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∑𝐵𝐵𝑖𝑖𝑖𝑖𝑖𝑖 |Accuracy − Confidence| is big

[Guo et al-17’]

• Neural Network tends to produce overconfident predictions.

• For the predictions to be reliable and trustworthy, “model calibration” is studied 
to reflect reliable confidence estimates to quantify the uncertainty of the 
prediction.
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Angles of row vectors
We may manipulate the two aspects : Magnitude, Angle

𝐬𝐬 = 𝑾𝑾⊤𝒛𝒛 + 𝐛𝐛



Method Overview : Tilt and Average (TNA)



How do we manipulate “Angle”?
Idea : TILT with Rotation Transformation

Q) How do we TILT the class vectors in high-dimensional space?



How do we manipulate “Angle”?
Idea : TILT with Rotation Transformation

(Euler’s Rotation Theorem) When a sphere is moved around its cenere it is always possible to find a 
diameter whose direction in the displaced position is the same as in the initial position.
In other words, every rotation in 3-dimensional space can be written as, 

Q) How do we TILT the class vectors in high-dimensional space?

We do this in n-dimensional space (Givens Rotation)



How do we manipulate “Angle”?
Idea : TILT with Rotation Transformation

Q) How do we control the intensity of TILT?



How do we manipulate “Angle”?
Idea : TILT with Rotation Transformation

Q) How do we control the intensity of TILT?
Definition. (mean Rotation over Classes) Given the original weight 𝐖𝐖 and 
a rotation matrix 𝑅𝑅,  the mean Rotation over Classes(𝑚𝑚𝑚𝑚𝑚𝑚) is defined as,
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How do we manipulate “Angle”?
Idea : TILT with Rotation Transformation

Q) How do we control the intensity of TILT?
Definition. (mean Rotation over Classes) Given the original weight 𝐖𝐖 and 
a rotation matrix 𝑅𝑅,  the mean Rotation over Classes(𝑚𝑚𝑚𝑚𝑚𝑚) is defined as,
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Angle Shifting Effect 
∠ 𝒘𝒘𝑖𝑖 , 𝒛𝒛 density plot for each dataset

CIFAR10-
WRN28x10

CIFAR100-
MNV2

ImageNet
ResNet50

mRC reaches 90° as 𝑛𝑛𝑟𝑟 increases
cf) Near Orthogonal Theorem : Two arbitrary vectors are likely to be orthogonal



How do we manipulate “Angle”?
Idea : TILT with Rotation Transformation

Theorem 3.2 (Class-wise effect of TILT.) Let there be an original weight 𝑾𝑾 and rotation matrix 𝑅𝑅. Also, 
let 𝜓𝜓𝑖𝑖 to be ∠ 𝒘𝒘𝑖𝑖 , 𝒛𝒛 . Suppose the rotation matrix 𝑅𝑅 rotates the 𝑖𝑖-th class vector with 𝜃𝜃, 
∠(𝒘𝒘𝑖𝑖 ,𝑅𝑅𝒘𝒘𝒊𝒊 ) = 𝜃𝜃. We further assume that inequality 0° < 𝜃𝜃 < 𝜓𝜓𝑖𝑖 < 90° holds for penultimate feature 
𝒛𝒛. Lastly, we assume equal probability on the possible rotations of 𝑅𝑅. That is, let 𝑉𝑉 be the set of 
vectors rotated from a vector 𝑢𝑢 by all possible rotation matrices 𝑅𝑅, that rotates with angle 𝜃𝜃, then for 
∀ 𝑣𝑣1,𝑣𝑣2 ∈ 𝑉𝑉, ℙ (𝑅𝑅𝑅𝑅 = 𝑣𝑣1) = ℙ(𝑅𝑅𝑅𝑅 = 𝑣𝑣2). Let 𝕄𝕄 be the mode of 𝛥𝛥𝒛𝒛,𝑖𝑖 . Then the equation below 
holds,

𝕄𝕄 Δ𝒛𝒛,𝑖𝑖 = arccos cos𝜓𝜓𝑖𝑖 cos𝜃𝜃 − 𝜓𝜓𝑖𝑖

Proposition 3.3 (Confidence Relaxation.) For an input sample 𝑋𝑋 and the corresponding penultimate 
feature 𝒛𝒛, we assume the equalities below hold across all the classes in addition to the assumptions 
made in Theorem 3.2, ∀𝑖𝑖 ∈ 𝐶𝐶 ,∠ 𝒘𝒘𝑖𝑖 ,𝑅𝑅𝒘𝒘𝑖𝑖 = 𝜃𝜃 and 𝛥𝛥𝒛𝒛,𝑖𝑖 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑐𝑐𝑐𝑐𝑐𝑐 𝜓𝜓𝑖𝑖 𝑐𝑐𝑐𝑐𝑐𝑐 𝜃𝜃 − 𝜓𝜓𝑖𝑖, and element of bias 
vector be 𝑏𝑏𝑘𝑘1 = 𝑏𝑏𝑘𝑘2 ,∀𝑘𝑘1,𝑘𝑘2 ∈ 𝐶𝐶 . Then the tilted weight 𝑾𝑾′ = 𝑅𝑅𝑅𝑅 has a smaller confidence estimate for 
sample 𝑋𝑋.

Check for the proof in our paper.



Confidence is relaxed, but….

Each point is a randomly generated alternate 
classification-head with different 𝑚𝑚𝑚𝑚𝑚𝑚.

Accuracy collapses as 𝑚𝑚𝑚𝑚𝑚𝑚 increases.
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Compensate Accuracy with AVERAGE
Insight; Geometric Mean is applied on softmax members exp 𝑠𝑠𝑗𝑗∗ when ignoring bias 
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Method Overview : Tilt and Average (TNA)



• TNA(sparse.) : Optimize TNA first (Find Angle), and 
then apply the method, takes few seconds on a 
single GPU

• TNA(comp.) : Grid Search over the best set for all 
possible (𝑊𝑊’,𝑓𝑓), takes few minutes on a single GPU

Evaluation
Methods

Metrics  

• ECE(Expected Calibration Error): estimates 
calibration error by equal-interval-binning scheme.

• AdaECE(Adaptive Expected Calibation Error): 
estimates calibration error by uniform-mass-binning
scheme.

Lower the better!



Discussion & Ablation Study
• Geometrical Point : Temperature Scaling(TS)[Guo et al-17’] of adjusting 𝑇𝑇 can be interpreted as tuning 

Magnitude.
To our knowledge, our paper is the first to provide the method to tune the Angle.
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• Data Efficiency : TNA is as data efficient as Temperature Scaling[Guo et al-17’], since the method 
optimizes a single parameter 𝜃𝜃(𝑚𝑚𝑚𝑚𝑚𝑚), similar to that of TS, in which we also optimize a single 
parameter 𝑇𝑇(temperature).
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𝑒𝑒𝑠𝑠𝑗𝑗/𝑇𝑇

Σ𝑒𝑒𝑠𝑠𝑗𝑗/𝑇𝑇 ≒ 𝑒𝑒
𝒘𝒘𝑗𝑗
𝑇𝑇 ⋅𝑧𝑧

Σ𝑒𝑒
𝒘𝒘𝑗𝑗
𝑇𝑇 ⋅𝑧𝑧



Thank you!
Please Check our paper for the details : 
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