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Efficient Error Certification for Physics-Informed Neural Networks
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arXiv
https://arxiv.org/abs/2305.10157

https://arxiv.org/abs/2305.10157


Physical PDEs and Where to Find Them

Aerodynamics (e.g., Euler’s 
equation)

Thermodynamics (e.g., Heat 
equation)

Earth and Space Sciences 
(e.g., turbulence in 2-D 

Navier-Stokes)
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Among many others…



Nonlinear (Physical) Partial Differential Equations
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<latexit sha1_base64="NNEJDBE9ZS5bDTAbA8Ndhyp/QMI="></latexit>

@tu(t, x) +N [u](t, x) = 0, x 2 D, t 2 [0, T ]

residual

solution nonlinear spatial differential operator

domain

s.t.

1. Initial condition:

2. Robin boundary conditions: 

<latexit sha1_base64="pSKjKFPmUnr+ZB6yrxtlURaAHhw=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUFIQMKMBPUiBLx4jGAWSIahp9NJmvQs9BIShvyJFw+KePVPvPk3dpI5aOKDgsd7VVTVCxLOpHKcbyu3sbm1vZPfLeztHxwe2ccnTRlrQWiDxDwW7QBLyllEG4opTtuJoDgMOG0Fo/u53xpTIVkcPalpQr0QDyLWZwQrI/m2rUvOJZqU0R3SvlOalH276FScBdA6cTNShAx13/7q9mKiQxopwrGUHddJlJdioRjhdFboakkTTEZ4QDuGRjik0ksXl8/QhVF6qB8LU5FCC/X3RIpDKadhYDpDrIZy1ZuL/3kdrfq3XsqiRCsakeWivuZIxWgeA+oxQYniU0MwEczcisgQC0yUCatgQnBXX14nzauKe11xH6vFWjWLIw9ncA4lcOEGavAAdWgAgTE8wyu8Wan1Yr1bH8vWnJXNnMIfWJ8/BEiRRw==</latexit>

u(0, x) = u0(x)
<latexit sha1_base64="sSM+vDlBwnA8vQmDE8It/6BJ+3Q=">AAACHnicbVDLSsNAFJ3UV62vqEs3g0VoUUoi9bERCm5cVrAPaEOYTCft0MkkzEykJfRL3PgrblwoIrjSv3HSRtDWAxcO59zLvfd4EaNSWdaXkVtaXlldy68XNja3tnfM3b2mDGOBSQOHLBRtD0nCKCcNRRUj7UgQFHiMtLzhdeq37omQNOR3ahwRJ0B9Tn2KkdKSa54hGJfUyagMj6EHuxESiiLmJt0AqYHnJ3wy+Wm4grHraQpHZdcsWhVrCrhI7IwUQYa6a350eyGOA8IVZkjKjm1FyknSbZiRSaEbSxIhPER90tGUo4BIJ5m+N4FHWulBPxS6uIJT9fdEggIpx4GnO9Or5byXiv95nVj5l05CeRQrwvFskR8zqEKYZgV7VBCs2FgThAXVt0I8QAJhpRMt6BDs+ZcXSfO0Yp9X7NtqsVbN4siDA3AISsAGF6AGbkAdNAAGD+AJvIBX49F4Nt6M91lrzshm9sEfGJ/fSF+gDw==</latexit>

au(t, x) + b@nu(t, x) = ub(t, x)
<latexit sha1_base64="doinjP06xipWM2ZJPxB+64acyUc=">AAAB+3icbVDLSsNAFL2pr1pftS7dDBbBhZREirosuHFZxT6gCWUynbRDJ5MwMxFLyK+4caGIW3/EnX/jpM1CWw8MHM65l3vm+DFnStv2t1VaW9/Y3CpvV3Z29/YPqoe1rooSSWiHRDySfR8rypmgHc00p/1YUhz6nPb86U3u9x6pVCwSD3oWUy/EY8ECRrA20rBaw+fId5lAboj1xPfT+2xYrdsNew60SpyC1KFAe1j9ckcRSUIqNOFYqYFjx9pLsdSMcJpV3ETRGJMpHtOBoQKHVHnpPHuGTo0yQkEkzRMazdXfGykOlZqFvpnME6plLxf/8waJDq69lIk40VSQxaEg4UhHKC8CjZikRPOZIZhIZrIiMsESE23qqpgSnOUvr5LuRcO5bDh3zXqrWdRRhmM4gTNw4ApacAtt6ACBJ3iGV3izMuvFerc+FqMlq9g5gj+wPn8AF/yTzQ==</latexit>

