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The Divide in Reinforcement Learning

Practice: Deep RL Theory: Provable RL

• (Relative) High empirical performance (Go, Video Games, 

Self-driving)

• Implementable

• Sample inefficient (No guarantee), Black-box behavior

• Polynomial sample complexity bound

• Either simple environment, 

• or intractable assumptions, not implementable

Can we design an algorithm that operates in complex environments, enjoys 

polynomial sample complexity bound,  and is also easy to implement?
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RL Preliminaries

• Transition: 𝑃𝜃,ℎ 𝑠′ 𝑠, 𝑎

• Reward: 𝑟ℎ(𝑠, 𝑎)
• Horizon: 1 ≤ ℎ ≤ 𝐻

• Policy: 𝜋ℎ(𝑎|𝑠)

Value function: 𝑉𝑟,ℎ
𝜋 𝑠 = σ𝑎 𝑄𝑟,ℎ

𝜋 𝑠, 𝑎 𝜋ℎ(𝑎|𝑠)

Q-value function: 𝑄𝑟,ℎ
𝜋 𝑠, 𝑎 = 𝑟ℎ 𝑠, 𝑎 + σ𝑠′ 𝑃ℎ 𝑠′ 𝑠, 𝑎 𝑉𝑟,ℎ+1

𝜋 𝑠′

Goal: find ො𝜋 𝑠. 𝑡.  max
𝜋

𝑉1,𝑟
𝜋 𝑠1 − 𝑉1,𝑟

ෝ𝜋 𝑠1 ≤ 𝜖
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Low-rank MDPs

Tabular RL Low-rank RL General Function

Model complexity

Computation complexity

start
equation
cap 

start
equation
phi

start
equation
mu

start
equation
times

start 
equation
equals

𝑃 𝜙 𝜇×=SA

S d

d

𝑃𝜃,ℎ 𝑠′ 𝑠, 𝑎 = 𝜙𝜃,ℎ 𝑠, 𝑎 ⊤𝜇𝜃,ℎ(𝑠′)

Unkown features 

parameterized by 𝜃

Latent dim d <= S

S, A: finite Value functions belong to ℱ 

whose “eluder dim” is small

4



Computation Oracles

y equals f sub w , open paren x close
paren

start
equation
x

start 
equation
y

Supervised Learning

𝑦 = 𝑓𝑤(𝑥)

𝑥

𝑦

• # of arithmetic operations: 

inadequate for generation 

function approximation

• Supervised learning (SL):   

widely used in deep learning

𝑆𝐿 𝜀 : the complexity of finding 

an 𝜀-optimal solution in SL

e.g. gradient descent iterations
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Computation Oracles

Policy Planning (PP): Known 

env., find the best policy

Constrained Planning (CP): 

Known env set., find the best 

policy of the best
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Which one is (oracle) efficient?

PE < PP < CP

• 𝑃𝐸 𝜀 = 𝑆𝐿(𝜀2)

• 𝑃𝑃 𝜀 = 𝑆𝐿𝐻(𝜀2𝐴−2𝐻)

• 𝐶𝑃 𝜀 = 𝑆𝐿2𝑑
(𝜀2𝐴−2𝐻)

𝑆𝐿𝑛 𝑒 : need to run supervised learning oracle 𝑛 

times with loss decreasing to the minimum plus 𝑒

Optimal Q-value function: 
𝑄𝑟,ℎ

∗ 𝑠, 𝑎 = 𝑟ℎ 𝑠, 𝑎 + 𝔼[max
𝑎′

𝑄𝑟,ℎ+1
∗ (𝑠′, 𝑎′) ]

Q-value function: 
𝑄𝑟,ℎ

𝜋 𝑠, 𝑎 = 𝑟ℎ 𝑠, 𝑎 + 𝔼[𝑄𝑟,ℎ+1
𝜋 (𝑠′, 𝑎′)]
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Best-known SL-oracle Complexity

Reduce to supervised 

learning: solve using 

gradient descent
Policy evaluation (PE)

Task: estimate value for one policy

Policy planning (PP)

Task: find the best policy for a 

fixed and known model

Constrained 

planning (CP)

Task: find the 

best policy in a 

confidence set
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Our algorithm: Reducing RL to Supervised Learning

Reinforcement 
Learning Problem

Complex, sequential, active 
exploration.

Supervised 
Learning Task

Simple, static, regression.

Supervised Learning Oracle (SL):
• Input: Dataset of (𝑥, 𝑦) pairs.
• Task: Return function 𝑓 minimizing loss 𝑙(𝑓 𝑥 , 𝑦)
• Insight: This is exactly what modern Deep Learning’s efficiently. If we reduce RL to this, we win.

