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Graph Neural Network

@ Standard Message-Passing GNN:
M, = AGG'({H, ‘|u € N(v)}) (1)

H, = COB'(H, ™, M,) (2)
@ Multi-Aggregation GNN:

My* = AGGL({H, " | ue Nowm(V)}), )
ML = (ML M2, LK) )
H! = COB'(H!"1, M) ®)
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Matrix Language

Two adjacency matrices are indistinguishable by the 1-WL test if and only if
e(Ag) = e(Ag) for all e € ML(L1), where L1 = {.,7 , 1, diag}.

e Matrix languages ML(L) can be formalised through composition of
linear algebra operations. A linear algebra operation takes a number of
matrices as input and returns another matrix (vector or scalar).

o For example, if A is a adjacency matrix, then e(A) = 1T Al is a scalar
sentence in ML(L) with £ = {.,T 1}, computing the number of edges
in G.

e Denote (G, G’) € Glj, if graph isomorphism algorithm A decides
(G, G') is isomorphic at L™ iteration. GI§ C Gl denotes A more
powerful than B.
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Algebra Operation of Matrix Language

conjugate transposition (op(e) = e*)

e(v(X))=AeCmxn e(v(X))* = A* e C"™*m (A*); = Aji
one-vector (op(e) = 1(e))

e(v(X))=AeCmxn 1(e(v(X)) =1 € Cmx! 1,=1
diagonalization of a vector (op(e) = diag(e)) _

e(v(X)) = A € Cmx1 diag(e(#(X)) = diag(A) € Cmxm diag(A)ii = A;.

diag(A)j =0, i #

matrix multiplication (op(e1, e2) = e1-€2)

) B e o & (v(X)-e(v(X) = C e Cmee Cy = Shor A x B

scalar multiplication (op(e) = c x e, c € C)

e(v(X))=AeCmxn c x e(v(X))=BeCmxn Bj =c x Aj
trace (op(e) = tr(e))

e(v(X)) =AeCmxm tr(e(v(X)) =ceC c=Y" Aj
pointwise matrix multiplication (Schur-Hadamard) (op(e1, e2) = e1 © )

e1(v(X)) = A e Cmxn

EQ(V(X)) — B e Cmxn el(V(X)) © eQ(V(X)) =CeCmxn Cij = AU X ij
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ax-walk Message-Passing Framework

Given a positive integer sequence a, and a pair of graphs (G, G),
Sk = Zte[k] as, if ax is viewable, then VI € Nt GI! C Gll}gl}L.

ax—walk =

@ Given a positive integers sequence ax, Sk = Zte[k] as. ay is viewable if
Vk € NT,r € [Sx](The subset sums of a, are dense in N*)
@ a,-walk Message-Passing GNN:

Mk = AGG(--- AGG({Hy|u € N(v)})). (6)
times
H, = COB'(H, ™', M) ()
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Pruned Multi-Aggregation GNN

Given a pair of graphs (G, G') and K € N, VL € N*, for K-Path GNN,
the expressiveness of pruned K-Path framework is as powerful as K-Path
framework: GI,ER Kep = Gl,%ip. For K-Hop GNN, Pruned framework have
same expressiveness referrring to regular graphs and strong regular graphs:
(RGN GIPR2 ) € (RGN GI2’- u) (SRGN GI,%EK_H) C (SRGN GI&_H).

@ Pruned Multi-Aggregation GNN: When / < K:

My* = AGGL({{H, ! |u € Ny (V)B)(k <1< K) (8)
M/ — (M/,/ M/,H—l . M/,K) (9)
H), = COB'(H, ', M) (10)

else when | > K:

MR = AGGi ({{Hy Y |u € Nu(V)1})
/ Ieggl—1 ppl K (11)
Hv = (OB (Hv an’ )
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The Pruning Weisfeiler-Lehman Algorithm

1: Input: Graph G = (V, E), number of iterations L.
2: Initialization: Vv € V, X%(v), I = 0.
3: while / < L do
4 I=I/+1t=1
mi(v) = Hash({{x'"!(u) : u € N(v)}}).
for Vv € V do
while t < 2/~1 do
t=t+1
ml(v) = Hash({{m{_,(u) : u € N(v)}}).
10: end while
(V) = Hash(d =1 (v), i, ().
12:  end for
13: end while
14: Qutput: Final labels x(v) for all v € V.