a, b 2 R
<latexit sha1_base64="/OVq+ol4CpNqBAXAHFUh8iN5xRs=">AAACAXicbVBNS8NAEN34WetX1IvgZbEInkoiRT0W9OCxgv2AJpTJZtMu3WzC7kYsoV78K148KOLVf+HNf+Om7UFbHww83pthZl6Qcqa043xbS8srq2vrpY3y5tb2zq69t99SSSYJbZKEJ7ITgKKcCdrUTHPaSSWFOOC0HQyvCr99T6ViibjTo5T6MfQFixgBbaSeffiAPSawF1KuAXsx6AEBnl+Pe3bFqToT4EXizkgFzdDo2V9emJAspkITDkp1XSfVfg5SM8LpuOxliqZAhtCnXUMFxFT5+eSDMT4xSoijRJoSGk/U3xM5xEqN4sB0Fieqea8Q//O6mY4u/ZyJNNNUkOmiKONYJ7iIA4dMUqL5yBAgkplbMRmABKJNaGUTgjv/8iJpnVXd86p7W6vUa7M4SugIHaNT5KILVEc3qIGaiKBH9Ixe0Zv1ZL1Y79bHtHXJms0coD+wPn8A1BuWdg==</latexit>

x 2 �D



• Applications in groundwater contaminant transportation

• 1D Diffusion-Sorption:

    where

    for physical constants    , and:

PDE example: Diffusion-Sorption Equation
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1D Diffusion-Sorption

<latexit sha1_base64="9r6MNhDkSfbcanOuzx3AO8Y6+QA=">AAACJHicbVBLS0JBGJ1rL7OX1bLNkAQKZfeKVBCBUIuWFvkANZk7jjo498HMd0O5+GPa9FfatOhBizb9luaqSGkHBs6c73zfzHdsX3AFpvllxBYWl5ZX4quJtfWNza3k9k5ZeYGkrEQ94cmqTRQT3GUl4CBY1ZeMOLZgFbt3GdUrD0wq7rl3MPBZwyEdl7c5JaClZvK87hMJnIgm4CANh7ifwUf46vg2Hd36mQyeGsL+fW44NV1gs5lMmVlzBDxPrAlJoQmKzeR7veXRwGEuUEGUqlmmD40wmk8FGybqgWI+oT3SYTVNXeIw1QhHSw7xgVZauO1JfVzAI/V3R0gcpQaOrZ0Oga6arUXif7VaAO2zRshdPwDm0vFD7UBg8HCUGG5xySiIgSaESq7/immXSEJB55rQIVizK8+Tci5rnWStm3yqkJ/EEUd7aB+lkYVOUQFdoyIqIYoe0TN6RW/Gk/FifBifY2vMmPTsoj8wvn8Ayg2hHw==</latexit>

@tu(t, x)�D/R(u(t, x))@x2u(t, x) = 0

<latexit sha1_base64="N+UHFCxoHl9nPrSTIuMIA8M6zTU="></latexit>

R(u(t, x)) = 1 +
(1� �)

(�)
⇢sknfu

nf�1(t, x)

