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Several objects of interest can be represented as distributions.
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The natural geometry for distribution data
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u
<latexit sha1_base64="MFfiFouQNjTnRJT2ZIB1Oh2sHQU=">AAAB+XicbZC7SgNBFIZn4y2ut1VLm8GsYBV202gZtLGMYC6QLGF2MkmGzGWZSyAseRMbC0VsfRM738ZJsoUm/jDw8Z9zOGf+NGNUmyj69kpb2zu7e+V9/+Dw6PgkOD1raWkVJk0smVSdFGnCqCBNQw0jnUwRxFNG2unkflFvT4nSVIonM8tIwtFI0CHFyDirHwRh6NuekMLylCg/DPtBJapGS8FNiAuogEKNfvDVG0hsOREGM6R1N44yk+RIGYoZmfs9q0mG8ASNSNehQJzoJF9ePodXzhnAoVTuCQOX7u+JHHGtZzx1nRyZsV6vLcz/al1rhrdJTkVmDRF4tWhoGTQSLmKAA6oINmzmAGFF3a0Qj5FC2LiwfBdCvP7lTWjVqrHjx1qlflfEUQYX4BJcgxjcgDp4AA3QBBhMwTN4BW9e7r14797HqrXkFTPn4I+8zx9StZIk</latexit><latexit sha1_base64="MFfiFouQNjTnRJT2ZIB1Oh2sHQU=">AAAB+XicbZC7SgNBFIZn4y2ut1VLm8GsYBV202gZtLGMYC6QLGF2MkmGzGWZSyAseRMbC0VsfRM738ZJsoUm/jDw8Z9zOGf+NGNUmyj69kpb2zu7e+V9/+Dw6PgkOD1raWkVJk0smVSdFGnCqCBNQw0jnUwRxFNG2unkflFvT4nSVIonM8tIwtFI0CHFyDirHwRh6NuekMLylCg/DPtBJapGS8FNiAuogEKNfvDVG0hsOREGM6R1N44yk+RIGYoZmfs9q0mG8ASNSNehQJzoJF9ePodXzhnAoVTuCQOX7u+JHHGtZzx1nRyZsV6vLcz/al1rhrdJTkVmDRF4tWhoGTQSLmKAA6oINmzmAGFF3a0Qj5FC2LiwfBdCvP7lTWjVqrHjx1qlflfEUQYX4BJcgxjcgDp4AA3QBBhMwTN4BW9e7r14797HqrXkFTPn4I+8zx9StZIk</latexit><latexit sha1_base64="MFfiFouQNjTnRJT2ZIB1Oh2sHQU=">AAAB+XicbZC7SgNBFIZn4y2ut1VLm8GsYBV202gZtLGMYC6QLGF2MkmGzGWZSyAseRMbC0VsfRM738ZJsoUm/jDw8Z9zOGf+NGNUmyj69kpb2zu7e+V9/+Dw6PgkOD1raWkVJk0smVSdFGnCqCBNQw0jnUwRxFNG2unkflFvT4nSVIonM8tIwtFI0CHFyDirHwRh6NuekMLylCg/DPtBJapGS8FNiAuogEKNfvDVG0hsOREGM6R1N44yk+RIGYoZmfs9q0mG8ASNSNehQJzoJF9ePodXzhnAoVTuCQOX7u+JHHGtZzx1nRyZsV6vLcz/al1rhrdJTkVmDRF4tWhoGTQSLmKAA6oINmzmAGFF3a0Qj5FC2LiwfBdCvP7lTWjVqrHjx1qlflfEUQYX4BJcgxjcgDp4AA3QBBhMwTN4BW9e7r14797HqrXkFTPn4I+8zx9StZIk</latexit><latexit sha1_base64="MFfiFouQNjTnRJT2ZIB1Oh2sHQU=">AAAB+XicbZC7SgNBFIZn4y2ut1VLm8GsYBV202gZtLGMYC6QLGF2MkmGzGWZSyAseRMbC0VsfRM738ZJsoUm/jDw8Z9zOGf+NGNUmyj69kpb2zu7e+V9/+Dw6PgkOD1raWkVJk0smVSdFGnCqCBNQw0jnUwRxFNG2unkflFvT4nSVIonM8tIwtFI0CHFyDirHwRh6NuekMLylCg/DPtBJapGS8FNiAuogEKNfvDVG0hsOREGM6R1N44yk+RIGYoZmfs9q0mG8ASNSNehQJzoJF9ePodXzhnAoVTuCQOX7u+JHHGtZzx1nRyZsV6vLcz/al1rhrdJTkVmDRF4tWhoGTQSLmKAA6oINmzmAGFF3a0Qj5FC2LiwfBdCvP7lTWjVqrHjx1qlflfEUQYX4BJcgxjcgDp4AA3QBBhMwTN4BW9e7r14797HqrXkFTPn4I+8zx9StZIk</latexit>

v
<latexit sha1_base64="tZgogpf3UeS+gMB2oQY0NgCm2JI=">AAAB+XicbZDLSsNAFIYn9VbjLerSTbARXJWkG10W3bisYC/QhjKZnrZD5xJmJoUS+iZuXCji1jdx59s4bbPQ1h8GPv5zDufMn6SMahOG305pa3tnd6+87x4cHh2feKdnLS0zRaBJJJOqk2ANjApoGmoYdFIFmCcM2snkflFvT0FpKsWTmaUQczwSdEgJNtbqe14QuNOekCLjCSg3CPpeJayGS/mbEBVQQYUafe+rN5Ak4yAMYVjrbhSmJs6xMpQwmLu9TEOKyQSPoGtRYA46zpeXz/0r6wz8oVT2CeMv3d8TOeZaz3hiOzk2Y71eW5j/1bqZGd7GORVpZkCQ1aJhxnwj/UUM/oAqIIbNLGCiqL3VJ2OsMDE2LNeGEK1/eRNatWpk+bFWqd8VcZTRBbpE1yhCN6iOHlADNRFBU/SMXtGbkzsvzrvzsWotOcXMOfoj5/MHVEWSJQ==</latexit><latexit sha1_base64="tZgogpf3UeS+gMB2oQY0NgCm2JI=">AAAB+XicbZDLSsNAFIYn9VbjLerSTbARXJWkG10W3bisYC/QhjKZnrZD5xJmJoUS+iZuXCji1jdx59s4bbPQ1h8GPv5zDufMn6SMahOG305pa3tnd6+87x4cHh2feKdnLS0zRaBJJJOqk2ANjApoGmoYdFIFmCcM2snkflFvT0FpKsWTmaUQczwSdEgJNtbqe14QuNOekCLjCSg3CPpeJayGS/mbEBVQQYUafe+rN5Ak4yAMYVjrbhSmJs6xMpQwmLu9TEOKyQSPoGtRYA46zpeXz/0r6wz8oVT2CeMv3d8TOeZaz3hiOzk2Y71eW5j/1bqZGd7GORVpZkCQ1aJhxnwj/UUM/oAqIIbNLGCiqL3VJ2OsMDE2LNeGEK1/eRNatWpk+bFWqd8VcZTRBbpE1yhCN6iOHlADNRFBU/SMXtGbkzsvzrvzsWotOcXMOfoj5/MHVEWSJQ==</latexit><latexit sha1_base64="tZgogpf3UeS+gMB2oQY0NgCm2JI=">AAAB+XicbZDLSsNAFIYn9VbjLerSTbARXJWkG10W3bisYC/QhjKZnrZD5xJmJoUS+iZuXCji1jdx59s4bbPQ1h8GPv5zDufMn6SMahOG305pa3tnd6+87x4cHh2feKdnLS0zRaBJJJOqk2ANjApoGmoYdFIFmCcM2snkflFvT0FpKsWTmaUQczwSdEgJNtbqe14QuNOekCLjCSg3CPpeJayGS/mbEBVQQYUafe+rN5Ak4yAMYVjrbhSmJs6xMpQwmLu9TEOKyQSPoGtRYA46zpeXz/0r6wz8oVT2CeMv3d8TOeZaz3hiOzk2Y71eW5j/1bqZGd7GORVpZkCQ1aJhxnwj/UUM/oAqIIbNLGCiqL3VJ2OsMDE2LNeGEK1/eRNatWpk+bFWqd8VcZTRBbpE1yhCN6iOHlADNRFBU/SMXtGbkzsvzrvzsWotOcXMOfoj5/MHVEWSJQ==</latexit><latexit sha1_base64="tZgogpf3UeS+gMB2oQY0NgCm2JI=">AAAB+XicbZDLSsNAFIYn9VbjLerSTbARXJWkG10W3bisYC/QhjKZnrZD5xJmJoUS+iZuXCji1jdx59s4bbPQ1h8GPv5zDufMn6SMahOG305pa3tnd6+87x4cHh2feKdnLS0zRaBJJJOqk2ANjApoGmoYdFIFmCcM2snkflFvT0FpKsWTmaUQczwSdEgJNtbqe14QuNOekCLjCSg3CPpeJayGS/mbEBVQQYUafe+rN5Ak4yAMYVjrbhSmJs6xMpQwmLu9TEOKyQSPoGtRYA46zpeXz/0r6wz8oVT2CeMv3d8TOeZaz3hiOzk2Y71eW5j/1bqZGd7GORVpZkCQ1aJhxnwj/UUM/oAqIIbNLGCiqL3VJ2OsMDE2LNeGEK1/eRNatWpk+bFWqd8VcZTRBbpE1yhCN6iOHlADNRFBU/SMXtGbkzsvzrvzsWotOcXMOfoj5/MHVEWSJQ==</latexit>

