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The origin DDPM model

自 强 不 息  厚 德 载 物知 行 合 一 、 经 世 致 用 C e n t r a l  S o u t h  U n i v e r s i t y

𝑁(0, 𝛔)

Parameterize the reverse denoising distribution



The origin DDPM model can not handle Non-stationarity
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Noise distribution

The distribution 
varies with t

t

To create an effective 
generation, all we need to do 
is interpolate between noise

Unseen data

Trained-on Distribution
The data will hardly be 
denoised to here

To accurately predict, a 
extrapolate is required, we 
need a time-varying noise 

distribution. 
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The distribution 
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Unseen data

Trained-on Distribution
Done!

the noise distribution 
also change with t

Additive Noise Model Location-Scale Noise Model

𝐘𝒕 = 𝑓(𝐗𝒕) + 𝝐,

where 𝝐 ∼ 𝒩(𝟎, 𝝈)
𝐘𝒕 = 𝑓(𝐗𝒕) + g(𝐗𝒕)𝝐,

(Contribution 1)
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Additive Noise Model Location-Scale Noise Model
(Mean only)

Location-Scale Noise Model

Denoise

Endpoint Distribution

Prediction Interval

Denoise

Endpoint Distribution

Prediction Interval

Denoise

Endpoint Distribution

Prediction Interval

The distribution do 
not change The mean varies with t The whole distribution 

varies with t

Obviously, this is the best!!!



The stiffness problem
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𝐘0 𝐘1 𝐘2 𝐘𝑇
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𝐘t

𝝐𝟐 𝝐𝒕 𝝐𝑻

……

𝝐𝟏

Training

Forward Process

𝝐𝒕

𝐘t𝐘t−𝟏

← 𝒈𝝍 𝑿  Endpoint Variance

Reverse Process

𝑁 𝒇𝝓 𝑿 ,𝒈𝝍(𝑿)

the denoising process and de-noise 𝝐𝒕 relies only on g(x), after 

denoise the distribution will resemble highly with 𝑁 𝒇𝝓 𝑿 ,𝒈𝝍(𝑿)

𝑁 𝒇𝝓 𝑿 ,𝒈𝝍(𝑿) ?
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𝐘0 𝐘1 𝐘2 𝐘𝑇

……

𝐘t

𝝐𝟐 𝝐𝒕 𝝐𝑻

……

𝝐𝟏

Training

Forward Process

Uncertainty-Aware 𝝐𝒕

𝐘t𝐘t−𝟏

← 𝝈𝐘𝟎 Ground Truth Variance

← 𝒈𝝍 𝑿  Endpoint Variance

Reverse Process

𝑁 𝒇𝝓 𝑿 ,𝒈𝝍(𝑿)

To alleviate stiffness, we put the ground truth variance into the 
denoising process. (Contribution 2)



Design The Forward Distribution

So to handle the time-varying uncertainty, we use LSNM instead of ANM and redefine 
the endpoint of the original DDPM, so the uncertainty level can change according the data 
and time：

𝑝(𝐘𝑇 ∣ 𝑓𝜙(𝐗), 𝑔𝜓(𝐗)): = 𝒩(𝑓𝜙(𝐗), 𝑔𝜓(𝐗))

𝑓𝜙(𝐗) and 𝑔𝜓(𝐗) estimate the expectation 𝔼[𝐘 ∣ 𝐗] and Var[𝐘 ∣ 𝐗]，and can be 

parameterized by any point prediction model 。

Additionally，to alleviate stiffness, we put the ground truth variance into the 
denoising process, the forward distribution can be formulated as：

𝒩(𝐘𝑡; 𝛼𝑡𝐘𝑡−1 + (1 − 𝛼𝑡)𝑓𝜙(𝐗), (𝛽𝑡
2𝑔𝜓(𝐗) + 𝛼𝑡𝛽𝑡𝝈𝐘0))