<latexit sha1_base64="l7eRT4cukd5pEIUFi5oQtIuqYts=">AAACAHicbVDLSsNAFL3xWesr6sKFm8EiuCglKaIuC7pwWcE+oA1hMp00QyeTMDMRSujGX3HjQhG3foY7/8Zpm4W2HriXwzn3MnNPkHKmtON8Wyura+sbm6Wt8vbO7t6+fXDYVkkmCW2RhCeyG2BFORO0pZnmtJtKiuOA004wupn6nUcqFUvEgx6n1IvxULCQEayN5NvHt1XUTyNmuowSX1XRqIqEH/p2xak5M6Bl4hakAgWavv3VHyQki6nQhGOleq6Tai/HUjPC6aTczxRNMRnhIe0ZKnBMlZfPDpigM6MMUJhIU0Kjmfp7I8exUuM4MJMx1pFa9Kbif14v0+G1lzORZpoKMn8ozDjSCZqmgQZMUqL52BBMJDN/RSTCEhNtMiubENzFk5dJu15zL2vu/UWlUS/iKMEJnMI5uHAFDbiDJrSAwASe4RXerCfrxXq3PuajK1axcwR/YH3+APaJlK0=</latexit>

D,�, ⇢s, k, nf

<latexit sha1_base64="sxbSKZ2AkxlJB7HPcOzvr2yH9CY=">AAACI3icbZDLSgMxFIYzXmu9VV26CRahQikZKSqCUNCFywr2Ap1hyGTSNjRzMRdpKX0XN76KGxdKcePCdzHTVtDWHwI/3zknyfn9hDOpEPq0lpZXVtfWMxvZza3tnd3c3n5dxloQWiMxj0XTx5JyFtGaYorTZiIoDn1OG37vOq03HqmQLI7u1SChbog7EWszgpVBXu5SF1AR9k/gFdQFVYQodajoPGgcTImdkhvoJFgohrnX/8FeLo9KaCK4aOyZyYOZql5u7AQx0SGNFOFYypaNEuUO03sJp6OsoyVNMOnhDm0ZG+GQSnc42XEEjw0JYDsW5kQKTujviSEOpRyEvukMserK+VoK/6u1tGpfuEMWJVrRiEwfamsOVQzTwGDABCWKD4zBRDDzV0i6WGCiTKxZE4I9v/KiqZ+W7LOSfVfOV8qzODLgEByBArDBOaiAW1AFNUDAE3gBb+DderZerbH1MW1dsmYzB+CPrK9vCrOeYw==</latexit>

u(0, x) = u(t, 0) = 0, u(t, 1) = D@xu(t, 1)

Takamoto, Makoto, et al. "PDEBench: An extensive benchmark for scientific machine learning." Advances in Neural Information Processing Systems 35 (2022): 1596-1611.

Lemieux, JM, et al. "Coupling continental glaciations with groundwater flow models–Surface/subsurface interactions over the Canadian landscape during the Wisconsinian glaciation."



Issue: Solving for             is 
computationally expensive

Solution: Use NNs to approximate it

<latexit sha1_base64="t25dURDlgTYNpJTPJ8KqxYl7L4s=">AAAB7XicjVDLSgNBEOyNrxhfUY9eBoMQQcKuiHoM6MFjBPOAZAmzk9lkzOzsMtMrhiX/4MWDIl79H2/+jZPHQUXBgoaiqpvuriCRwqDrfji5hcWl5ZX8amFtfWNzq7i90zBxqhmvs1jGuhVQw6VQvI4CJW8lmtMokLwZDC8mfvOOayNidYOjhPsR7SsRCkbRSo20jEf3h91iyau4U5C/SQnmqHWL751ezNKIK2SSGtP23AT9jGoUTPJxoZManlA2pH3etlTRiBs/m147JgdW6ZEw1rYUkqn6dSKjkTGjKLCdEcWB+elNxN+8dorhuZ8JlaTIFZstClNJMCaT10lPaM5QjiyhTAt7K2EDqilDG1DhfyE0jiveacW7PilVL+dx5GEP9qEMHpxBFa6gBnVgcAsP8ATPTuw8Oi/O66w158xnduEbnLdPyZKOnw==</latexit>

u(t, x)



Physics-Informed Neural Networks (PINNs)
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• Approximate solution using a neural network,

• Take the residual evaluated for      as the network

• Train both networks jointly using a loss evaluated at collocation points    (i.e. points in the domain):

