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BACKGROUND

o Irregular / incomplate observations
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o Re-gridding distorts dynamics

x(t) Native (irregular) times x(t) Uniform grid (re-gridded)
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o Long continuous-time rollouts can drift / diverge
(t) < Observed history g Forecast / rollout horizon 5
—— True trajectory

drift / error

Uncertainty
(grows with time)
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LATENT
TRAJECTORY

o Respect native times.

t tp t3 ty ts tg
Native irregular times var 1 Va,; o D 8 z & ¥ % t
(high-dimensional Entity 1 [ [
observations) Entity 2 il
Entity N - ] o] & 1
Latent trajectory z(t) Compress entity /
(compact state) variable dimension,
not time.
o Sparse / masked observations are difficult in raw space.
Masked high-dimensional observations Compact latent state / trajectory
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A High dimensional, irregular, and heavily masked — hard to model. @ Missingness absorbed in a compact latent representation.
o Joint raw-space modeling is inefficient.
High-dimensional joint raw space Low-dimensional latent trajectory
t ty i3 ty ts tg
>t >
- !
More efficient 2(t) O, o B = W i
sequence s A L : ! ! 2
modeling . . . . . .

Large joint state: entities x variables.
Complex dependencies — high computational cost.

Compact state (d << Nx D) with simple dynamics.
More efficient and scalable.




LONG-TERM
STABILITY
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EQUIVALENT
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RENEWAL-
AVERAGING ON
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Stochastic port-Hamiltonian SDE

Augxiliary Hamiltonian state z, in R9= evolves as

Hamiltonian / port variables

e H(zy; 14 ) is the context-conditioned stored energy.

| do = [(7 = RIV. Hlaib0) + Glwou] a + Edwz] i L i i
i Gl we s 1), is history-dependent and piecewise constant
. e s ! . between cbservation updates.
deterministic external stochastic | System
port-Hamiltonian drift input variation i KIRIr el (H  |a ( S cishcaginbétugbilbotith d ites a
Structure: | 4w, = G (1) ‘ e i =
o JT = —J (skew-symmetric interconnection) i | Vo H (e 4:) IFps lsdflxed, the=0.ind 5 50, then
¢ R>0 (dissipation) v —E[H]:—E[VIHTRVEH <0
* G(Y:) input matrix i Dissipation | dtd ‘ _ 4 .
. TdW, e i R>0 ‘ Expected energy is non-increasing between context updates.
- 2 .
Expected energy balance (Itd)  ViH(z,): Hessianof H
o tr(-): trace operator

d
dt
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context update term
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dissipation (< 0)
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input power
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It correction / noise

» This is the instantaneous energy balance and
does not depend on the sampling grid.

I . 1
i Between observation updates, ¢y = 0. In the absence !
i of external inputs and m‘::ise, the expected energy i
| decreases due to dissipation. )
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Long-horizon stability intuition

Local mean dynamics

E [0z;] = ") K5y, +[

A =(J = R)V2H(Zs,; ¥1,),
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M) B gu, dr

B ~ G(ﬁl"to)

Forecasting view

For £ > ty, future w, is unobserved.
The history summary sets the initial
state / residues, and generation
follows autonomous transients.

Stable modal bias

poles: —pp T iwy,
with py. > 0

= exponentially
decaying mean modes

Intuition: expected energy vs. time
E[H(t)]

.+ strong input / noise
or weak dissipation

balanced

dissipation-dominated
(stable decay)

>

0 time ¢

Takeaway:

stochastic port-Hamiltonian structure provides a stability-inducing bias. Dissipation discourages energy growth,
and enforcing pi, > 0 yields stable long-horizon mean dynamics consistent with the paper.




d(s-’.’?! = A5:1:¢dt + B(Yut dt + Eto th
A = (J_ R) ng(ﬁtu: '!piu):
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B =~ G(vy,)
E[0z;] = eAtWE[6z,,] + [ eA¢™") Bu,dr
E[éy,] = Ce“’{‘_*")]E[Jmto] + (g * du)(t)

g(t) = Ce™*B, G(s) = L{g}(s) = C(s[ - A)' B

p
o Local linearization and Laplace-domain view

_________________________

local
pH dynamics

_ [ Jacobian A | = | resolvent G(s) ]

For forecasting, future du(t)
is unobserved, so generation
focuses on autonomous

time domain

Laplace domain

transients from the history-
conditioned initial state.
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9 Stable modal parameterization
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i [ pr >0 = A is Hurwitz = exponentially decaying mean modes. J

e Why complex poles are an equivalent representation

B. Spectral effect

C. Equivalent realization

modal basis.