The stiffness problem

自 强 不 息  厚 德 载 物知 行 合 一 、 经 世 致 用 C e n t r a l  S o u t h  U n i v e r s i t y

𝑞 𝐘𝑡 ∣ 𝐘𝑡−1, 𝑓𝜙(𝐗), 𝑔𝜓(𝐗), 𝝈𝐘0
= 𝒩(𝐘𝑡; 𝛼𝑡𝐘𝑡−1 + (1 − 𝛼𝑡)𝑓𝜙(𝐗), (𝛽𝑡

2𝑔𝜓(𝐗) + 𝛼𝑡𝛽𝑡𝝈𝐘0))

𝑝 𝐘𝑇 ∣ 𝑓𝜙(𝐗), 𝑔𝜓(𝐗) := 𝒩 𝑓𝜙 𝐗 , 𝑔𝜓 𝐗

LSNM endpoint

Forward Distribution

Reverse Distribution

Note: Reverse distribution is derived using Bayes rule.

𝑞 𝐘𝑡 ∣ 𝐘0, 𝑓𝜙 𝐗 , 𝑔𝜓 𝐗 , 𝝈𝐘0
= ൯𝒩൫𝐘𝑡; ത𝛼𝑡𝐘0 + 1 − ത𝛼𝑡 𝑓𝜙 𝐗 , ҧ𝛽𝑡 − ෨𝛽𝑡 𝑔𝜓 𝐗 + ෨𝛽𝑡𝝈𝐘0

Closed Form

𝑞 𝐘𝑡−1 ∣ 𝐘𝑡 𝐘0 𝑓𝜙 𝐗 𝑔𝜓 𝐗 𝝈𝐘0 : = 𝒩 𝐘𝑡−1; ෥𝝁, ෥𝝈

෥𝝁:= 𝛾0𝐘0 + 𝛾1𝐘𝑡 + 𝛾2𝑓𝜙 𝐗 ෥𝝈:=
𝝈𝑡𝝈𝑡−1

𝛼𝑡𝝈𝑡−1 + 𝝈𝑡

𝛾1: =
𝛼𝑡 𝝈𝑡−1

𝛼𝑡𝝈𝑡−1 + 𝝈𝑡
𝛾2: =

𝛼𝑡 𝛼𝑡 − 1 𝝈𝑡−1 + 1 − ത𝛼𝑡 𝝈𝑡
𝛼𝑡𝝈𝑡−1 + 𝝈𝑡

𝛾0: =
ത𝛼𝑡−1𝝈𝑡

𝛼𝑡𝝈𝑡−1 + 𝝈𝑡



The closed form

The forward distribution 𝑞 𝐘𝑡 ∣ 𝐘0, 𝑓𝜙(𝐗), 𝑔𝜓(𝐗), 𝜎𝐘0  has closed form：

𝒩(𝐘𝑡; Ǉ𝛼𝑡𝐘0 + (1 − Ǉ𝛼𝑡)𝑓𝜙(𝐗), ( Ǉ𝛽𝑡 − ෨𝛽𝑡)𝑔𝜓(𝐗) + ෨𝛽𝑡𝝈𝐘0)

The parameters are:（detail proof in Appendix A）

෤𝛼𝑡: = ෍

𝑘=0

𝑡−1

ෑ

𝑖=𝑡−𝑘

𝑡

𝛼𝑖 Ǉ𝛽𝑡: = 1 − Ǉ𝛼𝑡

ො𝛼𝑡: = ෍

𝑘=0

𝑡−1

ෑ

𝑖=𝑡−𝑘

𝑡

𝛼𝑖 𝛼𝑡−𝑘 ෨𝛽𝑡: = ෤𝛼𝑡 − ො𝛼𝑡



The Reverse Distribution

In the reverse distribution，the posterior of 𝐘𝑡−1 given 𝐘𝑡 can be derived under 
certain condition：