‣High complexity:   

‣Indefinite

µ = u1�A + u2�B + u3�C
<latexit sha1_base64="MHGixcPLMljd6olwEvMSNlqamkI="></latexit><latexit sha1_base64="MHGixcPLMljd6olwEvMSNlqamkI="></latexit><latexit sha1_base64="MHGixcPLMljd6olwEvMSNlqamkI="></latexit><latexit sha1_base64="MHGixcPLMljd6olwEvMSNlqamkI="></latexit>

⌫ = v1�X + v2�Y + v3�Z
<latexit sha1_base64="D+qC5eG5X4sm18JqPYoJw2LIj8Q="></latexit><latexit sha1_base64="D+qC5eG5X4sm18JqPYoJw2LIj8Q="></latexit><latexit sha1_base64="D+qC5eG5X4sm18JqPYoJw2LIj8Q="></latexit><latexit sha1_base64="D+qC5eG5X4sm18JqPYoJw2LIj8Q="></latexit>

min
T

X

ij

TijMij

<latexit sha1_base64="KX7DWVeSr+K6HdZ0CxMhT0sdWbQ="></latexit><latexit sha1_base64="KX7DWVeSr+K6HdZ0CxMhT0sdWbQ="></latexit><latexit sha1_base64="KX7DWVeSr+K6HdZ0CxMhT0sdWbQ="></latexit><latexit sha1_base64="KX7DWVeSr+K6HdZ0CxMhT0sdWbQ="></latexit>

dOT(µ, ⌫) =
<latexit sha1_base64="+kHoEtG9+2rLjRIxyZBJjJoZ18o="></latexit><latexit sha1_base64="+kHoEtG9+2rLjRIxyZBJjJoZ18o="></latexit><latexit sha1_base64="+kHoEtG9+2rLjRIxyZBJjJoZ18o="></latexit><latexit sha1_base64="+kHoEtG9+2rLjRIxyZBJjJoZ18o="></latexit>

s.t.
<latexit sha1_base64="QS/T2qWOiDpDOJOmmmMtctVqhig=">AAACCnicbZC7SgNBFIZnvcb1FrW0GU0Eq7CbRsugjWUEo0ISwuzkJA7OZZk5K4YltY2vYmOhiK1PYOfbOLkUavxh4OM/53Dm/EkqhcMo+grm5hcWl5YLK+Hq2vrGZnFr+9KZzHJocCONvU6YAyk0NFCghOvUAlOJhKvk9nRUv7oD64TRFzhIoa1YX4ue4Ay91SnulcthC+EetbGKydxVsDKkLW10phKwYbncKZaiSjQWnYV4CiUyVb1T/Gx1Dc8UaOSSOdeMoxTbObMouIRh2MocpIzfsj40PWqmwLXz8SlDeuCdLu0Z659GOnZ/TuRMOTdQie9UDG/c39rI/K/WzLB33M6FTjMEzSeLepmkaOgoF9oVFjjKgQfGrfB/pfyGWcbRpxf6EOK/J8/CZbUSez6vlmon0zgKZJfsk0MSkyNSI2ekThqEkwfyRF7Ia/AYPAdvwfukdS6YzuyQXwo+vgFSJple</latexit><latexit sha1_base64="QS/T2qWOiDpDOJOmmmMtctVqhig=">AAACCnicbZC7SgNBFIZnvcb1FrW0GU0Eq7CbRsugjWUEo0ISwuzkJA7OZZk5K4YltY2vYmOhiK1PYOfbOLkUavxh4OM/53Dm/EkqhcMo+grm5hcWl5YLK+Hq2vrGZnFr+9KZzHJocCONvU6YAyk0NFCghOvUAlOJhKvk9nRUv7oD64TRFzhIoa1YX4ue4Ay91SnulcthC+EetbGKydxVsDKkLW10phKwYbncKZaiSjQWnYV4CiUyVb1T/Gx1Dc8UaOSSOdeMoxTbObMouIRh2MocpIzfsj40PWqmwLXz8SlDeuCdLu0Z659GOnZ/TuRMOTdQie9UDG/c39rI/K/WzLB33M6FTjMEzSeLepmkaOgoF9oVFjjKgQfGrfB/pfyGWcbRpxf6EOK/J8/CZbUSez6vlmon0zgKZJfsk0MSkyNSI2ekThqEkwfyRF7Ia/AYPAdvwfukdS6YzuyQXwo+vgFSJple</latexit><latexit sha1_base64="QS/T2qWOiDpDOJOmmmMtctVqhig=">AAACCnicbZC7SgNBFIZnvcb1FrW0GU0Eq7CbRsugjWUEo0ISwuzkJA7OZZk5K4YltY2vYmOhiK1PYOfbOLkUavxh4OM/53Dm/EkqhcMo+grm5hcWl5YLK+Hq2vrGZnFr+9KZzHJocCONvU6YAyk0NFCghOvUAlOJhKvk9nRUv7oD64TRFzhIoa1YX4ue4Ay91SnulcthC+EetbGKydxVsDKkLW10phKwYbncKZaiSjQWnYV4CiUyVb1T/Gx1Dc8UaOSSOdeMoxTbObMouIRh2MocpIzfsj40PWqmwLXz8SlDeuCdLu0Z659GOnZ/TuRMOTdQie9UDG/c39rI/K/WzLB33M6FTjMEzSeLepmkaOgoF9oVFjjKgQfGrfB/pfyGWcbRpxf6EOK/J8/CZbUSez6vlmon0zgKZJfsk0MSkyNSI2ekThqEkwfyRF7Ia/AYPAdvwfukdS6YzuyQXwo+vgFSJple</latexit><latexit sha1_base64="QS/T2qWOiDpDOJOmmmMtctVqhig=">AAACCnicbZC7SgNBFIZnvcb1FrW0GU0Eq7CbRsugjWUEo0ISwuzkJA7OZZk5K4YltY2vYmOhiK1PYOfbOLkUavxh4OM/53Dm/EkqhcMo+grm5hcWl5YLK+Hq2vrGZnFr+9KZzHJocCONvU6YAyk0NFCghOvUAlOJhKvk9nRUv7oD64TRFzhIoa1YX4ue4Ay91SnulcthC+EetbGKydxVsDKkLW10phKwYbncKZaiSjQWnYV4CiUyVb1T/Gx1Dc8UaOSSOdeMoxTbObMouIRh2MocpIzfsj40PWqmwLXz8SlDeuCdLu0Z659GOnZ/TuRMOTdQie9UDG/c39rI/K/WzLB33M6FTjMEzSeLepmkaOgoF9oVFjjKgQfGrfB/pfyGWcbRpxf6EOK/J8/CZbUSez6vlmon0zgKZJfsk0MSkyNSI2ekThqEkwfyRF7Ia/AYPAdvwfukdS6YzuyQXwo+vgFSJple</latexit>