A. Physics source ¢ The Hessian and (J, R) determine the local Jacobian A.
| e :
V2 H T R | X TP I Lim(s) ) e The resolvent C(sI — A)™"' B has a modal /
¥ ; . Real part (—p; partial-fraction expansion.
local ener conservative fe Ll
curvatursy interconnection dissipation —’ : i » Re(s) controls decay. —’ e Thus learned poles and residues summarize the same
! e : TPk Imaginary part (w;) local Iinegr dynamics _without explicitly computing the
H P y e full Hessian or Jacobian.
~ 2 X =P — W controls oscillation.
(J R) v;{; [ (V2H1J,R) - 4 - G(S) - {p;,,wk, Ck;bk} J
L%
-
o Physics view and intuition single mode: e ' (¢, cos(wyt) + by sin(wyt)) K
* w. reflects conservative oscillation frequencies ot RN o et Zo (fr) = E e Prtr [ék cos (r_ﬁk fr) + by, sin (U:)k f,;)]
induced by J acting on local curvature. /\ SemaaT . L =
s py. captures dissipative decay rates driven by R. 0 \-//"\\//\\;//‘ - -
* Residues by, ¢, encode how the history- I U » B it al : :
o ? : e osed-form evaluation at all query times enables
conditioned latent state projects onto the = T oT 3T AT ‘ horizon-wide generation without physical-time stepping. ]

how local energy curvature and dissipation shape latent trajectories.

Takeaway: the learned complex poles are not arbitrary—they are a stable modal realization of the local port-Hamiltonian mean dynamics, equivalently capturing
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€ Continuous-time mode under irregular sampling A ——

nacacsbanmntibn s Event-to-event update (complex coordinate): { The discrete (event-indexed) 1
Single continuous-time i Real 2 x 2 block for one mode: *) SR (k) : dynamics depend on the I
mode (complex pole): | to ty 2] ty £ tis Cj+1 =g 8 Cj i actual realization of gaps Il
| » » » e > » > A ;. Even with the same I
: | - —w g >k - > — t e . r
[ 8, = —pp + 2w, } b Ag = [ wpk pk] A=t -ty dp=b— v i Ajpy=tig =t Equivalent update (real 2D coordinate): i intrinsic pole s, different |
| k=P | gap patterns yield different !
i Irregular gaps change how a continuous-time mode g(k} = eMdjn E(k] : Epf);ent behivfor :
I appears in event index j. Jl J L e e e 2
L
r_ - - - - )
o Renewal averaging gives an effective event-domain pOIe : Complex coordinate (mean evolution under i.i.d. gaps): Real coordinate (mean evolution):
. : Effective event-domain pale |
Continuous-time Pole Random gaps A - - — ok - [ E [C[.l}] . (E[ s.,a]) (k) _ = ,\J (J'.) _;,__; C(”] [ E [{tm] = (DJ (ﬁ-) (I)Js —F [eA;cﬁ] J
[ S = —py +iwg Renewal [ S = — P 1w ] ;
T _p —p | averaging | ——p T i If the principal matrix logarithm exists,
E[-]) 5 = B[], F.= S i k k
” I — (E[-] . : [ Ar = E[e™?], 5 =log(Ax) = —pp + i@, ] [ ®,=e', o E[f} N = A:.J{()
support T > (1 E
L i [ The event-domain pole depends jointly on intrinsic dynamics and the gap distribution. _]
§ g - g . 0 . . - e e e e = —— - ———
0 Stabllity and effect of gap varlablllty Second-order approximation (small-to-moderate variability) Same intrinsic pole s, but different gap variability P Irregular sampling 3
M tability i d ; Low-variance gaps High-variance gaps - IF K ]
ean stability is preserve (nearly periodic) Intrinsic pole (irregular) [ tc;n - d |
| event-domain deca
Iaz] = |Eies"ﬂ'” < IE”es“ﬂl] < E[ERG(“}&] =1 { Sp & 8 ]E[A] = Sk V&I‘(:ﬁ) "_’_'_:_'_'_"t it R | appear stronger ¢ :
= j=A=E[A o Var(A e o 0 ]
—_— Re(sk) = log |)'-L| S 0 [A] de 4 Re-} ar(A) large : 4 {mafe negative :
' ; = 5 [ G d - It ) Eﬁectwe poEe Effective pole {1 BA(34))iorwaaker |
Random sampling preserves mean stability when 2p mednand gapNaanne 2 er K e © | (less negatme} !
Re(sy) < 0 and P(A > 0) > 0. L effective damping and phase. I S = — Py + twy gl s S F R
L :
( H 1 s ~
0 why the summarizer must encode times and 8ap Patterns Token types / cues the summarizer should encode Effective event-domain poles entangle WITHOUT timing / gap encoding  Im
Raw irregular history Y intrinsic poles with sampling statistics ®
Timestamps / At Continuous-time T »  Confuses intrinsic dynamics 2
Valuesy: Yo yi — Y2 Yo — Y& ¥ — Y6 im:-?::r 0 actual timing of events modal parameters [ « = E[e™?], 5 = log(\t) ] with sampling artifacts. = _ |4
s ; . Re
MRET L T ) 1R T ek » 9 Gap variability ) * gk ffersncy) Therefore, the model must condition on
Times t: fp & ty Iy R o ts irregularity pattern / statistics (i Y ) timing information to infer gap-robust (Wit gap-aware summarization  Im ,
) 3 Sk kY Sh continuous-time parameters »  Better recovery of
Sippdly sty 0,y el 9 Masks / observed values k=1,...K (Prs Bk, Ea, i) consistent continuous- = |=
(uneven) —_—— -1 which values are observed 2 J time poles. Re
\
3
&

