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Introduction to Flow Matching
Learn a flow map 1, : [0,1] x RY — R? via the following ODE

d

Ei/’t(x) = u(Pe(x)) = ve(e(x); 0), (1)
with 1C tpo(x) = X ~ Pprior- It maps prior distribution pg = pprior to data distribution
P1 = Pdata via:

pe(x) = po(y (x))det [Wt_

ox

(x)}, Vx € po,Vt € [0,1]. (2)
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Figure: Generative Flow Map



Introduction to Flow Matching

Flow Matching for Generative Model

Flow Matching Loss:
2
ﬁFM(O) = Et,Pt(X) [Hvt(x,H) — Ut(X)H ] (3)
where p;(x) and u(x) are intractable.(Lipman et al.2023) proposed Conditional Flow
Matching loss:

Lrm(0) = Eenta[o 1], paues (0 pe(xlxr) L[| Ve (X, 8) — we(x]x1) || (4)

where p;(x|x1) and u:(x|x1) are pre-defined, s.t.,

pe(x) = /pt(X | X1)Pdata(X1)dx1, w(x) = /ut(x|xl)pt(x | X1)Pdata(x1)

pe(x) i (8

, e.g., Optimal transport (OT) path:
x1 — (1 — omin)x
1-— (1 — O'min)t ’

(6)

pe(x|xT) = N(x\ut(xT),at(xT)2l), with u:(x|x1) =
, where pt(x) = txt and o¢(x) =1 — (1 — omin)t.


https://arxiv.org/abs/2210.02747

Relation to Continuity Equation

Continuity Equation

From (Villani, 2009), we can know the vector field u; generates a probability path p;
satisfies the continuity equation:

opt(x)
pat V. (pt(x)ut(x)) ~0 o
S2P0) () ) pelx) — ) - Ve(x)

with Po(X) = pprior(x) and Pl(x) = pdata(x)-

Similarly, the learned v¢(x; @) with estimated path p;(x) and po(x) = pprior(X) satisfy

) — (7 wlxi6) )lx) — w(xi6) - Vhilx) ®)

Notice: |u — v| is controlled by flow matching loss but |V -u —V - v| not!


https://link.springer.com/book/10.1007/978-3-540-71050-9

Error Defined by Continuity Equation

Error of Approximated Probability Path
Let €; := p: — p: be the error, satisfying the following transport equation
Orer + V - =L,
{ t€t <€tVt) t (9)
eo(x) =0,
where Lt = — Pt [V . (Ut — Vt) -+ (Ut — Vt) -V IOg Pt] o

Duhamel’s formula:

t
et(Pe(x)) - det Vo (x) = —/ Ps {(V +(us — vs)) + (us — vs) - Vlog ps} -det Vos(x)ds
0
(10)
where ¢(x) is the flow induced by v in %¢¢(x) = v¢(¢¢(x); 8), and det Vg (x) denotes
the determinant of the Jacobian matrix.



Error Defined by Continuity Equation

TV Error from Continuity Equation

Theorem Under mild assumptions, there exists a constant C > 0 such that

TV(pe, pr) < %Etvpt(x) |V u() -7 w:0)[] + gEm(X) [

ue() = vi(0)[] (10)

Note: Second term is already flow matching loss.



Divergence Loss

Flow Divergence Matching Loss

The TV error bound gives the following divergence loss:

Lpom(0) = E¢ p,(x) HV (ur —ve) + (ur — vr) - Vog pe } (12)

which is also intractable.

Conditional Flow Divergence Loss

Leom(8) = Eepi(xix1) o) U (V- wnlxlx) = V- w(x.0))

] |

+(ue(xlx1) = ve(x,0) ) - ¥ log pi(x|x1)

which is an upper bound of Lpy(8).



Flow Matching with Divergence Loss

Improve Flow Matching with Aligning Flow Divergence

We propose the flow and divergence matching (FDM) loss:

Lrpm = AM1Lcorm + A2LcopwM,

where A1, A\ > 0 are hyperparameters.