Tij � 0 8i, j
<latexit sha1_base64="1OnodmMxHXZZvnX5wIvfAlI+4go="></latexit><latexit sha1_base64="1OnodmMxHXZZvnX5wIvfAlI+4go="></latexit><latexit sha1_base64="1OnodmMxHXZZvnX5wIvfAlI+4go="></latexit><latexit sha1_base64="1OnodmMxHXZZvnX5wIvfAlI+4go="></latexit>

<latexit sha1_base64="ZTitXNigXUAQm40EjyGam6LcRr0=">AAACIXicbVBJS8NAGJ3Urcat6tHLYCt4KkkF7UUoevFYoRs0IUym03bayeIshRLyV7z4V7x4UKQ38c84bXPQ1gcDj/e+bZ4fMyqkZX0ZuY3Nre2d/K65t39weFQ4PmmJSHFMmjhiEe/4SBBGQ9KUVDLSiTlBgc9I2x/fz/32hHBBo7AhpzFxAzQIaZ9iJLXkFaqlkukIFXgUJs5iXOIzRVLY8BI6SlN4CyfeCDpPCvWg0484YgyOzFLJKxStsrUAXCd2RoogQ90rzJxehFVAQokZEqJrW7F0E8QlxYykpqMEiREeowHpahqigAg3WZyUwgut9KBer18o4UL93ZGgQIhp4OvKAMmhWPXm4n9eV8l+1U1oGCtJQrxc1FcMygjO44I9ygmWbKoJwpzqWyEeIo6w1KGaOgR79cvrpFUp29flq8dKsXaXxZEHZ+AcXAIb3IAaeAB10AQYPINX8A4+jBfjzfg0ZsvSnJH1nII/ML5/ABqUojg=</latexit>X

i

Tij = vj 8j

<latexit sha1_base64="EhNnUaxdAnw3MjW5rKr9CkXyM9c=">AAACIXicbVBJS8NAGJ241rhVPXoZbAVPJamgvQhFLx4rdIOmhMlk2k47WZxFKCF/xYt/xYsHRXoT/4zTNAdtfTDweO/b5nkxo0Ja1pextr6xubVd2DF39/YPDotHx20RKY5JC0cs4l0PCcJoSFqSSka6MSco8BjpeJO7ud95IlzQKGzKaUz6ARqGdEAxklpyi7Vy2XSECtwxTJxsXOIxRVLYdBM6TlN4A5VLofOokA+dQcQRY5Ca5bJbLFkVKwNcJXZOSiBHwy3OHD/CKiChxAwJ0bOtWPYTxCXFjKSmowSJEZ6gIelpGqKAiH6SnZTCc634UK/XL5QwU393JCgQYhp4ujJAciSWvbn4n9dTclDrJzSMlSQhXiwaKAZlBOdxQZ9ygiWbaoIwp/pWiEeIIyx1qKYOwV7+8ippVyv2VeXyoVqq3+ZxFMApOAMXwAbXoA7uQQO0AAbP4BW8gw/jxXgzPo3ZonTNyHtOwB8Y3z8XkKI2</latexit>X

j

Tij = ui 8i

<latexit sha1_base64="FwLmvMT9l6DYOIR6WkOsm3WJFL8=">AAACBnicdVDLSgMxFM3UVx1fVZciBFuhbspMi1V3RTfurGAf0I4lk6ZtaCYZkoxQhq7c+CtuXCji1m9w59+YtiNU0QMXDufcy733+CGjSjvOp5VaWFxaXkmv2mvrG5tbme2duhKRxKSGBROy6SNFGOWkpqlmpBlKggKfkYY/vJj4jTsiFRX8Ro9C4gWoz2mPYqSN1Mns53J2O0B6gBGLr8Z5fluCbSb6kB/ZuVwnk3UKzhRwjhw77lnZhW6iZEGCaifz0e4KHAWEa8yQUi3XCbUXI6kpZmRstyNFQoSHqE9ahnIUEOXF0zfG8NAoXdgT0hTXcKrOT8QoUGoU+KZzcrH67U3Ev7xWpHunXkx5GGnC8WxRL2JQCzjJBHapJFizkSEIS2puhXiAJMLaJGebEL4/hf+TerHglgul62K2cp7EkQZ74ADkgQtOQAVcgiqoAQzuwSN4Bi/Wg/VkvVpvs9aUlczsgh+w3r8AlwmWpg==</latexit>

O(n3 log n)

4
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OT with Graph Metric

‣ Min-cost flow problem via Beckmann formulation. 

‣ Complexity:                     by Orlin’s algorithm. 

‣ OT with graph metric ground cost is indefinite.

<latexit sha1_base64="9094oCMKjN4qIJzdJAXi19nKsHQ="></latexit>

O(V 2E logV )

For probability measures supported on graph metric:
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Graph Metric

‣ Graph metric: length of shortest path between nodes on graph. 

‣ Assumptions: (i) graph is given, (ii) it exist a root node     (i.e., 
unique shortest path from     to other nodes).<latexit sha1_base64="ZHSFvWcqZ0JUcpoyQMRO6j1qLnE=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkyiqV0W3bisYNpCG8pkOmmHTiZhZiLU0G9w40IRt36QO//G6UNQ0QMXDufcy733hClnSiP0YRVWVtfWN4qbpa3tnd298v5BSyWZJNQnCU9kJ8SKciaor5nmtJNKiuOQ03Y4vpr57TsqFUvErZ6kNIjxULCIEayN5Ffv+6jaL1eQjWreuVOHyPaQU3c8Q1zPQciFjo3mqIAlmv3ye2+QkCymQhOOleo6KNVBjqVmhNNpqZcpmmIyxkPaNVTgmKognx87hSdGGcAokaaEhnP1+0SOY6UmcWg6Y6xH6rc3E//yupmO6kHORJppKshiUZRxqBM4+xwOmKRE84khmEhmboVkhCUm2uRTMiF8fQr/Jy3Xdmr22Y1baVwu4yiCI3AMToEDLkADXIMm8AEBDDyAJ/BsCevRerFeF60FazlzCH7AevsEFmqOOQ==</latexit>z0

<latexit sha1_base64="ZHSFvWcqZ0JUcpoyQMRO6j1qLnE=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkyiqV0W3bisYNpCG8pkOmmHTiZhZiLU0G9w40IRt36QO//G6UNQ0QMXDufcy733hClnSiP0YRVWVtfWN4qbpa3tnd298v5BSyWZJNQnCU9kJ8SKciaor5nmtJNKiuOQ03Y4vpr57TsqFUvErZ6kNIjxULCIEayN5Ffv+6jaL1eQjWreuVOHyPaQU3c8Q1zPQciFjo3mqIAlmv3ye2+QkCymQhOOleo6KNVBjqVmhNNpqZcpmmIyxkPaNVTgmKognx87hSdGGcAokaaEhnP1+0SOY6UmcWg6Y6xH6rc3E//yupmO6kHORJppKshiUZRxqBM4+xwOmKRE84khmEhmboVkhCUm2uRTMiF8fQr/Jy3Xdmr22Y1baVwu4yiCI3AMToEDLkADXIMm8AEBDDyAJ/BsCevRerFeF60FazlzCH7AevsEFmqOOQ==</latexit>z0

<latexit sha1_base64="ZHSFvWcqZ0JUcpoyQMRO6j1qLnE=">AAAB7HicdVDLSsNAFJ3UV62vqks3g63gKkyiqV0W3bisYNpCG8pkOmmHTiZhZiLU0G9w40IRt36QO//G6UNQ0QMXDufcy733hClnSiP0YRVWVtfWN4qbpa3tnd298v5BSyWZJNQnCU9kJ8SKciaor5nmtJNKiuOQ03Y4vpr57TsqFUvErZ6kNIjxULCIEayN5Ffv+6jaL1eQjWreuVOHyPaQU3c8Q1zPQciFjo3mqIAlmv3ye2+QkCymQhOOleo6KNVBjqVmhNNpqZcpmmIyxkPaNVTgmKognx87hSdGGcAokaaEhnP1+0SOY6UmcWg6Y6xH6rc3E//yupmO6kHORJppKshiUZRxqBM4+xwOmKRE84khmEhmboVkhCUm2uRTMiF8fQr/Jy3Xdmr22Y1baVwu4yiCI3AMToEDLkADXIMm8AEBDDyAJ/BsCevRerFeF60FazlzCH7AevsEFmqOOQ==</latexit>z0

TL*, T. Nguyen*, D. Phung, V. A. Nguyen. Sobolev transport: a scalable metric for probability measures with graph metrics. AISTATS, 
2022.



