g I 8- Lyap post é ( Zk G—k)
025 050 075 mnsmg. 25 150 175 200 025 050 075 ]m]Gaingu") 150 175 20 T aff (X) = 1
>k Ok
(c) Row-sequential MNIST (d) UCIHAR
Quantity Low-rank 1))
Temporal AR(1)+bias one-step R” 0.9944 4+ 0.0094  0.8089 £ 0.0334
Teaching-signal EV R, 0.9999 + 0.0001  0.9836 £ 0.0112
Teaching-signal effective rank 1.0001 £ 0.0002 1.0339 + 0.0237
Task Gain band Amax band Temporal AR(1) R* EV R, Effective rank
Adding Task 0.6-1.0 —0.3307 to —0.0231 0.5783-0.8097 0.86-0.97 1.05-1.32
Lorenz Image 0.6-1.4 —1.0657 to —0.6956 0.6248-0.8247 0.56-0.72 1.92-2.39
Row-MNIST 0.6-1.0 —0.1967 to —0.0447 0.5408-0.7654 0.73-0.88 1.29-1.81
Row-CIFAR10 0.6-1.0 —0.3707 to —0.0047 0.5890-0.5940 0.72-0.73 1.33-1.79
UCI HAR 0.6-1.4 —0.3480 t0 —0.1027 0.7079-0.8270 0.69-0.77 1.74-2.35
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