Takeaway: Renewal averaging shows that irregular gaps reshape the observed event-domain dynamics.
This is why the history summarizer must encode timestamps and gap patterns:  to disentangle sampling effects from the intrinsic continuous-time latent dynamics.
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€ Conditioned modal parameter prediction €@ What the predictor outputs
Irregular history / context Noisy latent trajectory Modal parameters (example with K = 4 modes) Poles in the complex plane
(summarized) at reverse diffusion step 7 - ~ 4 Im(s)
ok decay rate | frequency residue vectors
t’ t‘ t‘ [ 2.(1) ‘ 2:(2) ‘ o | 2e(vy) ] e i O B B —pa + iy —p1 +idy
3 o e ; = . = = X X
* e 1 M wy & €R? | b eRY
g=T Siale 0- = = = ~ " .
History summary tokens (sequence) ’ 2 wa &HER? | byeR? =£s T » Re(s)
[ e1 ‘ eo ‘ e ] l ) 3 P3 w3 é&eR? | by eRY
\ Predicted modal parameters = 3 = 7 e d
J - - 4 N Wy éy e R b, e R b4 X
E, = [e1, ez, ..., €x) modal predictor Lg | —» [g: {(ﬁk,@k,ak,bk)}fﬂJ = T sl 0Dy
vies ) 5 pmmmmmmm e : : s
EJ (X% ® i parameters are predicted | Residues €, by, encode how the
Port Dynamics Temporal | ! at each reverse diffusion step | [ pr > 0 enforces stable decaying modes. ] history-conditioned state projects
_ information information information R : onto the modal basis.
A = i N o
' .
e Ana[ytical horizon-wise synthesis Synthesized clean latent trajectory (evaluated at all queries)
T i“ A E ~ ~ o o -~ g
Inputs to synthesizer Zo(E,) = 3K, e ™ [& cos(@t,) + by sin(@y £,.)] Bl = e ooy W ‘
Predicted parameters 9 S — e e
S . i K Per-mode damped components (examples) I = £ |
9 = {(Pr, W, Gk, b))}, modal synthesizer £} | . S Wbt iragaciosy : closed-form e\:raluat.aon :
L ! mode 1 M\ mom— + NMumen . + P i atall query timesin |
Relative query times (closed-form) i [T i one parallelizable pass. |
- | fmsmes + rAcmaer. oo e T B e )
{tf}r=1
e »
= _ . mode K /\/’\‘/‘\f“- + /\Mh . i t‘] t:ﬂ tﬂ. ﬁ-q -y t’h
fl fz f-:i th
\. 4
s T : - - i
o Why this is useful B. Arbitrary time queries | C. Reverse-step update
Sequential ODE solver (crossed oxt) LLapDiff (direct parallel evaluation) Causal interpolation / (T \: DDPM / DDIM reverse step
imputation (past queries) Extrapolation (future queries) | same model can
e l l l l i 1 i synthesize future | | - P -
i, 24 tf 3 ST | targets and missing | z hD‘ Pl =1 :
; : ; = o & & . | historical targets by | | (noisy) (synthesized) (less noisy)
b1 ta Fm tn b £ ¥ J time ¢ | Querying chosen || !k ________________ W, '
T i | timestamps.
v = b bserved hist : q . Nemteem o e e ] i
[ slow, sequential rollout over physical time J [ avoids sequential integration over physical time ] (historical queries) :nds atI:i)o & ti < t§ (future queries) | ‘ ‘m;‘:a::::;?';;;zi::egr?;:g‘w }
\ : J

Takeaway: LLapDiff predicts stable modal parameters from the noisy latent and history summary, then synthesizes the entire latent trajectory
analytically at arbitrary query times—enabling horizon-wide generation without physical-time stepping and supporting both extrapolation and causal interpolation.
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QUALITATIVE ILLUSTRATIONS

PhysioNet Crypto NOAAISD UK
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Decay Rate p (1/unit time)

Decay Rate p (1/unit time)

LEARNED POLES DYNAMICS

PhysioNet (Cond) Crypto (Cond) NOAA UK (Cond)
¢  Mean poles ®  Mean poles . o  DMean poles
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. 5 : : .I j N g _\_\_‘_‘_\_. y
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ROBUSTNESS UNDER MISSINGNESS AND REGIME SHIFTS

A. Strict unseen-regime extrapolation B. Boundary-crossing robustness

@ ] ° ® 0.2482
" 0.2025 .
0.1921 . ; 0.1831 01881 A 0.1937 &
% 0.1500
.
frequency 2.0x frequency 2.0x decay 2.5x decay 2.5x frequency 2.0x decay 2.5x
cond w/o cond cond w/o cond

B8 Crossing CRPS Post-shift CRPS ® Crossing MAE 4 Post-shift MAE % w/o cond B0 Before CRPS W Cross-regime CRPS  ® Before MAE * Cross-regime MAE
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