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Problem statement and assumptions

We train through a convex optimization layer:

min
x

F (x) = f (x , y ⋆(x)), y ⋆(x) ∈ argmin
y

g(x , y) s.t. h(x , y) ≤ 0, e(x , y) = 0.

Training needs

∇xF = ∇x f +

(
dy⋆

dx

)⊤

∇y f .

Bottleneck: compute the sensitivity term dy⋆/dx .

Standard assumptions

▶ f : smooth and Lipschitz.

▶ g : smooth; strongly convex in y .

▶ LICQ holds at the lower-level solution.

▶ Active constraints can be identified.
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Standard approach: implicit function theorem

Implicit differentiation solves a linear system from KKT conditions:

d(y ⋆, λ⋆, ν⋆)

dx
= −

(
∇(y ,λ,ν)G

)−1∇xG .

What works

▶ Exact hypergradient

▶ Strong for small structured
problems

What breaks

▶ Large KKT solves

▶ Hessian-like information

▶ Memory-heavy at scale
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Reformulate as bilevel optimization

View the optimization layer as the lower level:

min
x

F (x) = f (x , y ⋆) s.t. y ⋆ ∈ arg min
y :h(x ,y)≤0, e(x ,y)=0

g(x , y).

Existing first-order bilevel idea (Kwon et al. [2])

Use a penalty-based Lagrangian proxy:

Lα(x , y) = f (x , y) + α
(
g(x , y)− g(x , y ⋆)

)
.

Then ∇xLα approximates ∇xF .

Advantage: Avoid computing Hessians or solving the KKT system.
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Motivation: inequalities are the bottleneck

Kornowski et al. [3], Theorem 5.3

Given accuracy ϵ > 0, their linearly constrained inexact gradient oracle returns

∥∇̃F (x)−∇F (x)∥ ≤ ϵ

within Õ(ϵ−1) gradient oracle evaluations.

To reach a (δ, ϵ)-Goldstein stationary point, this leads to Õ(δ−1ϵ−4) overall
complexity, ϵ−1 slower than the optimal Õ(δ−1ϵ−3) [4].

Can we keep first-order differentiation, but recover the optimal rate?

5/12



Our key idea: remove inactive constraints locally

Ghost lower level (only has equalities)

min
y

g̃(x , y) s.t. h̃(x , y) = 0,

g̃(x , y) = g(x , y) + ⟨λ⋆, h(x , y)⟩+ ⟨ν⋆, e(x , y)⟩,

h̃(x , y) =[
e(x , y)

∇xhI(x̄ , y
∗)(x − x̄) +∇yhI(x̄ , y

∗)(y − y∗)

]
.

Keep active constraints as equalities; drop
inactive ones locally.

Active-set equivalence: ∇F (x̄) = ∇F̃ (x̄).

<latexit sha1_base64="gEZKSsSDZJQER1YPl16Oz/mh2+k="></latexit>

Active constraint hI(x, y)

<latexit sha1_base64="jcV6vi0uQ3Iu4ngB+8/Gafeict0="></latexit>

Ghost objective g̃(x, y)

<latexit sha1_base64="xAUsmGnl25Zokddsk8YppaN9WQA="></latexit>

Linearized constraint h̃(x, y)

<latexit sha1_base64="ETf7AEb5MIw2qjRnyDXT1s9b0l0="></latexit>

Lower-level objective g(x, y)

<latexit sha1_base64="QlgeFEbf10J1uR0vz/mL3SOBN90=">AAACDnicZVC7SgNBFJ31bXxFLSxsBoNgIWE3hVqKFlpGMBrIhnB3chMH57HMzCph2X/wH2y1tRNbf8HOT3ESU2hyYOBwZs69c06SCm5dGH4FM7Nz8wuLS8ulldW19Y3y5taN1Zlh2GBaaNNMwKLgChuOO4HN1CDIROBtcn8+vL99QGO5VtdukGJbQl/xHmfgvNQp71ygQgOCnnGBDyho3WjvlZ1yJayGI9BpEo1JhYxR75S/465mmUTlmABrW1GYunYOxnEmsCjFmcUU2D30seWpAom2nY8CFHTfK13a08Yf5ehI/evIQVoJ7u6QemIHMpmY53on7ZyrNHOo2O+4Xiao03SYmXa5QebEwBNghvsfUXYHBpjzzZRKscJHpqUE1c1jMH3JVZHHw31G+gD9+HCoFL6SaLKAaXJTq0ZH1aOrWuX0bFzOEtkle+SAROSYnJJLUicNwkhBnskLeQ2egrfgPfj4fToTjD3b5B+Czx/WYJzN</latexit>