7

Sobolev Transport

๏Closed-form solution 

๏Complexity:             

๏Negative definite

<latexit sha1_base64="FzlWOUiq35sFSiPzVntwKMrjwlA=">AAAB/XicdVDLSgMxFM3UV62v8bFzE2yFilCSCn3siiK4s4J9QFtKJs3Y0MyDJCPUofgrblwo4tb/cOffmGkrqOiBwOGce7knxwkFVxqhDyu1sLi0vJJezaytb2xu2ds7TRVEkrIGDUQg2w5RTHCfNTTXgrVDyYjnCNZyRmeJ37plUvHAv9bjkPU8cuNzl1OijdS393Jdj+ghJSK+nOTP4TFsHuX6dhYVEEIYY5gQXC4hQ6rVShFXIE4sgyyYo96337uDgEYe8zUVRKkORqHuxURqTgWbZLqRYiGhI3LDOob6xGOqF0/TT+ChUQbQDaR5voZT9ftGTDylxp5jJpOo6reXiH95nUi7lV7M/TDSzKezQ24koA5gUgUccMmoFmNDCJXcZIV0SCSh2hSWMSV8/RT+T5rFAi4VTq6K2drpvI402AcHIA8wKIMauAB10AAU3IEH8ASerXvr0XqxXmejKWu+swt+wHr7BDrok8s=</latexit>

O(E + V )

TL*, T. Nguyen*, D. Phung, V. A. Nguyen. Sobolev transport: a scalable metric for probability measures with graph metrics. AISTATS, 
2022.



Graph-based Sobolev Space

<latexit sha1_base64="B8pniqvAu/YFyHplXL7XpoRx33Y="></latexit>

f(x)� f(z0) =
R
[z0,x]

h(y)�(dy) 8x 2 G

‣ Graph-based Sobolev space:
<latexit sha1_base64="g5NR6aUr6fKyzcCJdGrRbmh2nP0=">AAACCXicbVDLSsNAFJ34rPUVdelmsBUqlJJUUJdFF7qsYB/QxDKZTNqhk0mYmQgldOvGX3HjQhG3/oE7/8ZJm4W2Hhg4nHPvnXuPFzMqlWV9G0vLK6tr64WN4ubW9s6uubffllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usr8zgMRkkb8To1j4oZowGlAMVJa6puw3LlP7SqMJxUnRGroeen1pAodpkf46KRc7Jslq2ZNAReJnZMSyNHsm1+OH+EkJFxhhqTs2Vas3BQJRTEjk6KTSBIjPEID0tOUo5BIN51eMoHHWvFhEAn9uIJT9XdHikIpx6GnK7Nt5byXif95vUQFF25KeZwowvHsoyBhUEUwiwX6VBCs2FgThAXVu0I8RAJhpcPLQrDnT14k7XrNPqud3tZLjcs8jgI4BEegAmxwDhrgBjRBC2DwCJ7BK3gznowX4934mJUuGXnPAfgD4/MHa06YQA==</latexit>

W 1,p(G,�)
<latexit sha1_base64="51dkJkT6LifbUunkj00mDDXffAw=">AAACDHicbVDLSgMxFL3js9ZX1aWbYCu4KjMVVFwVXeiyin1AO5RMmmlDM5khyQhl6Ae48VfcuFDErR/gzr8x0w6irQcCh3PuJfccL+JMadv+shYWl5ZXVnNr+fWNza3tws5uQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8DL1m/dUKhaKOz2KqBvgvmA+I1gbqVsolvxz1AmwHnhecjVOaaR0+CPdjkt5M2WX7QnQPHEyUoQMtW7hs9MLSRxQoQnHSrUdO9JugqVmhNNxvhMrGmEyxH3aNlTggCo3mYQZo0Oj9JAfSvOERhP190aCA6VGgWcm0xvVrJeK/3ntWPtnbsJEFGsqyPQjP+bIpE2bQT0mKdF8ZAgmkplbERlgiYk2/aUlOLOR50mjUnZOysc3lWL1IqsjB/twAEfgwClU4RpqUAcCD/AEL/BqPVrP1pv1Ph1dsLKdPfgD6+MbKUiabg==</latexit>

f : G 7! R belongs to
<latexit sha1_base64="g5NR6aUr6fKyzcCJdGrRbmh2nP0=">AAACCXicbVDLSsNAFJ34rPUVdelmsBUqlJJUUJdFF7qsYB/QxDKZTNqhk0mYmQgldOvGX3HjQhG3/oE7/8ZJm4W2Hhg4nHPvnXuPFzMqlWV9G0vLK6tr64WN4ubW9s6uubffllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usr8zgMRkkb8To1j4oZowGlAMVJa6puw3LlP7SqMJxUnRGroeen1pAodpkf46KRc7Jslq2ZNAReJnZMSyNHsm1+OH+EkJFxhhqTs2Vas3BQJRTEjk6KTSBIjPEID0tOUo5BIN51eMoHHWvFhEAn9uIJT9XdHikIpx6GnK7Nt5byXif95vUQFF25KeZwowvHsoyBhUEUwiwX6VBCs2FgThAXVu0I8RAJhpcPLQrDnT14k7XrNPqud3tZLjcs8jgI4BEegAmxwDhrgBjRBC2DwCJ7BK3gznowX4934mJUuGXnPAfgD4/MHa06YQA==</latexit>

W 1,p(G,�)
<latexit sha1_base64="rMbZIHCVKdqPcSYG8yz412Menos=">AAACCnicbVC7TsMwFHXKq5RXgJHF0CIVCVVJkYCxggEGhiLRh9SEynHc1qrjRLaDVEWdWfgVFgYQYuUL2PgbnDYDtBzJ0tE5917fe7yIUaks69vILSwuLa/kVwtr6xubW+b2TlOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3vAy9VsPREga8js1iogboD6nPYqR0lLX3C8NoEM5vLmPyk6A1MDzkqvxMXSYnuGjo1KhaxatijUBnCd2RoogQ71rfjl+iOOAcIUZkrJjW5FyEyQUxYyMC04sSYTwEPVJR1OOAiLdZHLKGB5qxYe9UOjHFZyovzsSFEg5CjxdmW4rZ71U/M/rxKp37iaUR7EiHE8/6sUMqhCmuUCfCoIVG2mCsKB6V4gHSCCsdHppCPbsyfOkWa3Yp5WT22qxdpHFkQd74ACUgQ3OQA1cgzpoAAwewTN4BW/Gk/FivBsf09KckfXsgj8wPn8AJUqYpQ==</latexit>

h 2 Lp(G,�)If there exists such that

<latexit sha1_base64="PxYogxn2lPgSdHdsV93HrBPqcaI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoTws94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ah56NTg==</latexit>

h
<latexit sha1_base64="pP9U193EDRGBZZ/T7Q+/BoNRUvM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoRyWe8WSW3HnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+ElI1M</latexit>

f
<latexit sha1_base64="ZirSF1j+CARTs8iHm6nmzBw2RSE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBFvBVZmpoC6LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2d+54kqzWL5YCYJ9QUeShYxgo2VHqt9brMhrg7KFbfmzoFWiZeTCuRoDspf/TAmqaDSEI617nluYvwMK8MIp9NSP9U0wWSMh7RnqcSCaj+bLzxFZ1YJURQr+6RBc/X3RIaF1hMR2KTAZqSXvZn4n9dLTXTtZ0wmqaGSLD6KUo5MjGbXo5ApSgyfWIKJYnZXREZYYWJsRyVbgrd88ipp12veZe3ivl5p3OR1FOEETuEcPLiCBtxBE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4A+aCP3w==</latexit>

�Such function    is unique, called graph derivative of    w.r.t.        

