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THE KANTOROVICH OPTIMAL TRANSPORT PROBLEM

▶ Parameters: (µ, ν) ∈ P(Mµ)× P(Mν), c∗ : Mµ ×Mν → R.
▶ Constraint set:

Π(µ, ν) := {π ∈ P(Mµ ×Mν) : π(·,Mν) = µ, π(Mµ, ·) = ν}

▶ The Kantorovich problem is

Kant.(µ, ν, c∗) := inf
π∈Π(µ,ν)

∫
c∗(x, y)dπ(x, y)

▶ Applications: economics, ML, etc.
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THE BANDIT OT PROBLEM

1. Marginals µ and ν are given but c∗ is unknown.
2. Onemust play plans πt ∈ Π(µ, ν) sequentially over t ∈ N.
3. Each turn, a bandit feedback Ct is generated

Ct :=
∫
c∗(x, y)dπt(x, y) + ξt .

4. Performance of an algorithmπ := (πt)t∈N is evaluated online with regret

RT(π) :=
T∑
t=1

Ct − Kant.(µ, ν, c∗) for T ∈ N
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LINEAR BANDITS ARE SOLVED RIGHT?

RT(π) :=
T∑
t=1

Ct − Kant.(µ, ν, c∗) for T ∈ N

▶ Optimism in the Face of Uncertainty (OFU).
▶ Ridge regression + confidence sets + optimism
▶ Abbasi-yadkori et al. (2011).

▶ Requires Kant. to be a bilinear functional on a Hilbert space.
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WHAT ABOUT BOT?

The Kantorovich problem

Kant.(µ, ν, c∗) := inf
π∈Π(µ,ν)

∫
c∗(x, y)dπ(x, y) = inf

π∈Π(µ,ν)
⟨c∗|π⟩

is an infinite-dimensional linear program but

1. The actions and cost functions do not live in the same space.

2. Actions are measure-valued andmeasures are not a Hilbert space.

When are sub-linear rates attainable in BOT?
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SOLVING BOT: THE KEY IDEA

1. Rewrite the transport payoff in the Fourier domain so BOT looks like a linear bandit on
transformed costs and plans.

2. Add a small entropic penalty to optimism so that plans admit densities and live in the
Hilbert space where OFUL-style confidence sets apply.

3. At round t: estimate Fc∗, build a confidence set, and choose the optimistic entropic
OT plan.
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MAIN REGRET GUARANTEE
Assume c∗ ∈ L2(Rd; ϱ) is Lipschitz and the noise is sub-Gaussian. With εt = αt−α, the
optimistic entropic algorithm satisfies, with probability at least 1− δ,

RT ≤ σ

√
2T log

(
2
δ

)
+ 2CβT(δ)

√
T log det

(
Id+

1
2λC

MT(DΛ)−1M∗
T

)
+

κα

1− α

(
T1−α log(T) +

α

2α
log(6)

)
.

▶ First line: the usual OFUL-style exploration term.
▶ Second line: approximation error of Kantorovich OT by entropic OT.
▶ The remaining question is how the learning term βT(δ) scales with regularity.
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LEARNING + CONCLUSION
▶ The learning term is controlled by how fast the Fourier coefficients of c∗ decay in a
basis of L2(Rd; ϱ).

▶ If the truncation error behaves like ζ(n) ∝ 1− n−q, choosing a model size
nt ≍ t1/(q+2) gives

RT = O
(
T

q+4
2q+4

)
up to logarithmic factors.

▶ As q→ ∞, we recover the parametricO(
√
T) rate; as q ↓ 0, the problem becomes

unlearnable.
▶ Take-homemessage: BOT admits sublinear regret despite going beyond the standard
Hilbert setting, and the exact rate is dictated by the regularity of c∗.
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