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Trajectory
Ŵ Introduction

ypasti = (y−Tobs+1
i , . . . , y0i ), yτi = (y1i , . . . , y

T
i ) where yti ∈ RS and S = {1,2, . . . }.
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Trajectory Prediction
Ŵ Introduction

yi = (yt=1
i , . . . , yt=T

i ) ∼ Yi where yi ∈ RT×S and yti ∈ RS

xi = (xt=1
i , . . . , xt=T

i ) ∼ Xi where xi ∈ RT×S and xti ∈ RS
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Trajectory Distribution Evaluation
Ŵ Introduction

It measures the distance between the Predicted and ground truth distributions.

distance(FXi, FYi)

Where
FXi is the CDF of the predicted.
FYi is the CDF of the ground truth.
i is the index of N instances in the dataset.
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Definition

Lvariety(Xi, yi) = Emin
k<K

∥xi,k − yi∥2
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Samples x
Closest Sample

Illustration adapted from Thiede, Luca Anthony, and Pratik Prabhanjan Brahma. ”Analyzing the variety loss in the context of probabilistic trajectory prediction.”
Proceedings of the IEEE/CVF International Conference on Computer Vision. ŵųŴż.
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Common Metrics for Single Trajectory Prediction
Ŵ Introduction

Average Displacement Error

ADE(xi, yi) =
1

T

T∑
t=1

∥xti − yti∥2
y1

y2 y3x1

x2 x3

Legend

Ground truth
Trajectory Prediction

Illustration inspired by Boris, Ivanovic, and M. Pavone. ”Rethinking trajectory forecasting evaluation.” arXiv preprint arXiv:ŵŴųź.Ŵųŵżź (ŵųŵŴ).
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Common Metrics for Single Trajectory Prediction
Ŵ Introduction

Final Displacement Error
FDE(xi, yi) =∥xTi − yTi ∥2

y1

y2 y3x1

x2 x3

Legend

Ground truth
Trajectory Prediction

Illustration inspired by Boris, Ivanovic, and M. Pavone. ”Rethinking trajectory forecasting evaluation.” arXiv preprint arXiv:ŵŴųź.Ŵųŵżź (ŵųŵŴ).
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ADE/FDE on Multimodal Trajectory Prediction (MTP)
Ŵ Introduction

Average Displacement Error on MTP

ADE(Xi,Yi) =E

[
1

T

T∑
t=1

∥Xti − Yti∥2

]

ÂDE(xi, yi) =
1

KT
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Ŵ Introduction
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Common instances of Minimum of N (MoN)
Ŵ Introduction

Minimum Average Displacement Error

minADE(Xi,Yi) =E

[
min
k

1

T
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Common instances of Minimum of N (MoN)
Ŵ Introduction

Minimum Final Displacement Error

minFDE(Xi,Yi) =E
[
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k

∥XTi,k − YTi ∥2
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k

∥xTi,k − yTi ∥2 x1
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”L-lowest of N” (LoN)
Ŵ Introduction

LoN as a more general form of ”Minimum of N”

ADE(L)(Xi,Yi) =E min
{k1,...,kL}

ki ̸=kj

1

LT

L∑
l=1

T∑
t=1

DE(Xti,kl , Y
t
i)

FDE(L)(Xi,Yi) =E min
{k1,...,kL}

ki ̸=kj

1

L

L∑
l=1

DE(XTi,kl , Y
T
i )

ADE(L=1) ≡ minADE , FDE(L=1) ≡ minFDE

ADE(L=K) ≡ ADE , FDE(L=K) ≡ FDE
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Evaluation with MoN
Ŵ Introduction

• Variety loss aka ”Minimum of N” (MoN)

• Does it identify the optimal solution, i.e., the true probability distribution?
• Thiede and BrahmaŴ show that

Ŵ Thiede, Luca Anthony, and Pratik Prabhanjan Brahma. ”Analyzing the variety loss in the context of probabilistic trajectory prediction.” Proceedings of the IEEE/CVF
International Conference on Computer Vision. ŵųŴż.
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argmin
fX(x)

Lvariety(fX(x), fY(y)) ≈
√

fY(y)
C

when K → ∞

fmi(x) =
(fY)mi

Cmi

where m2(K2) < m1(K1) when K2 > K1
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Implications of using Variety Loss or MoN
Ŵ Introduction

• Loss function: less sharp (high-variance density) or too sharp (low-variance density)
depending on the value of K and dimensionality of the target distribution

• Evaluation: probabilistic calibration not respected
• Application: Cost induced on the prevalent or extreme events
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Proper Scoring Rule
ŵ Methodology

Definition
A (negatively-oriented) strictly proper scoring rule Smaps a probability distribution FX
and an observation y to a real number, i.e., S(FX, y) ∈ R. The expected value of S(FX, .)
under FY, is written as S(FX, FY) = Ey∼FY [S(FX, y)].
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ŵ Methodology

Proposition ŷ.Ŵ
Average Displacement Error ADE(Xi,Yi) is improper, meaning there exist distributions FXi
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Because ADE is improper, FDE is improper too.
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MoN as a Scoring Rule
ŵ Methodology

Proposition ŷ.ŷ
Let Xi ∼ FXi of length K and Yi ∼ FYi . If K → ∞, L is fixed and supp(FYi) ⊂ supp(FXi)
then ADE(L)(Xi,Yi) → 0.