<latexit sha1_base64="kHUBtLKsb2WByQaFr7sWUk+ePfo="></latexit>R
G |f(y)|p�(dy) < 1              : space of                 such that                            

<latexit sha1_base64="51dkJkT6LifbUunkj00mDDXffAw=">AAACDHicbVDLSgMxFL3js9ZX1aWbYCu4KjMVVFwVXeiyin1AO5RMmmlDM5khyQhl6Ae48VfcuFDErR/gzr8x0w6irQcCh3PuJfccL+JMadv+shYWl5ZXVnNr+fWNza3tws5uQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8DL1m/dUKhaKOz2KqBvgvmA+I1gbqVsolvxz1AmwHnhecjVOaaR0+CPdjkt5M2WX7QnQPHEyUoQMtW7hs9MLSRxQoQnHSrUdO9JugqVmhNNxvhMrGmEyxH3aNlTggCo3mYQZo0Oj9JAfSvOERhP190aCA6VGgWcm0xvVrJeK/3ntWPtnbsJEFGsqyPQjP+bIpE2bQT0mKdF8ZAgmkplbERlgiYk2/aUlOLOR50mjUnZOysc3lWL1IqsjB/twAEfgwClU4RpqUAcCD/AEL/BqPVrP1pv1Ph1dsLKdPfgD6+MbKUiabg==</latexit>

f : G 7! R
<latexit sha1_base64="f7v8cz0MkrbNhe9HE1eXblJYyk4=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLZCBSlJBXVZdKELFxXsA5pYJpNpO3QyCTMToYSCG3/FjQtF3PoT7vwbJ20W2npg4HDOPcy9x4sYlcqyvo3cwuLS8kp+tbC2vrG5ZW7vNGUYC0waOGShaHtIEkY5aSiqGGlHgqDAY6TlDS9Tv/VAhKQhv1OjiLgB6nPaoxgpLXXNvdLNfVR2AqQGnpdcjY+hw3TaR0elrlm0KtYEcJ7YGSmCDPWu+eX4IY4DwhVmSMqObUXKTZBQFDMyLjixJBHCQ9QnHU05Coh0k8kNY3ioFR/2QqEfV3Ci/k4kKJByFHh6Ml1Wznqp+J/XiVXv3E0oj2JFOJ5+1IsZVCFMC4E+FQQrNtIEYUH1rhAPkEBY6doKugR79uR50qxW7NPKyW21WLvI6siDfXAAysAGZ6AGrkEdNAAGj+AZvII348l4Md6Nj+lozsgyu+APjM8fAqaWeg==</latexit>

Lp(G,�)

<latexit sha1_base64="ogYk+ftI9ouuP3wn9DLYQO1eF1w=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF4+YyMPAhswOvTBhdnYzM2tCCF/hxYPGePVzvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1FjpsZyQ7gCJV+4VS27FnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3hKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnse9LnCpkRY0soU9zeStiQKsqMzahgQ/CWX14lzWrFu6xc3FdLtZssjjycwCmcgwdXUIM7qEMDGETwDK/w5ijnxXl3PhatOSebOYY/cD5/AOaljys=</latexit>

p � 1

     : nonnegative Borel measure on graph     
<latexit sha1_base64="ZirSF1j+CARTs8iHm6nmzBw2RSE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBFvBVZmpoC6LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2d+54kqzWL5YCYJ9QUeShYxgo2VHqt9brMhrg7KFbfmzoFWiZeTCuRoDspf/TAmqaDSEI617nluYvwMK8MIp9NSP9U0wWSMh7RnqcSCaj+bLzxFZ1YJURQr+6RBc/X3RIaF1hMR2KTAZqSXvZn4n9dLTXTtZ0wmqaGSLD6KUo5MjGbXo5ApSgyfWIKJYnZXREZYYWJsRyVbgrd88ipp12veZe3ivl5p3OR1FOEETuEcPLiCBtxBE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4A+aCP3w==</latexit>

�
<latexit sha1_base64="+LXzlWJTTM2sF80D0xsxzKGwFCE=">AAAB83icbVDLSsNAFL2pr1pfUZduBlvBVUkqqMuiC11WsA9oQplMJ+3QySTMTIQS+htuXCji1p9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpv73ScqFYvFo54m1I/wSLCQEayN5NW8COtxEGR3s9rArjp1Zw60StyCVKFAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPMMnRlliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV77GRNJqqkgi0NhypGOUV4AGjJJieZTQzCRzGRFZIwlJtrUVDEluMtfXiWdRt29rF88NKrNm6KOMpzAKZyDC1fQhHtoQRsIJPAMr/BmpdaL9W59LEZLVrFzDH9gff4Aa1aRSQ==</latexit>

G

TL*, T. Nguyen*, D. Phung, V. A. Nguyen. Sobolev transport: a scalable metric for probability measures with graph metrics. AISTATS, 
2022. 8



Sobolev Transport
<latexit sha1_base64="BMc7W3Gfh/bHT3kUnAEXjMk4cfs="></latexit>

Sp(µ, ⌫) =

(
sup

h R
G f(x)µ(dx)�

R
G f(x)⌫(dx)

i

s.t. f 2 W 1,p0
(G,�), kf 0kLp0 (G,�)  1.

<latexit sha1_base64="ogYk+ftI9ouuP3wn9DLYQO1eF1w=">AAAB8HicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF4+YyMPAhswOvTBhdnYzM2tCCF/hxYPGePVzvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1FjpsZyQ7gCJV+4VS27FnYOsEi8jJchQ7xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3hKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhNe+xMuk9SgZItFYSqIicnse9LnCpkRY0soU9zeStiQKsqMzahgQ/CWX14lzWrFu6xc3FdLtZssjjycwCmcgwdXUIM7qEMDGETwDK/w5ijnxXl3PhatOSebOYY/cD5/AOaljys=</latexit>

p � 1

     : nonnegative Borel measure on graph     
<latexit sha1_base64="ZirSF1j+CARTs8iHm6nmzBw2RSE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBFvBVZmpoC6LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2d+54kqzWL5YCYJ9QUeShYxgo2VHqt9brMhrg7KFbfmzoFWiZeTCuRoDspf/TAmqaDSEI617nluYvwMK8MIp9NSP9U0wWSMh7RnqcSCaj+bLzxFZ1YJURQr+6RBc/X3RIaF1hMR2KTAZqSXvZn4n9dLTXTtZ0wmqaGSLD6KUo5MjGbXo5ApSgyfWIKJYnZXREZYYWJsRyVbgrd88ipp12veZe3ivl5p3OR1FOEETuEcPLiCBtxBE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4A+aCP3w==</latexit>

�
<latexit sha1_base64="+LXzlWJTTM2sF80D0xsxzKGwFCE=">AAAB83icbVDLSsNAFL2pr1pfUZduBlvBVUkqqMuiC11WsA9oQplMJ+3QySTMTIQS+htuXCji1p9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpv73ScqFYvFo54m1I/wSLCQEayN5NW8COtxEGR3s9rArjp1Zw60StyCVKFAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPMMnRlliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV77GRNJqqkgi0NhypGOUV4AGjJJieZTQzCRzGRFZIwlJtrUVDEluMtfXiWdRt29rF88NKrNm6KOMpzAKZyDC1fQhHtoQRsIJPAMr/BmpdaL9W59LEZLVrFzDH9gff4Aa1aRSQ==</latexit>

