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Factor Matrix IIIFactor Matrix II

Factor Matrix I

Core Tensor

Naive  

Every member of the exponential 
family has a conjugate prior. 

 
 

Hurdle Conjugate Priors for Modeling Sparsity
The hurdle model for  is defined by 

it’s generative process. 
 
 

λ

λ ∣ b ∼ {δ0(λ) if b = 0
gθ(λ) if b = 1

b ∼ Bernoulli(p),

where .0 ∉ supp(gθ)

gθ(λ) = p(λ ∣ θ) = h(λ)eθT λ−η̃(θ)

Fλ(y) = p(y ∣ λ) = f(y)eyT λ−η(λ)

⟹ p(λ ∣ y, θ) = gθ′ (λ)

P(
λ)

In this setting, the posterior  is in 
the same family as the prior.  

Many Gibbs sampling and variational 
inference methods leverage conditionally 
conjugate models for effficient inference. 

p(λ ∣ y)

A distribution  is convolution-closed in  if for independently sampled
,   in it’s marginal. 

Many closed-convolution distributions are members of the exponential family and have 
closed-form conjugate priors.  

Fλ λ
X1 ∼ Fλ1

, X2 ∼ Fλ2
X1 + X2 ∼ Fλ1+λ2

Convolution-Closed Likelihoods

P(y ∣ c, λ) = Poisson(y; c ⋅ λ) =
e−cλ(cλ)y

y!
, c > 0

P(λ) = Gamma(λ; α, β) =
βα

Γ(α)
λα−1e−βλ

P(λ ∣ y) = Gamma(λ; α + y, β + c)

For then marginally,

 

yi ∼ Poisson(ciλ),

∑
i

yi ∼ Poisson(λ ⋅ ∑
i

ci) and 

P(λ ∣ {yi, ci}) = P(λ ∣ ∑
i

yi, ∑
i

ci)

= Gamma(λ; α + ∑
i

yi, β + ∑
i

ci)
The posterior depends on only the 

sums of the sufficient statistics   ∑i yi, ∑i ci .

CCHM 
cheap in sparse regimes

Conditioning on  drops the dependence of  on . We can 
sample from  jointly. 

ỹk, ȳk P(bk ∣ − \λk
) ck

P((bk)K
k=1 ∣ ȳk = 0, − \λk

)

Gibbs sampling involves iteratively resampling each latent variable, conditional 
on all the others held fixed.  
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What is the Tucker Decomposition?

CCHM Tucker Uncovers Hidden Temporal Structure

Separates Subjects by Phenotype

Applications to Tensors
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Problem: Traditional Tucker decomposition methods generally do not 

scale well with the -norm of the core tensor, ℓ0 | |Λ | |0 = ∑
k

1{Λk > 0} .

Tensors can be informally understood as matrices generalized to  dimensions 
or modes—e.g., while a matrix  contains observations , an -mode tensor  

contains observations 

M ≥ 2
Y yd1,d2

M Y
yd1,…,dm

.

Tucker decompositions seek a multi-linear reconstruction ̂Y ≈ Y .

Ŷ =
K1

∑
kq,1=1

…
KM

∑
kq,M=1

λkq (ϕ(1)
kq,1

∘ ⋯ ∘ ϕ(M)
kq,M)

We apply the convolution-closed hurdle motif to sparsify the core tensor of a Tucker 
decomposition, speeding up inference. 

and Identifies Sparse Multi-linear Interactions

How to Efficiently Model High-Dimensional, 
Sparse Latent Spaces?

CCHM

The Closed-Convolution Hurdle Motif  

bk ∼ p(bk ∣ − \λk
)

λk ∼ p(λk ∣ − ),
yk ∼ p(yk ∣ − ),

bk ∼ p(bk ∣ − \λk
)

ỹk ∼ p(ỹk ∣ − ),

⟹ ȳk ∣ λk = ỹk + yk ∼ Fc̄λk
(ȳ)

Sparse and high-dimensional data are 
ubiquitous in scientific applications. 

Practitioners often seek to build complex 
models for such data, whose parameters and 

latent variables are themselves high-
dimensional. 

Techniques that promote model sparsity are typically motivated either to avoid overfitting 
or to improve model interpretability.  Although effective for both, such techniques 

frequently introduce increased computational cost to inference. In some cases, model 
sparsity can improve rather than exacerbate the computational cost of inference.

λ

Φ(m) ∈ ℝDm×Km

Y ∈ ℝD1×…×DM

Λ ∈ ℝK1×…×Km

λk ∣ bk ∼ {δ0(λk) if bk = 0
gθ(λk) if bk = 1

bk ∼ Bernoulli(p),

yk ∣ λk ∼ Fckλ(yk), ck ∈ ℝ
ỹk ∣ λk ∼ F(c̄−ck)λk

(ỹk),

P(bk ∣ ȳk = 0,−) = P(bk′ ∣ ȳk′ = 0,−) = p̃0∀k s.t. ȳk = 0

depends on expensiveck →

does not depend on ck
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n ∼ Binomial(
K

∑
k=1

1{yk = 0}, p̃0),

ind ∼ sample({k : yk = 0}, n, replace = F)

bind ← 1

D1 = 15, K1 = 3

D2 = 30, K2 = 3

Λ̂ ∈ ℝ15×3×3

multi-linear structure

 repetitive structure

71 %  sparse

Inference 

c̄ = max
k

ck

Model 


