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Sequential Assortment Selection Problem

User Website

Agent

E F G H

A B C D

I J K L

M N O P

Articles

User features
• Profile
• History

⠇

Article features
• Topic
• Category
• Trending

⠇

Recommend
Q R S T

U V W X

J SC

E H X

Assortment

• Agent recommends an assortment (a set of items)

• User chooses one item from offered multiple options
• For every round t = 1, . . . , T :

1. Observe contexts xti ∈ Rd and rewards rti ∈ [0, 1] for every item i ∈ [N ]

2. Offer an assortment St = {i1, . . . , im} such that m ≤ K

3. Observe the user click decision ct ∈ St ∪ {0} (“0”: outside option)
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Multinomial Logit (MNL) Choice Model (McFadden, 1977)

• Probability of choosing any item i in assortment St:

pt(i|St,w
⋆) :=

exp(x⊤
tiw

⋆)

1+
∑

j∈St
exp(x⊤

tjw
⋆)

▶ Here, w⋆ ∈ Rd is an unknown parameter
▶ Bounded assumption: ∥w⋆∥2 ≤ B

• Expected revenue of the assortment S:

Rt(S,w
⋆) :=

∑
i∈S

pt(i|S,w⋆)rti =

∑
i∈S exp(x⊤

tiw
⋆)rti

1+
∑

j∈S exp(x⊤
tjw

⋆)

▶ WLOG, let rti ∈ [0, 1].
▶ We say the rewards are uniform when rti ≡ 1 for all t and i.

• Optimal assortment: S⋆
t = argmaxS∈S Rt(S,w

⋆)

• Goal: Minimize RegT (w
⋆) =

∑T
t=1 Rt(S

⋆
t ,w

⋆)−Rt(St,w
⋆)
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Previous Works & Main Contributions

Table. T : total rounds, d: feature dimension, K: maximum assortment size, B: bound on the
parameter norm, 1/κ = O(K2eB), κ⋆

t =
∑

i∈S⋆
t
pt(i|S⋆

t ,w
⋆)pt(0|S⋆

t ,w
⋆) ≤ 1,

σ2
t ≤ 1: reward variance at round t.

Regret Rewards Comput. per Round

Chen et al. (2020)
(MLE-UCB)

O
(
Bd log(KT )

√
T
)

rti ∈ [0, 1] Intractable

Oh and Iyengar (2021)
(UCB-MNL)

O
(

1
κ
d log T

√
T
)
= O

(
K2eBd log T

√
T
)

rti ∈ [0, 1] O(t)

Perivier and Goyal (2022)
(OFU-MNL)

O
(
BKd log(KT )

√∑T
t=1 κ

⋆
t

)
rti ≡ 1 Intractable

Lee and Oh (2024)
(OFU-MNL+)

O
(
B3/2d logK(log T )3/2

√
T
)

rti ∈ [0, 1] O(1)

This work
(OFU-MNL++)

O
(
d log T

√∑T
t=1 σ

2
t

)
, for large t rti ∈ [0, 1] O(1)

1. No results free of poly(B) dependence

2. No results completely independent of K

3. No variance-dependent bounds for arbitrary rewards rti ∈ [0, 1]

First poly(B),K-free, and variance-dependent regret bound
in MNL bandits!
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Parameter Update using Online Mirror Descent (OMD)

• MNL loss function: For the choice response yti = 1(ct = i), we
define:

ℓt(w) := −
∑
i∈St

yti log pt(i|St,w).

• Online parameter estimation: Estimate w⋆ by an online mirror
descent (Orabona, 2019).

wt+1 = argmin
w∈W

⟨∇ℓt(wt),w⟩+
1

2η
∥w −wt∥2H̃t

, ∀t ≥ 1.

