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® Foreveryroundt=1,...,7T:
1. Observe contexts z;; € R% and rewards r¢; € [0, 1] for every item i € [V]
2. Offer an assortment St = {i1,...,%m } such that m < K
3. Observe the user click decision ¢; € Sy U {0} (“0”: outside option)



Multinomial Logit (MNL) Choice Model (McFadden, 1977)
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> Bounded assumption: ||w*||2 < B
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Multinomial Logit (MNL) Choice Model (McFadden, 1977)

® Probability of choosing any item i in assortment S;:

T, *x
. . exp(zy;w™)
i|Se, W) =
pt( | t ) 1+Zjest eXp(fL’;I;W*)

> Here, w* € R? is an unknown parameter
> Bounded assumption: ||w*||2 < B

® Expected revenue of the assortment S:

e explfw')r,

Ri(S,w") := ) pu(il S, w*)ris =

143 exp (e w)

> WLOG, let r4; € [0, 1].
> We say the rewards are uniform when r;; = 1 for all ¢ and 3.

® Optimal assortment: S} = argmaxgcg R:(S, w™)

® Goal: Minimize Reg,(w*) = ZtT:I Ri(S7,w”*) — Ri(St,w™)



Previous Works & Main Contributions

Table. T': total rounds, d: feature dimension, K: maximum assortment size, B: bound on the
parameter norm, 1/k = O(K2eB), k} = Y iesr pe(i|SE, wH)pe(0|S7, w*) <1,
) st t t

rrf < 1: reward variance at round t.

Regret Rewards Comput. per Round
(CM}Ll;I:Ge; al. (2020) O(Bdlog(KT)\/T) ru € [0,1] Intractable
S?Bi:'lil)lyengar (2021) (fdlog Tf) (KzeBdlog T\/T) ry € [0,1] O(t)
:):lptﬁl)‘ and Goyal (2022) (B]xdlog (KT) ‘/Zt 1 n,) =1 Intractable
(L;S,:ﬂ()h (2024) O(B**d1og K (log 7)*/*T) v € [0,1] o)

1. No results free of poly(B) dependence

2. No results completely independent of K

3. No variance-dependent bounds for arbitrary rewards r; € [0, 1]
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Table. T': total rounds, d: feature dimension, K:
parameter norm, 1/k = O(K2eB), k} = Sics pe(E|ST,

maximum assortment size, B: bound on the
w*)pe (0[5, w*) < 1,

o7 < 1: reward variance at round t.

Regret Rewards Comput. per Round
Chen et al. (2020) O(Bdlog(KT)\/T) rii € [0,1] Intractable
(MLE-UCB)
Oh and Iyengar (2021) 1 -2 B
e (;dlong) (A e dlogT\/T) rei €10,1] o(t)
Perivier and Goyal (2022) N _
©OFU-IL) O(B]x dlog(KT ‘/Zle K,t) i =1 Intractable
Lee and Oh (2024) 3/2
o O(B 2dlog K (log T) \F) rei € [0,1] o)
This work
(OFU-MNL++) O(d log T\/ZL 1 rr,) for large ¢ rei € [0,1] O(1)
1. No results free of poly(B) dependence
2. No results completely independent of K
3. No variance-dependent bounds for arbitrary rewards r; € [0, 1]

First poly(B), K-free, and variance-dependent regret bound

in MNL bandits!



Parameter Update using Online Mirror Descent (OMD)

® MNL loss function: For the choice response y:; = 1(c: = i), we
define:

l(w) = — Z Yei log pt (1] Se, W).
1€ESt
¢ Online parameter estimation: Estimate w* by an online mirror

descent (Orabona, 2019).

. 1
w1 = argmin(Ve, (we), w) + —|lw — th% , Vt>1.
wew 277 ¢

> Step-size parameter: n > 0
> Hessian matrices: H; := Mg 4+ 3 2] VZ€,(ws41) and
Hy := Hy + nly(wt)

* Computation cost: O(Kd*) ® Storage cost: O(d?)



Result 1: Improved Online Confidence Bound

Theorem 1. Improved online confidence bound

Let A > 0 and 7 C [T] denote the set of update rounds. Forall ¢t € T, we
assume the following update conditions hold:

sup |zs(w—w*)|<a, Viels,
wEW

where W; is a compact convex set. Then, with high probability, we have:

llwe = wllzr, = O (ay/dlog(t/6) + aV/A) .

® Updating at every round (7 = [T]) yields O(B+/dlogt).
> Improves over Lee and Oh (2024): O(Bv/dlogtlog K)
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Theorem 1. Improved online confidence bound

Let A > 0 and 7 C [T] denote the set of update rounds. Forall ¢t € T, we
assume the following update conditions hold:

sup |zs(w—w*)|<a, Viels,
wEW

where W; is a compact convex set. Then, with high probability, we have:

llwe = wllzr, = O (ay/dlog(t/6) + aV/A) .

® Updating at every round (7 = [T]) yields O(B+/dlogt).
> Improves over Lee and Oh (2024): O(Bv/dlogtlog K)

® Key implication: If W, is constructed so that o stays small, and

updates occur only in this case, we obtain O(y/dlogt) for large ¢.
> No dependence on B or K'!



Algorithm

Algorithm OFU-MNL++

1: Imitialize: W1’ (§) =W, H1 = \lg, HY' = AY14, wi,wi’ € W
2: forroundt=1,...,7 do
3. Observe feature set X; = {4}, and rewards {r: }/v,

4 if maxzex, 2] (gp)1 > m then > Large «
5: Offer S; = {i:}, where z;;, = argmax_y, HxH?Ht‘“)*l

6: Update (w¢’y 1, Hi4 1) < OMD(W, 4y, H®, wi’,n™)

7 Calculate WY, (6) « {w €R? | [lw — Wiy llmp,, < gm(a)}

8 Update Hiy1 < H; and wiq1 < wy.

9 else > Small «
10: Offer S; = arg maxgcg ﬁt(S)

11: Update (Wit1, Hip1) < OMDOWE (), £y, Hyy Wi, )

12: Update H% 1 < H{, wiy; < wy’, and Wi (0) < Wi ()

13: end if
14: end for




Algorithm

i) Large (v: update search space ii) Small (¢: update search space
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Result 2: Regret Bound

Theorem 2. poly(B), K-free variance-dependent regret bound
With high probability, the regret of OFU-MNL++ satisfies:

Reg,(w*) =0 ((dlogT—f—Bd\/logT) r iaf) .
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® Variance-dependent regret achieved via refined analysis.
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Theorem 2. poly(B), K-free variance-dependent regret bound
With high probability, the regret of OFU-MNL++ satisfies:

T
Reg,(w*) = O (d log T + Bdy/log T) 3 o2
t=1

® Variance-dependent regret achieved via refined analysis.

® For sufficiently large 7: O <dlog />, of) .

> First variance-dependent and poly(B), K-free regret

> Compared to Lee and Oh (2024): O <BB/2dlog K (log T)S/Qﬁ)
= ours improves by a factor of O (B?’/2 log K+/log T).

> Since o? < 1, this represents a strict improvement over VT.
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