G

<latexit sha1_base64="8RqCDOYBIE6yNrmxVIHmi1I7N0s=">AAACCXicbVDLSgMxFL1TX7W+Rl26CbaiIJSZCupGKLpxWcE+oC0lk2ba0ExmSDJCGWbrxl9x40IRt/6BO//GtB1QqwcunJxzL7n3eBFnSjvOp5VbWFxaXsmvFtbWNza37O2dhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa90dXEb95RqVgobvU4ot0ADwTzGcHaSD0blTq+xCRx0yRK0TH6fh2m6AK5pZ5ddMrOFOgvcTNShAy1nv3R6YckDqjQhGOl2q4T6W6CpWaE07TQiRWNMBnhAW0bKnBAVTeZXpKiA6P0kR9KU0KjqfpzIsGBUuPAM50B1kM1703E/7x2rP3zbsJEFGsqyOwjP+ZIh2gSC+ozSYnmY0MwkczsisgQmyy0Ca9gQnDnT/5LGpWye1o+uakUq5dZHHnYg304AhfOoArXUIM6ELiHR3iGF+vBerJerbdZa87KZnbhF6z3L+lZmIs=</latexit>

1
p + 1

p0 = 1
<latexit sha1_base64="YBi5/QbL3OWvk+lbfb9o6U1uKlU=">AAAB63icbVBNSwMxEJ2tX7V+VT16Cbaip7JbQT0WvXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSeqNIvko5nG1Bd4JFnICDaZVI3Pq4Nyxa25c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrzxUybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEra9Zp3Vbt8qFcat3kcRTiBU7gAD66hAffQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwB9IWNhw==</latexit>

p0 <latexit sha1_base64="Agyre2I6DoGLF8XkeK34aJt1Dg0=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOszBhdnYz02tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbmd+64lrI2L1iOOE+xEdKBEKRtFKD+Wk3CuW3Io7B1klXkZKkKHeK351+zFLI66QSWpMx3MT9CdUo2CSTwvd1PCEshEd8I6likbc+JP5qVNyZpU+CWNtSyGZq78nJjQyZhwFtjOiODTL3kz8z+ukGF77E6GSFLlii0VhKgnGZPY36QvNGcqxJZRpYW8lbEg1ZWjTKdgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzpPPivDsfi9ack80cwx84nz+Txo1W</latexit>p     : conjugate of    ;    

                 : graph-based Sobolev space

<latexit sha1_base64="0G102qm4biMUe5tFrvPplFy/M4c=">AAACD3icbZDLSsNAFIYn9VbrLerSzWCrVJCSVFCXRRe6rGAv0IQymU7aoZNJmJkIJeQN3Pgqblwo4tatO9/GSdqFtv4w8PGfc5hzfi9iVCrL+jYKS8srq2vF9dLG5tb2jrm715ZhLDBp4ZCFoushSRjlpKWoYqQbCYICj5GON77O6p0HIiQN+b2aRMQN0JBTn2KktNU3jytOEJ9Ch8fQoRw6AVIjjFjSTKs5e15yk55U+mbZqlm54CLYMyiDmZp988sZhDgOCFeYISl7thUpN0FCUcxIWnJiSSKEx2hIeho5Coh0k/yeFB5pZwD9UOjHFczd3xMJCqScBJ7uzHaU87XM/K/Wi5V/6SaUR7EiHE8/8mMGVQizcOCACoIVm2hAWFC9K8QjJBBWOsKSDsGeP3kR2vWafV47u6uXG1ezOIrgAByCKrDBBWiAW9AELYDBI3gGr+DNeDJejHfjY9paMGYz++CPjM8fOaubiQ==</latexit>

µ, ⌫ 2 P(G)

    : graph derivate of    w.r.t.    
<latexit sha1_base64="pP9U193EDRGBZZ/T7Q+/BoNRUvM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoRyWe8WSW3HnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+ElI1M</latexit>

f
<latexit sha1_base64="ZirSF1j+CARTs8iHm6nmzBw2RSE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBFvBVZmpoC6LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2d+54kqzWL5YCYJ9QUeShYxgo2VHqt9brMhrg7KFbfmzoFWiZeTCuRoDspf/TAmqaDSEI617nluYvwMK8MIp9NSP9U0wWSMh7RnqcSCaj+bLzxFZ1YJURQr+6RBc/X3RIaF1hMR2KTAZqSXvZn4n9dLTXTtZ0wmqaGSLD6KUo5MjGbXo5ApSgyfWIKJYnZXREZYYWJsRyVbgrd88ipp12veZe3ivl5p3OR1FOEETuEcPLiCBtxBE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4A+aCP3w==</latexit>

�
<latexit sha1_base64="qziWDihCI8Tv1adiAnT3xCKPv3Y=">AAAB63icbVBNSwMxEJ2tX7V+VT16Cbaip7JbQT0WvXisYD+gXUo2zbahSXZJskJZ+he8eFDEq3/Im//GbLsHbX0w8Hhvhpl5QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRW0eJIrRFIh6pboA15UzSlmGG026sKBYBp51gcpf5nSeqNIvko5nG1Bd4JFnICDaZVA3Pq4Nyxa25c6BV4uWkAjmag/JXfxiRRFBpCMda9zw3Nn6KlWGE01mpn2gaYzLBI9qzVGJBtZ/Ob52hM6sMURgpW9Kgufp7IsVC66kIbKfAZqyXvUz8z+slJrzxUybjxFBJFovChCMToexxNGSKEsOnlmCimL0VkTFWmBgbT8mG4C2/vEra9Zp3Vbt8qFcat3kcRTiBU7gAD66hAffQhBYQGMMzvMKbI5wX5935WLQWnHzmGP7A+fwB5UmNfQ==</latexit>

f 0
<latexit sha1_base64="0EsONsCLWJRACg9WeHDRqsJlwJo="></latexit>

kfkLp(G,�) =
⇣ R

G |f(y)|p�(dy)
⌘ 1

p

<latexit sha1_base64="g5NR6aUr6fKyzcCJdGrRbmh2nP0=">AAACCXicbVDLSsNAFJ34rPUVdelmsBUqlJJUUJdFF7qsYB/QxDKZTNqhk0mYmQgldOvGX3HjQhG3/oE7/8ZJm4W2Hhg4nHPvnXuPFzMqlWV9G0vLK6tr64WN4ubW9s6uubffllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43usr8zgMRkkb8To1j4oZowGlAMVJa6puw3LlP7SqMJxUnRGroeen1pAodpkf46KRc7Jslq2ZNAReJnZMSyNHsm1+OH+EkJFxhhqTs2Vas3BQJRTEjk6KTSBIjPEID0tOUo5BIN51eMoHHWvFhEAn9uIJT9XdHikIpx6GnK7Nt5byXif95vUQFF25KeZwowvHsoyBhUEUwiwX6VBCs2FgThAXVu0I8RAJhpcPLQrDnT14k7XrNPqud3tZLjcs8jgI4BEegAmxwDhrgBjRBC2DwCJ7BK3gznowX4934mJUuGXnPAfgD4/MHa06YQA==</latexit>

W 1,p(G,�)

TL*, T. Nguyen*, D. Phung, V. A. Nguyen. Sobolev transport: a scalable metric for probability measures with graph metrics. AISTATS, 
2022. 9
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Sobolev Transport

<latexit sha1_base64="7i3vOszKDaceDfqu4LW3J4ddISk="></latexit>

Sp(µ, ⌫)p =
P

e2E �(e)
��µ(�e)� ⌫(�e)

��p

<latexit sha1_base64="qrYkc+Mx6mE9PNNAFW08d8iXLpU="></latexit>

Sp(µ, ⌫)p =
R
G |µ(⇤(x))� ⌫(⇤(x))|p �(dx)

Discrete case: supports on graph vertices   

<latexit sha1_base64="pbjR+CfnlGhkE4l2Ltq2vg/sHuc="></latexit>

⇤(x) = {y 2 G : x 2 [z0, y]}
<latexit sha1_base64="4K+YsyTp9NirexOkeHhy72P/Y+w="></latexit>

�e = {y 2 G : e ⇢ [z0, y]}
<latexit sha1_base64="AnckYyOkglks8tjSzukTcVIOavc="></latexit>

⇤(x6) = �(e6) = G̃({x6, x8, x9}, {e12, e15})

TL*, T. Nguyen*, D. Phung, V. A. Nguyen. Sobolev transport: a scalable metric for probability measures with graph metrics. AISTATS, 
2022.
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Sobolev Transport (ST)
<latexit sha1_base64="BMc7W3Gfh/bHT3kUnAEXjMk4cfs="></latexit>

Sp(µ, ⌫) =

(
sup

h R
G f(x)µ(dx)�

R
G f(x)⌫(dx)

i

s.t. f 2 W 1,p0
(G,�), kf 0kLp0 (G,�)  1.