© o N ow
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The Pruned Multi-Weisfeiler-Lehman Algorithm

. Input: Graph G = (V, E, X), number of iterations L.
. Initialization: Vv € V, x°(v), / = 0.
: while / < K do

I=1+1.

for v € V do

for t € [, K] do
XL(v) = Hash({{x'~}(u) : u € NE()}}),
end for
X(v) = (x)(v); X1 (V) - 5 X (V)
x'(v) = Hash(x'~*(v), X(v)).
10: end for
11: end while
12: while / < L do

CONOTRWN

13: I=1+1.

14: for v € V do

15: x'(v) = Hash(x'~1(v), {{x'7"(u) : u € NS,.,(v)}}).
16: end for

17: end while
18: Output: Final labels xt(v) for all v € V.
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Comparison on training efficiency

Table: Comparison on training efficiency

Model COLLAB NCIL IMDB-B IMDB-M MUTAG PROTEINS
oce Time  Acc (%) Time  Acc (%) Time  Acc (%) Time  Acc (%) Time  Acc (%) Time  Acc (%)
GIN(3) 1104 748413 | 0480 719405 | 0251 71.9+03 | 0304 49.9+00 | 0.889 89.4 + 0.4 | 0.268 73.7 + 0.7
PR GIN(1) 1.060 739400 | 0461 729+ 14 | 0200 60.9+20 | 0284 50.6+03 | 0.886  88.5+ 0.0 | 0.233 722+ 19
GIN(7) 1638 774416 | 0748 715+ 14 | 0578 72.6+03 | 0534 511403 | 0904 89.4+ 10 | 0527 76.3 +0.2
PRGIN(124) | 1.284 764 +07 | 06961 754 +02 | 0481 717+ 14 | 0464 520405 | 0916 92.0+ 0.4 | 0425 741+ 10

0.867 723+ 0.0

PR GIN(1234) | 1.689 75.6 + 0.3 | 0.981 747 +£02 | 0710 715£05 | 0780 51.2+0.9 | 0.929 90.7 £ 21 | 0.667 725£22

2-Hop(3) 1.357 76.8 +0.8 | 0.608 73.6 £09 | 0.410 71.0+0.7 | 0415 50.1+ 1.5 | 0.910 91.0 £ 0.0 | 0.394 695+ 1.3
PR 2-Hop(3) 1180 751+ 1.1 | 0.528 765+ 16 | 0357 715405 | 0.361 525+ 0.7 | 0.929 913+ 15| 0342 733+£03
2-Hop(5) 1.927 742+ 0.5 | 0.880 70.6 £ 1.7 | 0.680 68.8 4+ 0.8 | 0.628 49.5 + 0.6 | 0.894 883+ 10 | 0.621 71.0+ 0.8
PR 2-Hop(5) 1.606 74.5+ 0.4 | 0.734 711+ 15 | 0566 69.7+0.2 | 0.523 48.0 +£2.2 | 0.871 88.7+ 15 | 0517 72.0+0.3
2-Path(3) 1.385 75.6 £ 0.0 | 0.620 73.0+ 08 | 0418 714 +0.1 | 0423 495+ 1.8 | 09045 887+ 1.7 | 0402 727 +£20
PR 2-Path(3) 1.385 76.1+ 0.3 | 0.632 755+ 04 | 0488 742419 | 0451 51.6+ 0.4 | 0.915 91.6 £ 0.0 | 0.446 76.9 £ 0.7
2-Path(5) 2111  76.0 = 0.2 | 0.964 742 +£03 | 0745 70.0+06 | 0688 51.3+0.1 | 0.890 89.4+ 0.4 | 0.680 693+ 1.0

GIN(10) ‘ 2142 747406 ‘ 1122 759 +13

0.948 721 +28 ‘ 0.898 49.7+15 ‘ 0.874 87.7+£0.2

PR 2-Path(5) 1.730 72.1£2.0 | 0.790 705 +23 | 0610 718+ 15 | 0.564 50.2+ 0.2 | 0.898 88.9 £ 0.8 | 0557 719424
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Thank You for Listening!
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