• Evaluate empirically by comparing            to the solution obtained by a numerical solver

<latexit sha1_base64="HSUDAl4mxOsuqwGXdw3yhlkh7+o=">AAACMHicbVBNS8NAEN34bf2qevSyWARFKYkU9SIIHvQkCtYKTQiT7cYu3XywO5GW0J/kxZ+iFwVFvPor3NQKVn0w8Hhvhpl5QSqFRtt+tsbGJyanpmdmS3PzC4tL5eWVK51kivE6S2SirgPQXIqY11Gg5Nep4hAFkjeCznHhN2650iKJL7GXci+Cm1iEggEayS+fhL6LbY6wiTu0u0UPqZuCQgHSR5qNetvUjQDbDGR+1m9+m55xu1t+uWJX7QHoX+IMSYUMce6XH9xWwrKIx8gkaN107BS9vNjNJO+X3EzzFFgHbnjT0Bgirr188HCfbhilRcNEmYqRDtSfEzlEWveiwHQWF+vfXiH+5zUzDA+8XMRphjxmX4vCTFJMaJEebQnFGcqeIcCUMLdS1gYFDE3GJROC8/vlv+Rqt+rsVZ2LWuWoNoxjhqyRdbJJHLJPjsgpOSd1wsgdeSQv5NW6t56sN+v9q3XMGs6skhFYH59wMKf/</latexit>

f✓(t, x) = @tu✓(t, x) +N [u✓](t, x)

<latexit sha1_base64="XGE/AV0t4A8aLfjQmJgi00/RycY=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQxCBAm7EtRjwIvHCOYByRJmJ51kyOzDmV4xhBy8+CtePCji1Y/w5t84SfagiQUNNVXdTHf5sRQaHefbyqysrq1vZDdzW9s7u3v2/kFdR4niUOORjFTTZxqkCKGGAiU0YwUs8CU0/OHV1G/cg9IiCm9xFIMXsH4oeoIzNFLHziedNg4AWRFPH05oW4sA7mgye3XsglNyZqDLxE1JgaSoduyvdjfiSQAhcsm0brlOjN6YKRRcwiTXTjTEjA9ZH1qGhiwA7Y1nR0zosVG6tBcpUyHSmfp7YswCrUeBbzoDhgO96E3F/7xWgr1LbyzCOEEI+fyjXiIpRnSaCO0KBRzlyBDGlTC7Uj5ginE0ueVMCO7iycukflZyz0vuTblQKadxZEmeHJEicckFqZBrUiU1wskjeSav5M16sl6sd+tj3pqx0plD8gfW5w/6Q5b5</latexit>

u✓(t, x) ' u(t, x)

<latexit sha1_base64="xPwEkXgtkhkkKInczz2wCQ74MGs=">AAAB8XicbVDLSsNAFL3xWeur6tLNYBFclUSkuiy4cVnBPrANZTK9aYdOJmFmIpTQv3DjQhG3/o07/8ZJm4W2Hhg4nHMvc+4JEsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5zf3OEyrNY/lgpgn6ER1JHnJGjZUe+xE14yDImrNBperW3DnIKvEKUoUCzUHlqz+MWRqhNExQrXuemxg/o8pwJnBW7qcaE8omdIQ9SyWNUPvZPPGMnFtlSMJY2ScNmau/NzIaaT2NAjuZJ9TLXi7+5/VSE974GZdJalCyxUdhKoiJSX4+GXKFzIipJZQpbrMSNqaKMmNLKtsSvOWTV0n7subVa979VbVRL+oowSmcwQV4cA0NuIMmtICBhGd4hTdHOy/Ou/OxGF1zip0T+APn8we4sZDq</latexit>