𝑞 𝐘𝑡−1 ∣ 𝐘𝑡 𝐘0 𝑓𝜙 𝐗 𝑔𝜓 𝐗 𝝈𝐘0 : = 𝒩 𝐘𝑡−1; ෥𝝁, ෥𝝈

෥𝝁:= 𝛾0𝐘0 + 𝛾1𝐘𝑡 + 𝛾2𝑓𝜙 𝐗 ෥𝝈:=
𝝈𝑡𝝈

‾

𝑡−1

𝛼𝑡𝝈
‾

𝑡−1 + 𝝈𝑡

𝛾0: =
𝛼
Ǉ

𝑡−1𝝈𝑡

𝛼𝑡𝝈
Ǉ

𝑡−1 + 𝝈𝑡

𝛾1: =
𝛼𝑡𝝈

Ǉ

𝑡−1

𝛼𝑡𝝈
Ǉ

𝑡−1 + 𝝈𝑡
𝛾2: =

𝛼𝑡 𝛼𝑡 − 1 𝝈
Ǉ

𝑡−1 + 1 − 𝛼
Ǉ

𝑡−1 𝝈𝑡

𝛼𝑡𝝈
Ǉ

𝑡−1 + 𝝈𝑡

Our target is to match the reverse distribution by parameterizing 
a model 𝑝𝜃(𝐘𝑡−1 ∣ 𝐘𝑡 , 𝑓𝜙(𝐗), 𝑔𝜓(𝐗))



Loss function

To parameterize 𝑝𝜃(𝐘𝑡−1 ∣ 𝐘𝑡 , 𝑓𝜙(𝐗), 𝑔𝜓(𝐗)), we optimize the KL divergence between 

𝑞(𝐘𝑡−1 ∣ 𝐘𝑡 , 𝑓𝜙(𝐗), 𝑔𝜓(𝐗), 𝝈𝐘0) and 𝑝𝜃 ：

The final form:

ℒ = 𝔼 𝐷KL 𝒩(𝒙; ෥𝝁, ෥𝝈)‖𝒩 𝒚; 𝝁𝜽, 𝝈𝜽

ℒ ∝ 𝔼 𝜼 − 𝜼𝜃 2
2 +෍

𝑖

෥𝝈𝑖
𝝈𝜃,𝑖

−෍

𝑖

lo g
෥𝝈𝑖
𝝈𝜃,𝑖

The first term ensures the estimation of the distribution mean, the rest terms 
ensure the estimation of the posterior variance. 



Experiment-results

NsDiff achieves SOTA on most datasets



Visualized results

Other models can not handle non-stationarity

NsDiff aligns more with the  ground truth



Thanks for your listening!!!



Training phase

During training time: 

1. We first train two 
estimator f and g (or we 
can train together)

2. We train the reverse 
noise estimator.



Inference phase

During inference phase, to 
estimate ෥𝝈, we utilize the quadratic 
expansion to estimate the result:

𝜆0𝝈𝐘0
2 + 𝜆1𝝈𝐘0 + 𝜆2 = 0

which is constrained by the following：

𝑔𝜓 𝐗 < 𝝈𝜃
𝛼𝑡

𝛽𝑡
2 +

1

𝛽
Ǉ

𝑡−1 − 𝛽
Ǉ

𝑡−1

ෝ𝝈𝐘0 =
−𝜆1 + 𝜆1

2 − 4𝜆0𝜆2
2𝜆0

In the DDPM settings, (𝛽t ∈ (0, 1)，this term is vary large!



Experiment-Datasets

3

The uncertainty varies 
across dataset, from 
0.92(SolarEnergy ) to 
181.83(Traffic)



Synthetic dataset results

TMDM fail to estimate the linear-
growing variance

NsDiff accurately estimates the 
variance



Two simple variants of NsDiff

（1）Without the

uncertainty-aware noise schedule（w/o UANS）

（2）Without LSNM（w/o LSNM）

The complete NsDiff performs the best on both the performance and robustness.
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