▶ Step-size parameter: η > 0
▶ Hessian matrices: Ht := λId +

∑t−1
s=1 ∇2ℓs(ws+1) and

H̃t := Ht + ηℓt(wt)

• Computation cost: O(Kd3) • Storage cost: O(d2)
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Result 1: Improved Online Confidence Bound

Theorem 1. Improved online confidence bound

Let λ > 0 and T ⊆ [T ] denote the set of update rounds. For all t ∈ T , we
assume the following update conditions hold:

sup
w∈Wt

|x⊤
ti(w −w⋆)| ≤ α, ∀i ∈ St,

whereWt is a compact convex set. Then, with high probability, we have:

∥wt −w⋆∥Ht = O
(
α
√

d log(t/δ) + α
√
λ
)
.

• Updating at every round (T = [T ]) yields O(B
√
d log t).

▶ Improves over Lee and Oh (2024): O(B
√
d log t logK)

• Key implication: IfWt is constructed so that α stays small, and

updates occur only in this case, we obtain O(
√
d log t) for large t.

▶ No dependence on B or K!
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Algorithm

Algorithm OFU-MNL++

1: Initialize: Ww
1 (δ) =W, H1 = λId, Hw

1 = λw
1 Id, w1,w

w
1 ∈ W

2: for round t = 1, . . . , T do
3: Observe feature set Xt = {xti}Ni=1 and rewards {rti}Ni=1

4: if maxx∈Xt ∥x∥(Hw
t )−1 ≥ 1

6
√
2ζt(δ)

then ▷ Large α

5: Offer St = {it}, where xtit = argmaxx∈Xt
∥x∥2(Hw

t )−1

6: Update (ww
t+1, H

w
t+1)← OMD(W, ℓt, H

w
t ,ww

t , η
w)

7: CalculateWw
t+1(δ)←

{
w ∈ Rd | ∥w −ww

t+1∥Hw
t+1
≤ ζt+1(δ)

}
8: Update Ht+1 ← Ht and wt+1 ← wt.
9: else ▷ Small α

10: Offer St = argmaxS∈S R̃t(S)

11: Update (wt+1, Ht+1)← OMD(Ww
t (δ), ℓt, Ht,wt, η)

12: Update Hw
t+1 ← Hw

t , ww
t+1 ← ww

t , andWw
t+1(δ)←Ww

t (δ)

13: end if
14: end for
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Algorithm

ii) Small     : update search space<latexit sha1_base64="51Yf4bt24A2G1BdekjNueAw43xo="></latexit>↵

<latexit sha1_base64="ikI54C4SfJL/kOvxW+7RuBMvgmg="></latexit>

w?

i) Large     : update search space<latexit sha1_base64="51Yf4bt24A2G1BdekjNueAw43xo="></latexit>↵

<latexit sha1_base64="+GfP2MCV4QsHgpTtkxLL0zzEXbM="></latexit>Ww
t+1

<latexit sha1_base64="6exg4hBuOACViD/rQu5Wzxd1Auk="></latexit>Ww
t

<latexit sha1_base64="ikI54C4SfJL/kOvxW+7RuBMvgmg="></latexit>

w?

<latexit sha1_base64="dhSRM/B8dndp4Jzd8W9psdlWdks="></latexit>Ww
t

<latexit sha1_base64="IwRcAe3bRNrw16s0e5v4e/0mfDk="></latexit>wt+1

<latexit sha1_base64="LeXZUJLOgdLaKbIP13XQuGbZOiQ="></latexit>wt
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Result 2: Regret Bound

Theorem 2. poly(B),K-free variance-dependent regret bound

With high probability, the regret of OFU-MNL++ satisfies:

RegT (w
⋆) = O

(
d log T +Bd

√
log T

)√√√√ T∑
t=1

σ2
t

 .

• Variance-dependent regret achieved via refined analysis.

• For sufficiently large T : O
(
d log T

√∑T
t=1 σ

2
t

)
.

▶ First variance-dependent and poly(B),K-free regret

▶ Compared to Lee and Oh (2024): O
(
B3/2d logK(log T )3/2

√
T
)

=⇒ ours improves by a factor of O
(
B3/2 logK

√
log T

)
.

▶ Since σ2
t ≤ 1, this represents a strict improvement over

√
T .
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