Optimal-transport based conformal
prediction

Claire Boyer, Kimia Nadjahi and Gauthier Thurin



Conformal prediction

Aim: to quantify uncertainty in predictive models



Conformal prediction

Aim: to quantify uncertainty in predictive models.

Desired output: interval that contains the ground truth with
probability .



Conformal prediction framework
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s(X,Y) P(s(X,Y) < 6a) > a



Existing works

Quality of prediction sets depends on the chosen score, so its design
has motivated a great deal of work

[Angelopoulos and Bates, 2023, Sesia and Romano, 2021,

Lei et al., 2018, Chernozhukov et al., 2021].
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Our work

Instead, we focus on the other main ingredient of CP.
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Multivariate quantiles in
conformal prediction




General recipe for multivariate scores

From a black box f, consider multiple scores s(X, Y) € R

Scores Quantiles

P(s(X,Y) € Qu) >



Why multivariate scores ?

Motivations:

1. Multivariate regression Y € R
2. Classification with multiple labels Y € {c1, c2, 3}
3. Several notions of errors to be combined (s1(X, Y), (X, Y)).



Multivariate quantiles ?

This requires a notion of multivariate quantiles, to produce regions
Q,, such that

P(s(X,Y) € Qn) >

Plenty of different definitions!, but we focus on a recent one that
uses tools from measure transportation
[Chernozhukov et al., 2017, Hallin et al., 2021].

[ Tukey, 1975, Serfling, 2002]



Transport-based quantiles

For data points (51, -, Sp), define ranks (Uy,- -+, U,) from a
reference distribution (here supported on the unit ball).

U; = L; for ¢; uniformly sampled from the sphere {¢ : ||| = 1},

—> B(0,) contains a proportion « of ranks



Transport-based quantiles

Solve optimal transport problem: o, = argmin 3.7, [|1S; — U,y
oS

To each S; is associated a multivariate rank U, ;).
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Center-outward ordering

From this one-to-one correspondance, centrality for one S; is
defined via the centrality of the associated rank U, ;).
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A quantile region: the image of B(0, «v) that must contain a
proportion « of data S;. 11



Example of the methodology for multiple-output regression

From X € R, a black box 7 € R? to predict f(X) = Y € R

Scores Quantiles

s(x,y) =y — f(x) € R? P(s(X,Y) € @a) > o
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Example: multiple-output regression

y—f(x)e @a=>y€ {f(x)}—i—@a
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