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Overview/Motivation:
Our work addresses time-varying stochastic optimization (TV-SO), finds non-parametric optimality conditions via
Malliavin calculus, and devises a scalable neural algorithm, competitive with the baselines from both complexity and performance
perspectives. Non-parametric framework enable us to provide a learning mechanism insensitive to the parameterization dimension, the challenge which most
of the baselines such as adjoint sensitivity models and path-wise differentiation methods (PDMs) struggle with.

Key Feature
A scalable algorithm parallel to PDMs and adjoint sensitivity models for stochastic optimization under distribution drift.

Application
Our work has applications in machine learning settings where parameters / variables undergo distribution drift as well as in non-stationary
environments. Evaluations on least-square recovery and logistic regression problems show the effectiveness of our method against baselines,
achieving a 10-fold smaller optimality distance than the stochastic gradient based baseline, and having extremely less runtime than the
conventional neural-based baseline (PDM).

Problem Statement
Solve the stochastic counterpart of the time-varying optimization (TV-O) problem: (TV-O) : min

𝒙𝑡 𝑡∈ 0,𝑇
𝑓 𝒙𝑡 , 𝑡 , ∀𝑡 ∈ 0, 𝑇 . 

Specifically, solving time-varying stochastic optimization (TV-SO) problem:  min
𝑋= 𝒙𝑡 𝑡∈ 0,𝑇

 𝔼 𝚵,𝐗 ∼ℙ⊗ℚ{ 𝑓 𝒙𝑡 , 𝝃𝑡 , 𝑡 }, ∀𝑡 ∈ 0, 𝑇 ,  

where (i) 𝚵 = 𝝃𝒕 ∈ ℝ𝑚
𝑡∈ 0,𝑇 Malliavin differentiable known process under law  ℙ,  (ii) X = 𝒙𝑡  ∈ ℝn

𝑡∈ 0,𝑇 Malliavin differentiable
decision process under law ℚ, (iii) 𝑓(⋅,⋅,⋅):  ℝ𝑚× ℝ𝑚 × [0, 𝑇]  → ℝ  a square-integrable function representing a time-varying measure.

A Stochastic Path Follower (SPF) algorithm to solve TV-SO
(i) Representation: represent decision process 𝒙𝑡 using a neural SDE
                                                     d𝒙𝑡

𝜽 = 𝒂 𝒙𝑡
𝜽, 𝑡; 𝜽 𝑑𝑡 + ∑ 𝒃𝑙 𝒙𝑡

𝜽, 𝑡; 𝜽 𝑑𝑤𝑡
𝑙𝑑

𝑙=1

(ii) Forward Pass(1): simulate the process 𝒙𝑡
𝜽 using any SDE-solver,

given NN parameters 𝜽

(iii) Forward Pass(2): simulate the Malliavin derivatives, (𝐷𝑠𝒙𝑡
𝜽, 𝐷𝑠𝝃𝑡),

using any SDE-solver and based on the s-to-t stochastic flow 𝚪s,𝑡

(iv) Loss Evaluation: include both the optimality conditions by the following
energy-functional criterion as the learning loss:

ℒ(𝜽; 𝒙, 𝐷𝒙) = ∫ 𝔼 ∇𝒙𝑓 2 + ∫ 𝔼{ ∇𝒙
2𝑓 𝐷𝑠𝒙𝑡

𝜽 + ∇𝒙𝝃𝑓 𝐷𝑠𝝃𝑡} 2𝑑𝑠𝑡
0 𝑑𝑡𝑇

0

(v) Update: update the parameters of the neural SDE using a convergence-guaranteed
Adam-type algorithm.

Experiments

Least-squares recovery with distribution drift: Logistic regression with distribution drift:
   min

𝑿
𝔼 1

2
𝑨𝒙𝑡 − 𝒏𝑡

2,   𝑨 ∈ ℝ𝑛×𝑑,  𝒏𝑡 ∈ ℝ𝑛,  𝒙𝑡 ∈ ℝ𝑑  min
𝑿

𝔼 1
n

∑ log 1 + exp 𝒂𝑖
⊤𝒙𝑡

𝑛
𝑖=1 − 𝒃𝑡

⊤𝑨𝒙𝑡 , 𝑨 = {𝒂𝒊}𝑖=1
𝑛 ∈ ℝ𝑛×𝑑,  𝒃𝑡 ∈ ℝ𝑛,  𝒙𝑡 ∈ ℝ𝑑

   𝑨: measurement matrix, 𝒏𝑡 ∼ 𝒩(𝑨𝒙𝑡
∗, 𝑪): observed parameter, 𝑪 = 𝜎2𝑰   𝑨: measurement matrix,  𝒃𝑡 = 1/ 1 + 𝑒−𝒚𝑡 : soft labels with 𝒚𝑡 following an OU process

