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Learning Single-Index Models In-Context Main Result: Feature Learning In-Context Technical Overview
In-Context Learning (ICL): Transformers can construct various regression algorithms at Model: One-layer transtormer (softmax attention + nonlinear MLP) Fact: Correlational signal E|y¢(x)| in CSQ gets weaker as ie(o,) increases...
inference time. KQ tx,FV : : : : :
Prompt : z, — v, Tn — Yy, * — 7, wherey; = f.(x;) fre( XN, yun, 2, W25, W a, b) Obs: Nonlinear label transformations in softmax reduce the information exponent. }
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In-context examples = 3 Model output is frr = > ajo(vg(X,y,x;T) + b;) where the attention output g is
1 Models need to estimate f, without any parameter updates. Ny
» Limited statistical and optimization guarantees, especially for nonlinear targets (X,y,z:T) = =
9( Xy, x; Ny
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Can transformers leverage statistically efficient mechanisms like feature learning, 525 Correlation between exponentially-transformed labels
even at inference time? | | |
I. One gradient descent step on the attention matrix W"¢. _ Proposition
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Problem Setting: Single-Index Target Functions rel=myr _(ZTl) =1 TP X s Yy @) = 974 ST : The IE of (the clipped version of) 0. exp(0./p) and exp(o./ p) is equal to ge(o).
y N0 T [I. Ridge regression on the MLP parameters.
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0.(2) = Z a*He;(z) (He; : j-th Hermite polynomial). 1 Softmax correlations (fractions): Challenges in handling correlations between nu-
j—ie() merator and denominator
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— degree deg(o.) and information exponent ie(o,) (ie < deg) Fora tmnsformer , the saftmax attention output 1S approximated by = Op timization gt.tamntee. (One GD s tep on L) 4”['6 s ] (rank-r) — inference-time
- (z.3) 2 | | sample complexity 7)) free from d
1 f. changes only along the feature vector 3: A statistical testbed for feature learning Ca Cb( o ) , where 3 is randomly drawn from a rank-r < d linear subspace.
Sample complexity lower bound for regression on test prompt *th imation holds without ter updates f h test t : : :
orrel moth dp- S P@( deg(gy)) | 5 . promp - APPIDTITIEHOT 0TS THTDHE L paiameist praits Jon cat et PP Experiment: Inference-Time Feature Learning of GPT-2
ernel methods: IV 2 d | (feature learning not available) Result 1: Softmax attention modules can identity the task-specific teature vector 3 , ) ) )
CSQ algorithms: N > d°0€)) (e.g. one-step GD on NN ) (inference-time feature learning) Measuring the inference-time sample complexity for f.(x) = He;((3, x))
SQ algorithms: N 2> d®9) (e.g. batch-reuse SGD on NN ) Model: 6-layer GPT-2 with 4 attention heads, trained using the Adam optimizer

Theorem (sample complexity bound) GPT-2 Inference-time Sample Complexity

1 (S)GD on NN enables feature learning: Advantage over non-adaptive kernel methods - o " \ petivmgti y y od that % , _
: . . . . e pretrained transformer achieves estimation error at inference time for f,, provided tha R, v/ N«xd“®
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Question 1: Can pretrained transtformers perform feature learning at inference time, Pretraining: d°U°)) Pretraining: d°1°)) 7z o A o threshold01
adapting to task-specitic 5 ? Inference: r®ldcelo+) Inference: r©&e(o:) i’ SO N . e
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Question 2: How statistically efficient can transformers be at inference time? Can they o End-to-end statistical and optimization guarantees
surpass the barriers of kernel and C5Q? o Sample complexity depends only on the inner dimension » — adaptive to low- Result: The GPT-2 model achieves inference-time sample complexity scaling,

dimensional prior - surpassing both the kernel lower bound O(d®) and the CSQ lower bound O(d'”).




