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Motivation

e Problem: distributions in different poses (2D/3D)

A

Birds (20)

e \We consider rotations & reflections
e " Can we define an isometry invariant distance ? "

e “ Can we compute a mean shape 7 "

Idea: yes using OT — Procrustes-Wasserstein™

*Grave et al. Unsupervised alignment of embeddings with wasserstein procrustes, AISTATS 2019



Procrustes-Wasserstein distance

PW2(u,72) == mi in E N[X—Pvﬂ
2(p i) = min - min x|l Iz

where P is an orthogonal matrix in R?%9 and T is any joint probability mass
function with support on X x ) and marginals h and h, respectively.

Main question: is PW> an OT distance?
Lemma
o PWh(p, ) < Wa(p, ), since Iy € O(d)
e it holds that
PWa(px, py) = Wa(px, pipv)
Theorem

PWs; is a distance on Mg/ ~ (e.g. the quotient space of discrete measures
under rigid transformations)



Procrustes-Wasserstein barycenters

Given M point clouds/random variables Yi,..., Yu we look for their P\W
barycenter
1M
in| =Y PWS ‘
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where the minimum means that we look for both an histogram hx and
locations Dx (number of points fixed by the user).

Three alternating steps

1. solve M independent problems PW3 (1ix, i)
2. update hx identical to [Cuturi and Doucet 2014].

3. update Dx

M
1 .
Dx = Dx + i (E F,-DVI.P;> diag(hx) (Newton-Raphson)

i=1



Barycenters comparison

OT barycenters using

(a) Exact Free Wasserstein [Cuturi and Doucet
2014]

(b) Gromov-Wasserstein [Peyré et al. 2016]
with MDS

(c) Gromov-Wasserstein with t-SNE

(d) PW (our)




Hidden benefits: k-means with OT metrics

Tested methods

e Earth mover distance ALGOROTHM  TIME (S) ARI NMI
EMD 9.18  0.4069 0.5652

e Euclidean GW EUC-GW 675.19  0.5500 0.6815
) GEO-GW 378.82  0.3797 0.5724

e Geodesic GW PW 130.11  0.7669 0.8361
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Zoo-archaeology

Interpolation between two bones of sheep (Ovis aries):

an archaeological and a modern one

min (nPWE (px. v, + (1 = m) PWE (px. 1v,) )

with 1 € (0,1)
v - -, , :
X b & F '\(‘

(' p oo | ;" | x’ ,'
: O B L B
: M ed od o8 08
archaeo n=% n=2 n=% modern