For the Proof, refer to the paper.
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Energy Score
ŵ Methodology

• Energy Distance Ŵ

• Other related measures

— Generalization of CRPS ŵ
— Permutational Analysis of Variance (PERMANOVA) Ŷ
— Sinkhorn distance and MaximumMean Discrepancy ŷ
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Energy Score
ŵ Methodology

Definition

ES(FXi, yi) =

ED︷ ︸︸ ︷
E∥Xi − yi∥βp −

1

2

EI︷ ︸︸ ︷
E∥Xi − X̃i∥βp (Ŵ)

ES =
1

N

N∑
i=1

ES(FXi , yi) (ŵ)

ÊS =
1

K

K∑
k=1

∥xi,k − yi∥2 −
1

2 · K2

K∑
k=1

K∑
k′=1

∥xi,k − xi,k′∥2 where β = 1, p = 2
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ÊS =
1

3

3∑
k=1

∥xi,k − yi∥2 −
1

2 · 32
3∑

k=1

3∑
k′=1

∥xi,k − xi,k′∥2

Observation y

Prediction x

Legend

i = {1, 2, 3}

ŵŹ/ŷų



Energy Score Intuition
ŵ Methodology
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ÊS =
1

32

3∑
i=1

3∑
k=1

∥xi,k − yi∥2 −
1

2

1

32

3∑
k=1

3∑
k′=1

∥xi,k − xi,k′∥2

Observation y

Prediction x

Legend

i = {1, 2, 3}

ŵŹ/ŷų



Energy Score Intuition
ŵ Methodology
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1

2
E(∥X− X̃∥βp )−

1

2
E(∥Y− Ỹ∥βp )
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Székely, G.J., Rizzo, M.L.: Energy statistics: A class of statistics based on distances. Journal of Statistical Planning and Inference. ŴŷŶ, Ŵŵŷż–Ŵŵźŵ (ŵųŴŶ).
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Energy Score for MTP Evaluation
ŵ Methodology

xi,k =

x11k . . . x1Sk

...
. . .

...

xT1k . . . xTSk


 yi =

y11 . . . y1S

...
. . .

...

yT1 . . . yTS




Spatial

Temporal

dim({xi,k}Kk=1)=K×T×S dim(yi)=1×T×S

• Entry-wise (jointly on spatial and temporal)
• Column-wise (marginalized on Spatial)
• Row-wise (marginalized on Temporal)
remark: common metrics such as minADE are typically temporally marginalized
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Ŷ Experiments and Results

Autoregressive Process
yti,k = yt−1

i,k +N (µt + at, (σt + bt)2)

where t ∈ {1, 2, 3}, i = [0,N), k = [0,K), y0 = 0
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Autoregressive Process
yti,k = yt−1

i,k +N (µt + at, (σt + bt)2)

where t ∈ {1, 2, 3}, i = [0,N), k = [0,K), y0 = 0

• µt=1, σt=0.2, at=0, and bt=0 for t={1, 2, 3}.
• Generate N=5000 observations and consider K={10, 20, 50, 100, 300}.
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• µt=1, σt=0.2, at=0, and bt=0 for t={1, 2, 3}.
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• X-axis: predictions with different deviations.

• A strictly proper metric gets minimized at the optimal parameter (deviation = 0).
• As a reminder: FDE(L=1) ≡ minFDE and FDE(L=K) ≡ FDE.
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• Three sampling methods Monte Carlo (MC), Quasi-Monte Carlo (QMC),
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• Combination of the three models and sampling methods were considered.
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ETH/UCY Dataset
Ŷ Experiments and Results

Reported values: expectedminADE/ES. AVG is the arithmetic average over all datasets.
Bold: best model, underline: second best model. Baselines: *-MC.
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Bold: best model, underline: second best model. Baselines: *-MC.
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ES favors SGCN-QMC as the best model over SGCN-NPSN on Ŷ out of Ÿ datasets, in
contrast tominADE.
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Evaluation of Trajectory Distribution
Predictions with Energy Score

Thank you for listening!
Any questions?
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