General Bilevel Problem
<latexit sha1_base64="rouYsms65yb5LAE1f/Z2V7J1KFw="></latexit>

“Ghost” Bilevel Problem

<latexit sha1_base64="4HI6R8OFGFUC3qiuKzbFLIBY5tA=">AAAB/nicZZDLSgMxFIYz9VbHW9Wlm2ARXJQy00V1WXTjskJv0hnKmTRtQ5PMkGSUMhR8B7e6dSdufRV3PorpZaHtgcDHf3Juf5Rwpo3nfTu5jc2t7Z38rru3f3B4VDg+aek4VYQ2Scxj1YlAU84kbRpmOO0kioKIOG1H49tZvv1IlWaxbJhJQkMBQ8kGjICx0kNDgdSDWIleoeiVvXngdfCXUETLqPcKP0E/Jqmg0hAOWnd9LzFhBsowwunUDVJNEyBjGNKuRQmC6jCbLzzFF1bpYzvXPmnwXP1bkYHQAsyohC3oiYhW+pnBdZgxmaSGSrJoN0g5NjGe3Yj7TFFi+MQCEMXsRpiMQAEx1gnXDSR9IrEQIPtZAGoomJxmwWyeEvaAYVCaKVNrib9qwDq0KmW/Wq7eV4q1m6U5eXSGztEl8tEVqqE7VEdNRJBAL+gVvTnPzrvz4XwuvuacZc0p+hfO1y9ufJc6</latexit>

Transform

Fig. 1. Illustration of our ghost bilevel reform.
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FFOLayer: backward pass without KKT differentiation

Forward pass:

y ⋆ = argmin
y

g(x , y) s.t. h(x , y) ≤ 0, e(x , y) = 0.

Backward pass solves a perturbed ghost problem:

y ⋆
δ ∈ arg min

y :h̃(x ,y)=0
g̃(x , y) + δf (x , y).

Finite-difference hypergradient

The perturbation gives a first-order estimate of
(
dy⋆

dx

)⊤∇y f (x , y
⋆):

vx :=
1

δ

(
∇x [g̃(x , y

∗
δ ) + ⟨λ∗

δ , h̃(x , y
∗)⟩]−∇x [g̃(x , y

∗)]
)
.

Then the layer returns
∇̃F (x) = ∇x f (x , y

⋆) + vx .
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What does this buy us?

Theory

Hypergradient oracle: Under previous
assumptions,

∥∇̃F (x)−∇F (x)∥ ≤ ϵ in O(log(1/ϵ))

first-order oracle calls.

Convergence:
Õ(δ−1ϵ−3)

to a (δ, ϵ)-Goldstein stationary point.

▶ Extends the guarantee to general convex
constraints.

▶ Matches the optimal nonsmooth nonconvex
rate.

Implementation

▶ Drop-in replacement for existing layers
like CvxpyLayer.

▶ Solver-agnostic: Compatible with any
advanced black-box solvers like GUROBI
and MOSEK.
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Empirical results: same convergence behavior
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Fig. 2. Training convergence on synthetic DFL, Sudoku, and SOCP.

Takeaway: approximate first-order hypergradients track
exact-gradient training behavior.
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Empirical results: faster and more scalable
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Fig. 3. Forward/backward computation cost.

Takeaway: avoid KKT factorization, reduce wall-clock and memory
pressure.
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Takeaway

Differentiable optimization can be solved
by fully first-order methods!
FFOLayer: Fully first-order. Solver-agnostic. Scalable.
Try FFOLayer: https://github.com/GT-KOALA/FFOLayer!
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