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Motivation

= Universal approximation theorems are fundamental, but proofs are given case-by-case
* We introduce joint-group equivariance + ridgelet transform to unify the proofs
= The ridgelet transform provides closed-form parameter distributions v = R| f]

= solves the learning-equation

DNN[R[f]] = f

= Covers deep fully-connected networks, deep G-ConvNets, new quadratic nets, and more.

Main Results

Definition (Joint-G-Equivariant Map)

" Let G be a group, and X.Y and = be G-sets
= We say a feature map ¢ : X x = — Y Is joint-G-equivariant when it satisfies

¢(g-x,g-&)=g-0o(x,§), forallge Gand(z,{) e X x=

* In other words, ¢ is a G-map in homg(X x =,Y)

o
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Example (fully-connected network)

(a,b)) .= o(a-x — b)is not G-equivariant but joint-G-equivariant

* (7 is the affine group Aff(m) = GL(m) x R™
= X = R™ (data domain) with G-action

—
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* Then, ¢(x, (a,b)) =

g-x=Lx+t g¢g=(L,t)ed

= R™ x R (parameter domain) with dual (G-action

g-(a,b)=(L" "a,b+t'L "a), g=(L,t)€q

¢(g-x,g-(a,b)=0c (L_Ta, (L +1t) — (b+ tTL_Ta)) =co(a-x—b) =¢(x,(a,b))

= Let G be a locally compact group
" Let X (input) and =

Definition (Joint-G-Equivariant Machine)

(parameter) be G-spaces with invariant measures dx and d¢,

" Let Y (output) be a separable Hilbert space with unitary G-action
" let o : X x = — Y be ajoint-equivariant map
= Forany map v : = — C, put

Example (integral representation of depth-2 fully-connected network)

https.//icml.cc/

M[; () = / (€)é(z, €)dé

SNN|7](x) = /RmXRfy(a, b)o(a - x — b)dadb

Definition (Ridgelet Transform)

" let ¢ : X x = — Y be another joint-G-equivariant map
= Foranymap f : X — Y, put

RIS ](€) = /X (F(2), ¥ (, €))yd.

Main Theorem (Reconstruction Formula)

= Suppose that the representation 7 : G — U(L*(X;Y)), m,[f](z) = g - f(g~* - x) is irreducible
* Then, there exists a constant ¢, such that for any f € L(X;Y),

Mo R[f] = cpuf.

Proof

= Schur’s Lemma:
A unitary representation w of GG on H. is irreducible
<— If a bounded operator T' : H — H commutes with =, then T' = cId for some ¢ € C
* We can check 7' :=MoR: L*(X; Y) — L*(X;Y) commutes with 7 as below: For each g € G,

GE / (g Flg™" - ), d(z, €))ydz = / (F(2), d(a, g ©)yde = 7 Rul])(E),
M7, ) (z) = / g )l E)de = / (g7 2,€)) dé = m,Myr]) ().

Therefore,

MoRom,=Mom,oR=m,0MoR.

Hence Schur’s lemma yields that there exist a constant ¢4, € C such that My o Ry, = ¢4y Id 2 xv).

Lemmas

Examples
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ola-x —0b)and Y (x, (a,b)) = p(a - x — b) are joint-G-invariant. Indeed,

Construction of Joint-Equivariant Maps

The following maps are joint-equivariant.

= Givenanymap ¢p: X — Y,puto: XxG — Y as
o(z,&) = Wﬁ[%]( Ji=& (" x), (2,6) € X xG

= Given any joint-equivariant maps ¢, : X; 1 x =; = X, put ¢1.,, - Xo x (& X -+ x =,) = X, as

¢1:n(x7 fl:n) = ¢n(‘7 gn) ©---0 le(.flj, fl)

G-space G-space

: vector-space
input parameter

" Let 7, be the dual representation of G on parameter distributions v : = — C defined by

7€) =97 - &).

Then, M is joint-equivariant because

M7, [ 6] = / gt €)du(E)de = / () [ SEE = mMly: 6]
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Example (Depth-n Fully-Connected Network)

= G =0(m) x Aff(m) where Aff(m) = GL(m) x R™

* Foreachi € {1,...,n}, put X; = R% and X; = X,,,; = R™ with G-

action

g-x=Lx+t, ¢g=(Q,L,t)eO(m)x (GL(m)xR™)

= = = RPXG o RP x R%+1%4% with dual G-action (not unique)

g-(A;,b1,Cp) = (AL by + AIL7't,QC,), g=(Q,L,t) € O(m) x (GL(m) x R™)

= Then, the following ¢ : X; x =;.,, = X,,41 IS joint-equivariant:

O1n(@,€) = Gu(0, &) 0+ 0 $1(®,&1),  Gi(0,61) =

= Put

Cioi(A; e —b;),

DNN[~|() ;:/:' V(&) prn(x, €)dE,  R[F(E) = /X<f($)>¢1:n($7£)>dw

* (Lemma) The unitary representation ,[f](x) := | det L|~Y?Qf(L~'(x — t)) is irreducible

* Therefore, we have DNN o R[f] = ¢, f for any f € L*(R™; R™)

Example (Depth-n Group-Convolution Network)

= Let GG be the primary group (for G-convolution), and let 7" be G-actions on Xj’s

= Turn FC layers ¢ into (generalized) G-convolution layers ¢" by:

¢ (x,8)(g) = Ty|Co(AT 2] - D).
= The term AT, |z| covers the standard G-convolution, DeepSets, E(n)-nets, etc.
= Forany v € LQ(: ») and G-equivariant map f : X — Y that is square-integrable at 1 € G, put

GONN [ (« / O (2, 6 (9)drms  RLS)(Em) = /

m

Then
GCNN o R[f] — ((gblzna wln))f

<f(213)(1g), %:n(ﬂf, fl;n)>yd$.

Example (An Unknown Network with Quadratic-Form)

= A new network whose universality was not known.
= G = Aff(m)
= X = R™ (data domain) with G-action

g-x:=Lx+t, g=(L,t)e€q,

= M = the class of m-dim. symmetric matrices with Lebesgue measure dA = A

= = = M x R™ x R with dual GG-action

129 da@]

g-(Abc) = (L "TAL™ L6 — 2L TAL "t c+t"L TALT't —t" L™ D).
= Then, for any function ¢ : R — R, the following map ¢ is joint-equivariant:

o(x, &) =o(x' Az +x'b+ c)
* Hence the following network is L?(R™)-universal.

QNN|7y](x) = / v(A,b,c)o(x' Az + x'b + c)dAdbdc.
MxRM™xR

Summary

= Joint-group equivariance unifies shallow & deep universality

= Schur’s lemma 4 irreducibility give a one-step proof

= Ridgelet transform produces closed-form parameter distributions
= Applicability: FCNs, G-CNNs, quadratic nets, and beyond
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