P

initial conditions boundary conditions residual

PINN

<latexit sha1_base64="Wh7JLTSTpc0Mqe/5VgmhNLP8gk0="></latexit>

L =
X

x2P0

|u(0, x)� u✓(0, x)|2 +
X

(t,x)2Pb

|u(t, x)� u✓(t, x)|2 +
X

(t,x)2Pf

|f✓(t, x)|2

<latexit sha1_base64="XGE/AV0t4A8aLfjQmJgi00/RycY=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQxCBAm7EtRjwIvHCOYByRJmJ51kyOzDmV4xhBy8+CtePCji1Y/w5t84SfagiQUNNVXdTHf5sRQaHefbyqysrq1vZDdzW9s7u3v2/kFdR4niUOORjFTTZxqkCKGGAiU0YwUs8CU0/OHV1G/cg9IiCm9xFIMXsH4oeoIzNFLHziedNg4AWRFPH05oW4sA7mgye3XsglNyZqDLxE1JgaSoduyvdjfiSQAhcsm0brlOjN6YKRRcwiTXTjTEjA9ZH1qGhiwA7Y1nR0zosVG6tBcpUyHSmfp7YswCrUeBbzoDhgO96E3F/7xWgr1LbyzCOEEI+fyjXiIpRnSaCO0KBRzlyBDGlTC7Uj5ginE0ueVMCO7iycukflZyz0vuTblQKadxZEmeHJEicckFqZBrUiU1wskjeSav5M16sl6sd+tj3pqx0plD8gfW5w/6Q5b5</latexit>

u✓(t, x) ' u(t, x)

Raissi, Maziar, Paris Perdikaris, and George E. Karniadakis. "Physics-informed neural networks: A deep learning framework for solving forward and inverse problems involving nonlinear partial differential equations." 
Journal of Computational physics 378 (2019): 686-707.

<latexit sha1_base64="XGE/AV0t4A8aLfjQmJgi00/RycY=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQxCBAm7EtRjwIvHCOYByRJmJ51kyOzDmV4xhBy8+CtePCji1Y/w5t84SfagiQUNNVXdTHf5sRQaHefbyqysrq1vZDdzW9s7u3v2/kFdR4niUOORjFTTZxqkCKGGAiU0YwUs8CU0/OHV1G/cg9IiCm9xFIMXsH4oeoIzNFLHziedNg4AWRFPH05oW4sA7mgye3XsglNyZqDLxE1JgaSoduyvdjfiSQAhcsm0brlOjN6YKRRcwiTXTjTEjA9ZH1qGhiwA7Y1nR0zosVG6tBcpUyHSmfp7YswCrUeBbzoDhgO96E3F/7xWgr1LbyzCOEEI+fyjXiIpRnSaCO0KBRzlyBDGlTC7Uj5ginE0ueVMCO7iycukflZyz0vuTblQKadxZEmeHJEicckFqZBrUiU1wskjeSav5M16sl6sd+tj3pqx0plD8gfW5w/6Q5b5</latexit>

u✓(t, x) ' u(t, x)



Takamoto, Makoto, et al. "PDEBench: An extensive benchmark for scientific machine learning." Advances in Neural Information Processing Systems 35 (2022): 1596-1611.

PINN: 1D Diffusion-Sorption Equation
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• Inference times on 2 core CPU + 1 GPU (NVIDIA V100):

• PINN average     solution error is 9.9 x 10-2 compared to 
numerical solver

• Valid PDE solution must satisfy

• Is it satisfied across the domain? 

<latexit sha1_base64="OjsWOa7Mcbs6LrYowJsYKBr7NgI=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCBSlJEfUiFLx4rGA/oA1hs920SzebsDtRS+1P8eJBEa/+Em/+G7dtDtr6YODx3gwz84JEcA2O823lVlbX1jfym4Wt7Z3dPbu439Rxqihr0FjEqh0QzQSXrAEcBGsnipEoEKwVDK+nfuueKc1jeQejhHkR6UseckrASL5dDP0uDBiQMpw+nuAr7Ph2yak4M+Bl4makhDLUffur24tpGjEJVBCtO66TgDcmCjgVbFLoppolhA5Jn3UMlSRi2hvPTp/gY6P0cBgrUxLwTP09MSaR1qMoMJ0RgYFe9Kbif14nhfDSG3OZpMAknS8KU4EhxtMccI8rRkGMDCFUcXMrpgOiCAWTVsGE4C6+vEya1Yp7XnFvz0q1ahZHHh2iI1RGLrpANXSD6qiBKHpAz+gVvVlP1ov1bn3MW3NWNnOA/sD6/AEvbJKY</latexit>

f✓(t, x) = 0

Numerical Solver PINN [Takamoto et al. 2022]