‣ Definition is based on dual 1-order Wasserstein. 

‣ Coupled with Lp geometric structure.

‣ Challenge: nontrivial to use ST with other prior 
geometric structures.

<latexit sha1_base64="z9j1da9s5OhtIQNyyu2JVT75b7U=">AAAB/HicbVDLSsNAFJ34rPEV7dLNYCO4KkkRdVl048JFBfuANpbJdNIOnZmEmYkQQv0VNy4UceuHuPNvnLZZaOuBC4dz7uXee8KEUaU979taWV1b39gsbdnbO7t7+87BYUvFqcSkiWMWy06IFGFUkKammpFOIgniISPtcHw99duPRCoai3udJSTgaChoRDHSRuo7Zde1bx8S2BOxSHlIpO26fafiVb0Z4DLxC1IBBRp956s3iHHKidCYIaW6vpfoIEdSU8zIxO6liiQIj9GQdA0ViBMV5LPjJ/DEKAMYxdKU0HCm/p7IEVcq46Hp5EiP1KI3Ff/zuqmOLoOciiTVROD5oihlUMdwmgQcUEmwZpkhCEtqboV4hCTC2uRlmxD8xZeXSatW9c+rZ3e1Sv2qiKMEjsAxOAU+uAB1cAMaoAkwyMAzeAVv1pP1Yr1bH/PWFauYKYM/sD5/APvvkxA=</latexit>

Lp



Orlicz-Wasserstein (OW)
<latexit sha1_base64="lZNwHgjdRDP02imc4BMnhM5H3NA="></latexit>

W�(µ, ⌫) = inf
⇡2⇧(µ,⌫)

inf
h
t > 0 :

Z

G⇥G
�

✓
dG(x, z)

t

◆
d⇡(x, z)  1

i

     : N-function on graph     
<latexit sha1_base64="+LXzlWJTTM2sF80D0xsxzKGwFCE=">AAAB83icbVDLSsNAFL2pr1pfUZduBlvBVUkqqMuiC11WsA9oQplMJ+3QySTMTIQS+htuXCji1p9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpv73ScqFYvFo54m1I/wSLCQEayN5NW8COtxEGR3s9rArjp1Zw60StyCVKFAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPMMnRlliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV77GRNJqqkgi0NhypGOUV4AGjJJieZTQzCRzGRFZIwlJtrUVDEluMtfXiWdRt29rF88NKrNm6KOMpzAKZyDC1fQhHtoQRsIJPAMr/BmpdaL9W59LEZLVrFzDH9gff4Aa1aRSQ==</latexit>

G<latexit sha1_base64="YxkH5vnkw/EPFPF2821HLtutmbs="></latexit>

�

‣ N-function: a strictly increasing and convex function
<latexit sha1_base64="KuZl/ijx05aRx6pGWqeAb9cmhg0="></latexit>

� : [0,1) ! [0,1)

s.t.
<latexit sha1_base64="mPjhGtFSUp1d0Y7mQbsFW5+rWyk="></latexit>

lim
t!0

�(t)

t
= 0

<latexit sha1_base64="95PCYj1b3odhhRffbV4KPLaoWLg="></latexit>

lim
t!+1

�(t)

t
= +1

‣ Popular N-functions: 
<latexit sha1_base64="3Dyxu3nUCMN2Uwlwp5R0dAE0DgQ="></latexit>

�(t) = tp, 1 < p < 1
<latexit sha1_base64="N7VCFI3WLX8CEGZEIF0Af/mlgDE="></latexit>

�(t) = exp(t)� t� 1

<latexit sha1_base64="vgeQgJRwdR7vEKFYyz4FasmOUFM="></latexit>

�(t) = exp(tp)� 1, 1 < p < 1
<latexit sha1_base64="T8UVv143Y6zdPQ7/lcgYaRxMLTk="></latexit>

�(t) = (1 + t) log(1 + t)� t

12
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Orlicz-Wasserstein (OW)
<latexit sha1_base64="lZNwHgjdRDP02imc4BMnhM5H3NA="></latexit>

W�(µ, ⌫) = inf
⇡2⇧(µ,⌫)

inf
h
t > 0 :

Z

G⇥G
�

✓
dG(x, z)

t

◆
d⇡(x, z)  1

i

‣ For quantifying the rate of parameter convergence in 
infinite Gaussian mixtures [Guha et al., ICML’23]

๏ OW alleviates raised concerns from the usage of 2-
order Wasserstein.

๏ OW helps to significantly improve the contraction 
rate.

OW helps to advance certain ML approaches

A. Guha, N. Ho, X. Nguyen. On Excess Mass Behavior in Gaussian Mixture Models with Orlicz-Wasserstein Distances. ICML, 2023.



Orlicz-Wasserstein (OW)
<latexit sha1_base64="lZNwHgjdRDP02imc4BMnhM5H3NA="></latexit>

W�(µ, ⌫) = inf
⇡2⇧(µ,⌫)

inf
h
t > 0 :

Z

G⇥G
�

✓
dG(x, z)

t

◆
d⇡(x, z)  1

i

‣ For quantifying the rate of parameter convergence in 
infinite Gaussian mixtures [Guha et al., ICML’23]

OW helps to advance certain ML approaches

‣ Overcome longstanding challenges for proving fast 
convergence of hypocoercive differential equations 
[Altschuler & Chewi, FOCS’23]

A. Guha, N. Ho, X. Nguyen. On Excess Mass Behavior in Gaussian Mixture Models with Orlicz-Wasserstein Distances. ICML, 2023. 
J. M. Altschuler, S. Chewi. Faster High-Accuracy Log-Concave Sampling via Algorithmic Warm Starts. FOCS, 2023. 13



Orlicz-Wasserstein (OW)
<latexit sha1_base64="lZNwHgjdRDP02imc4BMnhM5H3NA="></latexit>

W�(µ, ⌫) = inf
⇡2⇧(µ,⌫)

inf
h
t > 0 :

Z

G⇥G
�

✓
dG(x, z)

t

◆
d⇡(x, z)  1

i

‣ For quantifying the rate of parameter convergence in 
infinite Gaussian mixtures [Guha et al., ICML’23]

OW helps to advance certain ML approaches

‣ Overcome longstanding challenges for proving fast 
convergence of hypocoercive differential equations 
[Altschuler & Chewi, FOCS’23]

Computational challenge:
‣ Two-level optimization formula.