   𝒙𝑡
∗ follows an Ornstein–Uhlenbeck (OU) process

High-dimensional evaluation
on least-squares recovery
(n = 100, d = 50)

Scalable neural algorithm; needs 𝑛 + 𝑛2 SDEs for solution (notably independent of parametrization)Stochastic Path Follower SPF (ours)
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Neural baseline; needs 𝑛 + 𝑛𝜙  SDEs for solution with 𝜙 parameterization dimensionPath-wise Differentiation Method (PDM) [Tze19]

Neural-free gradient-based approachProximal Stochastic Gradient (PSG) [Cut23]

References: Cutler, J., Drusvyatskiy, D., and Harchaoui, Z. Stochastic optimization under distributional drift. Journal of Machine Learning Research, 24(147):1–56, 2023.
Tzen, B. and Raginsky, M. Neural stochastic differential equations: Deep latent gaussian models in the diffusion limit, arXiv:1905.09883, 2019.

Theory
Theorem: Consider problem TV-SO under Assumptions (i)–(iii), with 𝐗 = 𝒙𝑡 𝑡∈ 0,𝑇 and 𝚵 = 𝝃𝑡 𝑡∈ 0,𝑇 being ℱ-adapted, Malliavin-differentiable, and

square-integrable processes. Then TV-SO is optimized at a given instant 𝑡 if the following necessary conditions hold:

where 𝐷𝑠𝒙𝑡 (respectively, 𝐷𝑠𝝃𝑡) is the Malliavin derivative of 𝒙𝑡 (respectively, 𝝃𝑡) with respect to Wiener process 𝒘𝑡.

Proposition: Consider the Malliavin derivative 𝐷s𝒙𝑡 for the SDE d𝒙𝑡 = 𝒂 𝒙𝑡 , 𝑡 𝑑𝑡 + ∑ 𝒃𝑙 𝒙𝑡 , 𝑡 𝑑𝑤𝑡
𝑙𝑑

𝑙=1 . Then, 𝐷s𝒙𝑡 = 𝚪s,𝑡𝑩 𝒙s, s for s ≤ t,
where 𝑩 𝒙s, s = 𝒃1, … , 𝒃𝑑 𝒙𝑠, 𝑠 and s-to-t stochastic flow 𝚪𝑠,𝑡 ∈ ℝn×n represents a linear SDE, adapted to the filtration ℱs, given by

𝑑𝚪𝑠,𝑡 = ෍ 𝒥𝓍

𝑑

𝑙=1

𝒃𝑙 𝒙𝑡 , 𝑡 𝑑𝑤𝑡
𝑙 + 𝒥𝓍𝒂 𝒙𝑡 , 𝑡 𝑑𝑡 𝚪𝑠,𝑡, 𝚪𝑠,𝑠 = 𝐈,    𝒥𝔁 [⋅] → Jacobian operator

 𝔼{∇𝒙
2𝑓 𝒙𝑡 , 𝝃𝑡 , 𝑡  𝐷𝑠𝒙𝑡 + 𝛁𝒙𝝃𝑓 𝒙𝑡 , 𝝃𝑡 , 𝑡  𝐷𝑠𝝃𝑡} = 𝟎,     ∀s ≤ t

𝔼{∇𝒙𝑓 𝒙𝑡 , 𝝃𝑡 , 𝑡 } = 𝟎

TV-SO (our problem): 𝔼{ ∇𝑥
2𝑓 𝐷s𝒙𝑡 + ∇𝜉∇𝑥𝑓 𝐷𝑠𝜉𝑡}  =  𝟎TV-O (literature): ∇𝒙

2𝑓 𝑑𝒙𝑡
𝑑𝑡

+ 𝜕
𝜕𝑡

∇𝒙𝑓 = 𝟎Comparison of Optimality Conditions
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Parameterization dimension Time
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