Column Thresholding for Sparse Spiked Wigner Models:
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Spiked Wigner model

@ The sparse spiked Wigner model was introduced by Deshpande and Montanari, 2014.

o In the sparse spiked Wigner model, it aims to recover a vector u from a noisy matrix Y':
Y =Buu’ + W, (1)
where
o u € R? is an unknown s-sparse unit vector,
o W ~ GOE(d) is distributed as the Gaussian orthogonal ensemble*,

s Y€ RdXd,
o 3> 0 denotes the signal strength.

@ Our goal is to estimate u from Y and characterize the regimes of (8, s, d) under which
nontrivial recovery is information-theoretically and computationally possible.

*W = (A+ AT)/v/2 with A having i.i.d. N'(0, 1) entries.
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Signal strength requirement

o Information-theoretic lower bound on signal strength is 5 = ﬁ(ﬁ)*

@ Existing polynomial-time algorithms fall into two main categories:
o Spectral methods: vanilla and spectral projection (Brennan et al., 2018)
e Vanilla: compute leading eigenpair of Y
e Spectral projection: projects leading eigenvector of Y onto sets of sparse vectors
o Signal strength requirement: 3 = ﬁ(\/ﬁ)f
o Complexity: O(d?)

o Thresholding methods: diagonal thresholding? and covariance thresholding$
o Diagonal thresholding: estimate support by top s elements of diagonal of Y
o Covariance thresholding: soft/hard thresholding to Y and compute its leading eigenpair
o Signal strength requirement: 5 = fZ(s)’[
o Complexity: O(d log d + s®) for diagonal thresholding and O(d®) for covariance thresholding

*Dia et al., 2016; Lelarge and Miolane, 2017; Banks et al., 2018; Perry et al., 2018, 2020

i'Baik et al., 2005; Péché, 2006; Féral and Péché, 2007; Paul, 2007; Capitaine et al., 2009; Benaych-Georges and Nadakuditi,
2011; Brennan et al., 2018; Montanari et al., 2015

¥ Johnstone and Lu, 2009

§Krauthgamer et al., 2015; Deshpande and Montanari, 2016

1[Hopkins et al., 2017; Brennan et al., 2018; Choo and d'Orsi, 2021
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Recovery regimes
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Figure 1: Recovery regimes in spiked Wigner model (Brennan et al., 2018), with s = ©(d?) and s/ = ©(d¥).
Region | (Impossible): information-theoretically impossible regime
Region H (Hard): computationally hard regime
Region E (Easy): polynomial-time tractable regime
Yellow line: information-theoretic limit
Blue/Orange lines: computational boundaries achieved by spectral methods/thresholding methods

@ Assuming planted-clique conjecture, for uniform amplitudes, statistical-computational gap in
hard regime is believed to be fundamental and cannot be closed.

o We aim to identify a class of non-uniform spike which some polynomial-time algorithm can
recover under signal strength 8 = Q(v/s).
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Column thresholding
o Diagonal thresholding (Johnstone and Lu, 2009)
o Statistical gap: gqiag := ’rrCJ|7QIE[Y] i irggggE[Y] =B :.2%’1‘“:"2 *

o When ggiag /3 is large, achieving any target gap sufficient for recovery requires less 3.

o For a larger statistical gap, we propose the column thresholding algorithmt:
Q iy < argmaxie[q) Yii;
@ T < indices of s largest entries in |Y:,,-0|;

© v <+ leading eigenvector of Y with |lv|2 =1;

@ Output & € RY with fl% <~ v and ﬁ?c ~—0
o Statistical gap: geol := ,ren7r1 [E[Y] I./} - max [E[Y] './| = Bu| “n:1|7r1|u,| .

° Zeol > Bdiag

o Complexity: O(dlogd + s3) for column thresholding and O(d log d) for its variant

*T: the support of u
iln line with Jagatap and Hegde, 2019; Wu and Rebeschini, 2021; Cai et al., 2023, 2025
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Theoretical results for column thresholding
o Noisy matrix: Y = Buu’ 4+ W from (1).

o Estimation error: dist(u, &) := min{||u — |2, ||u + ¥||2}-

Theorem (Estimation for column thresholding)

For any ¢ € (0,1], if 8> Ci¢ Y| u||5tv/sTog d for some universal constant C; > 0, then with
probability at least 1 — 1.6d~1, the output @1 of column thresholding satisfies dist(u, &1) < ¢.

Theorem (Support recovery)

Assume u is an s-sparse unit vector satisfying |u;| > 0/+/s for all i € T and some constant 6 > 0.
If B> G360~ ||u||xt\/sTog d for some universal constant C3 > 0, column thresholding recovers
the support exactly (i.e., T = T ) with probability at least 1 —1.3d 1.
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Truncated power method
o To improve estimation accuracy, we apply truncated power method (Yuan and Zhang, 2013).
o Recovery problem: max w' Yw, subject to |w|2 =1, ||wl|o < k.
o Initialization: our column thresholding

o Refinement iteration: u® = Pgy_1(Hi(Yui=1)) *

o Column thresholding: a 'proper’ initialization} with reduced signal strength requirement.

o Complexity: O(ds + dlog d) per iteration

Theorem (Estimation for truncated power method)

For any ¢ € (0,1), if B > C4 max {||u||<;,17 ¢~1}+/slogd with some universal constant C4 > 0,
then with probability at least 1 — 1.5d L, {ut}t21 produced by truncated power method,
initialized with u® from column thresholding and using k = Css with some universal constant

Cs > 0, satisfies dist(u, ut) < ntdist(u,u®) + h(, wheren, h € (0,1) are constants about Cs.

*Psd—l ‘R \ {0} — S971 defined by Pgd—1(2) = z/||z|l2; k: sparsity level used in recovery problem;
Hy : R? — RY is hard thresholding operator that retains top k entries (in absolute value) and zeros out the rest.
I'Proper’ initialization: satisfy the convergence condition of truncated power method in Yuan and Zhang, 2013.
oy



Empirical validation of signal thresholds
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Figure 2: Estimation error vs. scaled signal strength for our column thresholding.
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Figure 3: Support-recovery success rate vs. scaled signal strength for our column thresholding.

o Column thresholding empirically achieves the signal strength requirement 8 = Q(/slog d).
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Statistical and computational

14
—4—DT
12 ——CT
—a—SP
1 —e—TPM
g
508
c
S
k|
gos
@
Woa
02
0 5 2
30 40 50 60 70 80 90 100

0.8

~6—DT
—v—CT
—s—sP
——TPM

Estimation error
o o o
& 2 &

o
N

0.1

Success rate

Success rate

comparison

~o—DT
~¥-CT
—a-SP

—e—TPM

100

Figure 4: Estimation error, support-recovery success rate and runtime as functions of the signal strength 3.
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Figure 5: Estimation error, support-recovery success rate, and runtime as a function of the dimension d.

o Our TPM outperforms existing methods in estimation, support recovery and runtime.

*DT:diagonal thresholding;CT:covariance thresholding (Krauthgamer et al., 2015
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);SP:spectral projection (Brennan et al., 2018)
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