Density Modeling

Synthetic Data — Checkerboard Image Data — CIFAR10
Model NLL({}) FID({)

FM(OT) 2.99 6.35

FDM(OT) 2.85 5.62

. Table 2. Negative log-likelihood and sample quality (FID scores)
(a) FM (OT) (b) FDM (OT) (¢) Ground Truth estimation on CIFAR-10.

Model FM (OT) FDM (OT) FM (VP) FDM (VP)
Likelihood (1)  2.38+ .02 2531 02 234102 2.461 02

Table 1. Likelihood estimation of models on the checkerboard test
set. Here, “OT” denotes the optimal transport path and “VP” de-
notes the variance-preserving path. Unit: x10~2



Sequential Data Sampling with Guidance — DNA Sequence

Method MSE ({)
Bit Diffusion (One-hot Encoding)(Albergo et al., 2023) 3.95E-2
DDSM (Albergo et al., 2023) 3.34E-2
Large Language Model (Stark et al., 2024) 3.33E-2
Linear FM (Stark et al., 2024) 2.8240.02E-2
Linear FDM (ours) 2.7840.01E-2
Dirichlet FM (Stark et al., 2024) 2.68.4+0.01E-2
Dirichlet FDM (ours) 2.5910.02E-2

Table 4. Evaluation of transcription profile guided promoter DNA
sequence design of different models.

e Train the models guided by a profile by providing it as additional input to the
vector field;

e Evaluate generated sequences using mean- squared error (MSE) between their
predicted and original regulatory activity.



Spatiotemporal Data — Dynamical System

Lorenz FitzHugh-Nagumo Lorenz FitzHugh-Nagumo
Model  p(1) 1) p@ilE)d)  p@) ) p(=i|E) ) Model p@1) p@|B) p(@) p(@ilE)
Diffusion 0.0314 0.1001 0.0277 0.1192 Diffusion  0.0056 0.2774  0.0260 0.3011
FM 0.0348 0.0972 0.0314 0.2164 FM 0.0081 0.2560  0.0280 0.3468
FDM 0.0306 0.0914 0.0266 0.1168 FDM 0.0049 0.3045  0.0280 0.2084

Table 5. TV distances of the models from the trajectory distribution

p(1) and from the distribution conditioned on an event p(z1 |E).

Here, Diffusion results follow from (Finzi et al., 2023), while FM
and FDM are based on our implementation, which builds on the
code provided by Finzi et al. (2023).

Table 7. KL divergence between the histograms of the event con-
straint value C(x1) for event trajectories @1 in the dataset of
trajectories computed by an ODE solver and event trajectories
sampled with event guidance from the models.

Sample trajectories in dynamical systems using the initial states from the first few steps
as additional inputs to the model, with or without event guidance.



Spatiotemporal Data — Video Prediction

Method FVD(]) PSNR(1)  Time(s/iter)
SRVP (Franceschi et al., 2020) 222 297 -
SLAMP (Akan et al., 2021) 228 294 -

Latent FM (Davtyan et al., 2023) 180 304 0.18
Latent FDM (ours) 155545 31.2 0.27

Table 8. KTH dataset evaluation. The evaluation protocol is to
predict the next 30 frames given the first 10 frames.

Method FVD()  MEM(GB)  Time(hours)
TriVD-GAN-FP (Luc et al., 2020) 103 1024 280
Video Transformer (Weissenborn et al., 2019) 9% 512 336
LVT (Rakhimov et al., 2020) 126 128 48
RaMViD (Diffusion) (Hoppe et al., 2022) 84 320 72
Latent FM (Davtyan et al., 2023) 146 242 25
Latent FDM (ours) 123445 35 36

Table 9. BAIR dataset evaluation. We adopt the standard evalua-

””””””””” Boxing; b-FDM tion setup, where the model predicts 15 future frames conditioned
- - - - on a single initial frame. MEM stands for peak memory footprint.
Hand Waving; c-EM Autoregressive next-frame generation (prediction)

---- guided by several preceding frames, provided as addi-
tional inputs to the flow matching vector regressor.

o Hand Waving;c-FDM ________________
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