G NotebookLM
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Optimistic Actor-critic

start 
equation
pi

cap Q sub open paren r plus b 
,h close paren to the pi

Actor
Policy 𝜋

Critic
Value 𝑄𝑟+𝑏,ℎ

𝜋

Exploration 
Bonus

Collect 

data

Update (SL)

Construct 

(SL)

Estimate (PE)

Environment
1. Collect Data

2. Estimate Model (for 

representation)

3. Construct Exploration 

Bonus

4. Update Critic (PE)

5. Update Policy

For each iteration 𝑘:
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Collect Data and Obtain Representation

Actor
Policy 𝜋

cap Q sub open 
paren r plus b ,h 
close paren to the 
pi

Critic
Value 𝑄𝑟+𝑏,ℎ

𝜋

Exploration Bonus

Collect 

data

Update (SL)

Construct 

(SL)

Estimate (PE)

Environment1. Collect data: Run current policy to step ℎ then 

run uniform selection over actions.

2. Use existing data to learn the transition (SL)

෠𝜃 = 𝑎𝑟𝑔𝑚𝑖𝑛𝜃  𝐿 𝜃 = − ෍

(𝑠,𝑎,𝑠′,ℎ)∈𝐷

log 𝑃𝜃,ℎ 𝑠′ 𝑠, 𝑎

𝑃𝜃,ℎ 𝑠′ 𝑠, 𝑎 = 𝜙𝜃,ℎ 𝑠, 𝑎 ⊤𝜇𝜃,ℎ(𝑠′)
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Exploration Bonus and Estimate Critic

1. Exploration bonus:

2. Estimate Critic ෠𝑄𝑘,ℎ(𝑠, 𝑎) :

• Sampling oracle: 𝜌
• Maximum iteration number: 𝐾
• Current iteration: 𝑘

• Current estimated model parameter: ෠𝜃𝑘

start
equation
pi

cap Q sub open
paren r plus b 
,h close paren 

Actor
Policy 𝜋

Critic
Value 𝑄𝑟+𝑏,ℎ

𝜋

Exploration 
Bonus

Collect 

data

Update (SL)

Construct 

(SL)

Estimate (PE)

Environment
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Update Policy

1. Mirror Descent: 

𝜋ℎ
(𝑘+1)

=  𝑎𝑟𝑔max
𝜋

 𝜋ℎ ⋅ 𝑠 , ෠𝑄𝑘,ℎ 𝑠,⋅ −
1

𝜂
𝐾𝐿 𝜋ℎ ⋅ 𝑠 ||𝜋ℎ

(𝑘)
⋅ 𝑠

start
equation
pi

cap Q sub open
paren r plus b 
,h close paren 

Actor
Policy 𝜋

Critic
Value 𝑄𝑟+𝑏,ℎ

𝜋

Exploration 
Bonus

Collect 

data

Update (SL)

Construct 

(SL)

Estimate (PE)

Environment
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Theoretical Results

Number of Trajectories need 

to find an 𝜖-optimal policy

෨𝑂
𝐻5𝑑3𝐴2 log Θ

𝜖2

14



From Theory to Practice: Feature Construction
Handling Unknown Features with Neural Networks

(s,a)

• Challenge: In Deep RL, we don't know the 
low-rank features Q(s, a).

• Solution: Conditional Random Fourier 
Features (cRFF).

• Implementation: We treat the penultimate
layer of the Neural Network as the learned
feature map Q.

• Theorem: Many real-world environments 
(smooth physical systems) can be 
approximated as Low-Rank MDPs using 
this technique.

15



Conditional Random Fourier Features

Motivation (RFF): P 𝑦 𝑥 ∝ exp −
||𝑦 −𝑓 𝑥 ||2

2𝜎2  ≈ 𝜙 𝑥 , 𝜇 𝑦  

𝜙 𝑥 𝑖 =
cos 𝑤𝑖

⊤𝑓 𝑥 + 𝑏𝑖

𝐷
, 𝜇 𝑦 𝑖 =

cos 𝑤𝑖
⊤𝑦 + 𝑏𝑖

𝐷

1. Sample 𝑤𝑖 ∼𝑖𝑖𝑑 𝑁 0, 𝜎−2𝐼   

2. Sample 𝑏𝑖 ∼𝑖𝑖𝑑  𝑈𝑛𝑖𝑓𝑜𝑟𝑚 0, 𝜋  

Theoretical Guarantee:
Under certain regularization conditions 

of the transitions, we have 
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Experimental Setup
Ant Half-cheetah Inverted-pendulum

Reacher Hopper Pendulum

Algorithms:

• cRFFSAC: without the 

exploration bonus

• cRFFSAC + bonus: Full 

implementation

• SAC: soft actor-critic 

algorithm, 

       - a strong baseline for continuous 

control.
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Experimental Results

Blue: SAC baseline

Orange: w/o bonus

Green: w. bonus
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Summary

1. Computation primitive: Supervised learning

2. RL can be reduced to supervised learning with new algorithm

3. Favorable sample complexity (provably) can be achieved

4. From theoretical representation learning to practical algorithm
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