A. Guha, N. Ho, X. Nguyen. On Excess Mass Behavior in Gaussian Mixture Models with Orlicz-Wasserstein Distances. ICML, 2023. 
J. M. Altschuler, S. Chewi. Faster High-Accuracy Log-Concave Sampling via Algorithmic Warm Starts. FOCS, 2023. 13



Graph-based Orlicz-Sobolev Space

‣ Graph-based Orlicz-Sobolev space:

<latexit sha1_base64="PxYogxn2lPgSdHdsV93HrBPqcaI=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoTws94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFM7BgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8Ah56NTg==</latexit>

h
<latexit sha1_base64="pP9U193EDRGBZZ/T7Q+/BoNRUvM=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IruYqEeiF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJaPZpygH9GB5CFn1FjpoRyWe8WSW3HnIKvEy0gJMtR7xa9uP2ZphNIwQbXueG5i/AlVhjOB00I31ZhQNqID7FgqaYTan8xPnZIzq/RJGCtb0pC5+ntiQiOtx1FgOyNqhnrZm4n/eZ3UhNf+hMskNSjZYlGYCmJiMvub9LlCZsTYEsoUt7cSNqSKMmPTKdgQvOWXV0mzWvEuKxf31VLtJosjDydwCufgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+ElI1M</latexit>

f
<latexit sha1_base64="ZirSF1j+CARTs8iHm6nmzBw2RSE=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBFvBVZmpoC6LblxWsA9ph5LJZNrQJDMkGaEM/Qo3LhRx6+e4829M21lo64HA4Zxzyb0nSDjTxnW/ncLa+sbmVnG7tLO7t39QPjxq6zhVhLZIzGPVDbCmnEnaMsxw2k0UxSLgtBOMb2d+54kqzWL5YCYJ9QUeShYxgo2VHqt9brMhrg7KFbfmzoFWiZeTCuRoDspf/TAmqaDSEI617nluYvwMK8MIp9NSP9U0wWSMh7RnqcSCaj+bLzxFZ1YJURQr+6RBc/X3RIaF1hMR2KTAZqSXvZn4n9dLTXTtZ0wmqaGSLD6KUo5MjGbXo5ApSgyfWIKJYnZXREZYYWJsRyVbgrd88ipp12veZe3ivl5p3OR1FOEETuEcPLiCBtxBE1pAQMAzvMKbo5wX5935WEQLTj5zDH/gfP4A+aCP3w==</latexit>

�Such function    is unique, called graph derivative of    w.r.t.        

14

<latexit sha1_base64="2uTRfzTTze9UacsW3afhcARJ4/M="></latexit>

WL�(G,!)
<latexit sha1_base64="51dkJkT6LifbUunkj00mDDXffAw=">AAACDHicbVDLSgMxFL3js9ZX1aWbYCu4KjMVVFwVXeiyin1AO5RMmmlDM5khyQhl6Ae48VfcuFDErR/gzr8x0w6irQcCh3PuJfccL+JMadv+shYWl5ZXVnNr+fWNza3tws5uQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8DL1m/dUKhaKOz2KqBvgvmA+I1gbqVsolvxz1AmwHnhecjVOaaR0+CPdjkt5M2WX7QnQPHEyUoQMtW7hs9MLSRxQoQnHSrUdO9JugqVmhNNxvhMrGmEyxH3aNlTggCo3mYQZo0Oj9JAfSvOERhP190aCA6VGgWcm0xvVrJeK/3ntWPtnbsJEFGsqyPQjP+bIpE2bQT0mKdF8ZAgmkplbERlgiYk2/aUlOLOR50mjUnZOysc3lWL1IqsjB/twAEfgwClU4RpqUAcCD/AEL/BqPVrP1pv1Ph1dsLKdPfgD6+MbKUiabg==</latexit>

f : G 7! R belongs to
<latexit sha1_base64="2uTRfzTTze9UacsW3afhcARJ4/M="></latexit>

WL�(G,!)

If there exists such that
<latexit sha1_base64="cAqHUhgje+w1zCQdlhrmBCVE8AY="></latexit>

h 2 L�(G,!)
<latexit sha1_base64="93MvWVmkr2OEYgDsd8iOomfsj4w="></latexit>

f(x)� f(z0) =

Z

[z0,x]
h(y)!(dy), 8x 2 G

              : space of                 such that                            
<latexit sha1_base64="51dkJkT6LifbUunkj00mDDXffAw=">AAACDHicbVDLSgMxFL3js9ZX1aWbYCu4KjMVVFwVXeiyin1AO5RMmmlDM5khyQhl6Ae48VfcuFDErR/gzr8x0w6irQcCh3PuJfccL+JMadv+shYWl5ZXVnNr+fWNza3tws5uQ4WxJLROQh7KlocV5UzQumaa01YkKQ48Tpve8DL1m/dUKhaKOz2KqBvgvmA+I1gbqVsolvxz1AmwHnhecjVOaaR0+CPdjkt5M2WX7QnQPHEyUoQMtW7hs9MLSRxQoQnHSrUdO9JugqVmhNNxvhMrGmEyxH3aNlTggCo3mYQZo0Oj9JAfSvOERhP190aCA6VGgWcm0xvVrJeK/3ntWPtnbsJEFGsqyPQjP+bIpE2bQT0mKdF8ZAgmkplbERlgiYk2/aUlOLOR50mjUnZOysc3lWL1IqsjB/twAEfgwClU4RpqUAcCD/AEL/BqPVrP1pv1Ph1dsLKdPfgD6+MbKUiabg==</latexit>

f : G 7! R
<latexit sha1_base64="uCs37RSem1R2F3hJTDNTbDAUj7U="></latexit>

L�(G,!)
<latexit sha1_base64="UcLO2IEPHBpK/6peUL/plqUOC1A="></latexit>Z

G
�(|f(x)|)!(dx) < 1

     : nonnegative Borel measure on graph     
<latexit sha1_base64="+LXzlWJTTM2sF80D0xsxzKGwFCE=">AAAB83icbVDLSsNAFL2pr1pfUZduBlvBVUkqqMuiC11WsA9oQplMJ+3QySTMTIQS+htuXCji1p9x5984abPQ1gMDh3Pu5Z45QcKZ0o7zbZXW1jc2t8rblZ3dvf0D+/Coo+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91gcpv73ScqFYvFo54m1I/wSLCQEayN5NW8COtxEGR3s9rArjp1Zw60StyCVKFAa2B/ecOYpBEVmnCsVN91Eu1nWGpGOJ1VvFTRBJMJHtG+oQJHVPnZPPMMnRlliMJYmic0mqu/NzIcKTWNAjOZR1TLXi7+5/VTHV77GRNJqqkgi0NhypGOUV4AGjJJieZTQzCRzGRFZIwlJtrUVDEluMtfXiWdRt29rF88NKrNm6KOMpzAKZyDC1fQhHtoQRsIJPAMr/BmpdaL9W59LEZLVrFzDH9gff4Aa1aRSQ==</latexit>

G<latexit sha1_base64="n7S6adh6l25S7oW3xB28GrfHU0o="></latexit>!

TL*, T. Nguyen*, K. Fukumizu. Generalized Sobolev Transport for Probability Measures on a Graph. ICML, 2024



Generalized Sobolev Transport
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<latexit sha1_base64="axSpMxdPHeJVQ+be2DacdhCay50="></latexit>

GS�(µ, ⌫) :=
(
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 (t) = sup [at� �(a) | a � 0] , for t � 0.
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Generalized Sobolev Transport (GST)

Discrete case: supports on graph vertices   

<latexit sha1_base64="Oeo/Qgp3AQKoBmi6x7PJSr8LqVs="></latexit>

GS�(µ, ⌫) = inf
k>0

1

k

h
1 +

X

e2E

we�(k|µ(�e)� ⌫(�e)|)
i
,

<latexit sha1_base64="qM3OSvtqQ89e6UkdBnwFDIFDfMs="></latexit>

GS�(µ, ⌫) = inf
k>0

1

k

✓
1 +

Z

G
�(k |µ(⇤(x))� ⌫(⇤(x))|)!(dx)

◆
,

➡  Compute GST by simply solving univariate optimization 
problem.
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Connection to Sobolev Transport
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GS�(µ, ⌫) = Sp(µ, ⌫)

➡  GST yields a closed-form expression for this case.
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Connection to Orlicz-Wasserstein
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G : a tree
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GS�(µ, ⌫) = W�(µ, ⌫)
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Fast computation: GST v.s. OW
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Empirical Results
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Empirical Results
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