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Standard Reinforcement Learning
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Goal: Maximize sum of future rewards
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Sequential Assortment Selection Problem
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• Agent recommends an assortment (a set of items)

• User chooses one item from offered multiple options



4/12

Combinatorial RL with Preference Feedback
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MDPs: M(S, I,A,M, {Ph}Hh=1, {Ph}Hh=1, {rh}Hh=1, H)

• S: State space

• I: Set of items (base actions)

• A: Set of (super) actions

• M : Maximum size of item set

• Ph: Preference choice model

• Ph: Transition probability

• rh: Reward function

• H: Length of each episode
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Combinatorial RL with Preference Feedback: Why RL?

Why do we use RL for preference-based feedback systems?

=⇒ To optimize recommendations for long-term user engagement
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Item 2 is chosen by the user.
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Transition to the next state.
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Combinatorial RL with Preference Feedback: Challenges

1. Combinatorial action space: Offering set of items

2. Preference feedback: Receive feedback only for chosen item

3. No theoretical guarantees:
▶ Empirical results: Swaminathan et al. (2017); Ie et al. (2019); McInerney

et al. (2020); Vlassis et al. (2021); Chaudhari et al. (2024)
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Value Functions & Objective

• Value function of a policy π

V π
h (s) := Eπ

[
H∑

h′=h

rh′(sh′ , ah′ , sh′+1) |sh = s

]

Qπ
h(s,A) := Eπ

[
H∑

h′=h

rh′(sh′ , ah′ , sh′+1) |sh = s,Ah = A

]

=
∑
a∈A

Ph(a|s,A)

(∑
s′∈S

Ph(s
′|s, a)

(
rh(s, a, s

′) + V π
h+1(s

′)
))

︸ ︷︷ ︸
=:Q

π
h(s,a)

▶ Ph: Preference model, Ph: Transition, rh: Reward

▶ Q
π
h(s, a): Item-level Q-value function

• Optimal value function & policy

V ∗
h (s) = sup

π
V π
h (s), Q∗

h(s,A) = sup
π

Qπ
h(s,A), π∗

h(s) = argmax
A∈A

Q∗
h(s,A)

• Objective: Minimize Reg(K) =
∑K

k=1 (V
∗
1 − V

πk
1 ) (sk,1)



7/12

Value Functions & Objective

• Value function of a policy π

V π
h (s) := Eπ

[
H∑

h′=h

rh′(sh′ , ah′ , sh′+1) |sh = s

]

Qπ
h(s,A) := Eπ

[
H∑

h′=h

rh′(sh′ , ah′ , sh′+1) |sh = s,Ah = A

]

=
∑
a∈A

Ph(a|s,A)

(∑
s′∈S

Ph(s
′|s, a)

(
rh(s, a, s

′) + V π
h+1(s

′)
))

︸ ︷︷ ︸
=:Q

π
h(s,a)

▶ Ph: Preference model, Ph: Transition, rh: Reward

▶ Q
π
h(s, a): Item-level Q-value function

• Optimal value function & policy

V ∗
h (s) = sup

π
V π
h (s), Q∗

h(s,A) = sup
π

Qπ
h(s,A), π∗

h(s) = argmax
A∈A

Q∗
h(s,A)

• Objective: Minimize Reg(K) =
∑K

k=1 (V
∗
1 − V

πk
1 ) (sk,1)



7/12

Value Functions & Objective

• Value function of a policy π

V π
h (s) := Eπ

[
H∑

h′=h

rh′(sh′ , ah′ , sh′+1) |sh = s

]

Qπ
h(s,A) := Eπ

[
H∑

h′=h

rh′(sh′ , ah′ , sh′+1) |sh = s,Ah = A

]

=
∑
a∈A

Ph(a|s,A)

(∑
s′∈S

Ph(s
′|s, a)

(
rh(s, a, s

′) + V π
h+1(s

′)
))

︸ ︷︷ ︸
=:Q

π
h(s,a)

▶ Ph: Preference model, Ph: Transition, rh: Reward

▶ Q
π
h(s, a): Item-level Q-value function

• Optimal value function & policy

V ∗
h (s) = sup

π
V π
h (s), Q∗

h(s,A) = sup
π

Qπ
h(s,A), π∗

h(s) = argmax
A∈A

Q∗
h(s,A)

• Objective: Minimize Reg(K) =
∑K

k=1 (V
∗
1 − V

πk
1 ) (sk,1)



8/12

MNL Preference & General Item-Level Q-value

Definition of Q-value

Qπ
h(s,A) :=

∑
a∈A

Ph(a|s,A)Q
π

h(s, a)

• Preference model: Multinomial Logit (MNL) Model (McFadden,
1977)

Ph(a|s,A) =
exp

(
ϕ(s, a)⊤θ⋆

h

)∑
a′∈A exp

(
ϕ(s, a′)⊤θ⋆

h

) ,
where ϕ(s, a) ∈ Rd is feature vector and θ⋆

h ∈ Rd is unknown
parameter

• Item-level Q-value Q
π

h(s, a): General function approximation
▶ Can be any function such as neural network, transformer, ...
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Main Result

Regret bound

With high probability, the regret of our proposed algorithm is

Reg(K) = Õ
(

d
√
HK︸ ︷︷ ︸

regret from Ph

+
√

dνHK logN︸ ︷︷ ︸
regret from Q

π
h

)
,

where dν : complexity of function class, N : cardinality of function class.

1. First theoretical guarantee in combinatorial RL with preference
feedback

2. Computationally efficient algorithm:
▶ Avoid combinatorial optimization when computing argmaxA∈A Qk

h(s,A)
▶ Convert the optimization problem into linear programming (LP) problem

3. When reduced to MNL bandit (H = 1), it is minimax optimal!

4. In linear MDPs, we obtain Õ(d
√
HK + dlin

√
HK), which is minimax

optimal, matching the established lower bound.
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Experiment 1: Synthetic Environment
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Figure: The “online shopping with budget” environment with |S| = 5.
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Figure: Episodic returns on “online shopping with budget”.
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Experiment 2: Real-World Environment

Figure: MovieLens Dataset
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Figure: Episodic returns on “MovieLens experiment”.
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