59.83s 2.7 x 10-3

<latexit sha1_base64="bZ+1AFrxuRcMKq424nCKjDWIrtk=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCbOT3mTM7MwyMyuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03jco0wwZTQul2RA0KLrFhuRXYTjXSJBLYika3M7/1hNpwJR/sOMUwoQPJY86odVKzi0L0qr1S2a/4c5BVEuSkDDnqvdJXt69YlqC0TFBjOoGf2nBCteVM4LTYzQymlI3oADuOSpqgCSfza6fk3Cl9EivtSloyV39PTGhizDiJXGdC7dAsezPxP6+T2fgmnHCZZhYlWyyKM0GsIrPXSZ9rZFaMHaFMc3crYUOqKbMuoKILIVh+eZU0q5XgqhLcX5Zr1TyOApzCGVxAANdQgzuoQwMYPMIzvMKbp7wX7937WLSuefnMCfyB9/kDM8iO1g==</latexit>

`2

104 Uniform Samples 106 Uniform Samples

1.1 x 10-3 21.09
<latexit sha1_base64="FORlIrXgLflgAKO91D2safUkQnM=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGDbbTbt0Nwm7E7W0/SlePCji1V/izX/jts1BWx8MPN6bYWZemAquwXG+rbX1jc2t7cJOcXdv/+DQLh21dJIpypo0EYnqhEQzwWPWBA6CdVLFiAwFa4fD65nffmBK8yS+g1HKfEn6MY84JWCkwC55kjzhSRR4MGBAJvfVwC47FWcOvErcnJRRjkZgf3m9hGaSxUAF0brrOin4Y6KAU8GmRS/TLCV0SPqsa2hMJNP+eH76FJ8ZpYejRJmKAc/V3xNjIrUeydB0SgIDvezNxP+8bgbRlT/mcZoBi+liUZQJDAme5YB7XDEKYmQIoYqbWzEdEEUomLSKJgR3+eVV0qpW3IuKe1sr12t5HAV0gk7ROXLRJaqjG9RATUTRI3pGr+jNmlgv1rv1sWhds/KZY/QH1ucPBfOTzg==</latexit>

max |f✓|2



How can we be confident errors are small 
enough across the entire domain?



• Intuitively, a PINN is a correct approximation of the underlying PDE if:

1. The solution satisfies the initial conditions to a reasonable degree

2. The solution satisfies the boundary conditions to a reasonable degree

3. The norm of the PINN output is small enough

• Formally, for a D dimensional spatial input         , and solution/PINN input       :

Defining Correctness Conditions for PINNs

10

<latexit sha1_base64="qvX4NumtEDSNIer0/x9ic2bj0lU=">AAACCXicbVDLSsNAFJ3UV62vqks3g0VwVZIi6rKgC5cV7AOaUG6mk3boZBJmJmIJ2brxV9y4UMStf+DOv3GSdqGtBwbOnHMv997jx5wpbdvfVmlldW19o7xZ2dre2d2r7h90VJRIQtsk4pHs+aAoZ4K2NdOc9mJJIfQ57fqTq9zv3lOpWCTu9DSmXggjwQJGQBtpUMXuGHTqhqDHfpA+ZBl2mcDFnwBPr7NBtWbX7QJ4mThzUkNztAbVL3cYkSSkQhMOSvUdO9ZeClIzwmlWcRNFYyATGNG+oQJCqry0uCTDJ0YZ4iCS5gmNC/V3RwqhUtPQN5X5imrRy8X/vH6ig0svZSJONBVkNihIONYRzmPBQyYp0XxqCBDJzK6YjEEC0Sa8ignBWTx5mXQadee87tye1ZqNeRxldISO0Sly0AVqohvUQm1E0CN6Rq/ozXqyXqx362NWWrLmPYfoD6zPHyusmpU=</latexit>

x̂ 2 D
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• CROWN/⍺-CROWN [Zhang et. al 2018, Xu et. al 2020]

