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Counterfactual Identifiability
• Counterfactual is about answering “what-if” questions

Observation Imagination



Smoking causes lung cancer.

A healthy heavy smoker

Counterfactual Identifiability
• Inconsistent answers may be produced.

A neutral researcher

Assumptions Data Causal Relations

A lung cancer clinician

Option A. Yes
Option B. No
Option C. Not Sure

Genes cause lung cancer. Lack of strong guarantees.



Counterfactual Identifiability
• Counterfactual Identifiability

• How strong must the guarantees be for consistent answers?

Assumptions Data Causal Relations



• The coloring house

A Thought Experiment 

The coloring house

Sketch

Colored

Endogenous

Observational Query:

Counterfactual Query:

Artist

Unaware of the sketch,
the artist randomly selects a color.

i.e. 

Exogenous

Preference



• The inverse coloring house

A Thought Experiment 

The inverse coloring house

Sketch

Colored

Endogenous Exogenous

Unaware of the sketch,
the artist randomly selects a color.

i.e. 

Before Inverted

Inverting

Artist

Preference

and        have exactly 
opposite preferences.

i.e.



• The consistency between two coloring houses

A Thought Experiment 

The inverse coloring houseThe coloring house

Observational Query:

Counterfactual Query:



A Thought Experiment 
• Other cases

The coloring house Contextual
coloring house

The coloring scanner Elephant
coloring house

Multiple
coloring house

Markovian Not Markovian Different Endogenous
Domain

Different Exogenous
Domain Multiple Variables



Identifiability from Isomorphisms

Isomorphism Mechanism
Isomorphism

Distributional 
Isomorphism

Mechanistic
Requirement

Structural
Requirement

Counterfactual Equivalence
(Peters et al., 2017) - order

BGM Equivalence
(Nasr-Esfahany et al. 2023) - bijection graph

LCM Isomorphism
(Brehmer et al. 2022) diffeomorphism graph isomorphism

Domain Counterfactual Equivalence
(Zhou et al. 2024) bijection domain label

Exogenous Isomorphism
(Ours) - order
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Identifiability from Isomorphisms
• Exogenous isomorphism

• Exogenous isomorphism implies counterfactual consistency

• Component-wise bijection
• Exogenous distribution isomorphism
• Causal mechanism isomorphism

• This includes counterfactual outcomes, counterfactual effects, joint counterfactuals, and nested counterfactuals.
• From the perspective of the Pearl Causal Hierarchy (PCH),         implies that the complete counterfactual layer is identical, 

meaning the models are indistinguishable across the entire hierarchy.



To Achieve Exogenous Isomorphism
• EI-identifiability problem



Bijective SCMs
Assumption (a). The causal mechanisms are bijective with respect to the exogenous variables.
Assumption (b). The structural causal model is Markovian.
Assumption (c). The causal order is given.
Assumption (d). The observational distribution is available.
Assumption (e). The model induces identical counterfactual transport (e.g., Knothe–Rosenblatt transport).

Triangular Monotonic SCMs
Assumption (a). The causal mechanisms are monotonic with respect to the exogenous variables.
Assumption (b). The structural causal model is Markovian.
Assumption (c). The causal order is given.
Assumption (d). The observational distribution is available.

• The model equivalence classes that satisfy the above assumptions entails EI-identifiability.
• As a result, counterfactual identifiability are ensured within these classes.



Ablation Study
• Ablation experiments on synthetic datasets with neural network-based Triangular 

Monotonic SCMs provide empirical support for the theoretical results.



Summary

• We introduced exogenous isomorphism ensuring consistency across all counterfactual queries.

• We identified and proved that two specific classes of models satisfy EI-identifiability.

• Empirical results on neural SCMs and synthetic datasets support our theoretical claims.

• This work provides a principled foundation for learning counterfactually reliable models.



THANKS
Full paper is available at:
https://arxiv.org/abs/2505.02212

Code is available at:
https://github.com/cyisk/tmscm
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