• Relax network to a linear program → solve it in closed form:

• Apply it to     and     using the previous specifications (?)<latexit sha1_base64="n0CgTdseTGEeACqKJ09LJioJcFA=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHgxWME84BkCbOTTjJk9uFMrxCW/IQXD4p49Xe8+TdOkj1oYkFDUdVNd1eQKGnIdb+dtfWNza3twk5xd2//4LB0dNw0caoFNkSsYt0OuEElI2yQJIXtRCMPA4WtYHw781tPqI2MoweaJOiHfBjJgRScrNROe10aIfFeqexW3DnYKvFyUoYc9V7pq9uPRRpiREJxYzqem5CfcU1SKJwWu6nBhIsxH2LH0oiHaPxsfu+UnVulzwaxthURm6u/JzIeGjMJA9sZchqZZW8m/ud1Uhrc+JmMkpQwEotFg1QxitnsedaXGgWpiSVcaGlvZWLENRdkIyraELzll1dJs1rxrire/WW5Vs3jKMApnMEFeHANNbiDOjRAgIJneIU359F5cd6dj0XrmpPPnMAfOJ8/MdiQBg==</latexit>u✓

Zhang, Huan, et al. "Efficient neural network robustness certification with general activation functions." Advances in neural information processing systems 31 (2018).

Xu, Kaidi, et al. "Fast and complete: Enabling complete neural network verification with rapid and massively parallel incomplete verifiers." arXiv preprint arXiv:2011.13824 (2020).
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specification (assume identity)

Linear(W(1), b(1)) Linear(W(L), b(L))...

input domain

relaxed problem
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• Applying CROWN/⍺-CROWN to boundary/residual conditions:

• Architecture is completely different -     is a nonlinear function of partial derivatives of 

• Regression problem – bounds might be too loose to be informative

✅

❌

❌

❌

❌
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•     is bound using CROWN [Zhang et al. 2018]; partial derivatives require purpose-built efficient solution

∂-CROWN: Bounding Partial Derivatives of uθ and fθ
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1st (Theorem 1) and 2nd 
(Theorem 2) linear bounding of 
partial derivatives

Hybrid scheme with complexity
 instead of          from 
[Xu et al. 2020]

Global bounds computed in 
close-form (similarly to [Zhang 
et al. 2018])
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Zhang, Huan, et al. "Efficient neural network robustness certification with general activation functions." Advances in neural information processing systems 31 (2018).
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•    is linearly bounded using McCormick envelopes; global bounds computed in close-form
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• Applying CROWN/⍺-CROWN to boundary/residual conditions:

• Architecture is completely different -     is a nonlinear function of partial derivatives of 

• Regression problem – bounds might be too loose to be informative

✅

✅

❌

❌

❌
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• Applying CROWN/⍺-CROWN to boundary/residual conditions:

• Architecture is completely different -     is a nonlinear function of partial derivatives of 

• Regression problem – bounds might be too loose to be informative

✅

✅

✅

✅

✅
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Efficiency of ∂-CROWN and Solution-Residual Errors
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Future work
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• Improve scalability of ∂-CROWN to apply it to larger 
PINNs, e.g., from [Takamoto et al. 2022]

• Extend framework to other physics-informed neural 
operators [Li et al. 2021]

• ∂-CROWN provides post-training certification:

• Investigate further training methods to improve 
empirical/certified PINN accuracy

2D Compressible Navier-
Stokes equations

3D Turbulent Flow equations

Takamoto, Makoto, et al. "PDEBench: An extensive benchmark for scientific machine learning." Advances in Neural Information Processing Systems 35 (2022): 1596-1611.

Li, Zongyi, et al. "Physics-informed neural operator for learning partial differential equations." arXiv preprint arXiv:2111.03794 (2021).
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